DYNAMICS OF THE MOBILE WHEELED PENDULUM
STEFAN STAICU

Abstract. Kinematics and the dynamics analysis of a two-wheeled mobile robot
comprising an oscillating intermediate central body are established in the paper. The
dynamics of this mechanical system is formulated using the fundamental principle of
virtual work, but it has been verified the results in the framework of the Lagrange
formalism with their multipliers. The study of the dynamics problems of the wheeled
mobile robots is done mainly to solve successfully the control of the motion of such
systems

LIST OF SYMBOLS

Ox,y,z,— inertial reference frame with origin in the ground surface
Ay~ orthogonal transformation matrix

Uy, iy, Uy~ three right-handed orthogonal unit vectors

6,, 0, — rotation angles of two driving wheels

93 — inclination angle of the intermediate central body

[ - distance between the wheel centres

d = C,G - displacement of the mass centre G of the central body

¥ —radius of each wheel

7‘2/11 , 7‘2119 — relative position vectors of wheel centres

W, Xy, V9, ¥ — Orientation angle and centre coordinates of a fictitious platform linking the wheels
@, ,_, — relative angular velocity of T},

a_jko : absolute angular velocity of 7,

@ 4 i1 — Skew-symmetric matrix associated to the angular velocity gj, , |
& kdk—1— relative angular acceleration of Tk
g o~ absolute angular acceleration of 7,

& r—1 — skew-symmetric matrix associated to the angular acceleration E,"k I
m; =m? =m — mass of each wheel

J 2" =J 2B =J- symmetric matrix of tensor of inertia of each wheel

m$ = M — mass of central body
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J 2c — tensor of inertia of the central body about the link frame C 2x2C y2C ch

M, M ,— torques applied by two electric motors to the wheels jointed in 4, , B,

1. INTRODUCTION

Wheeled mobile robots consist of a mobile platform and some cylindrical
wheels, which roll with friction over a fixed or mobile surface. The condition of
rolling without slipping and side slipping between the wheel and the contact
surface demands the presence of non-holonomic constraints, which represent the
kinematics model particularity of this kind of robot. The non-holonomic conditions
reduce the number of degrees of mobility and hence most of robots have only two
actuated joints: the two driven wheels.

These devices are needed nowadays in many applications: transport for
material or tools over distances much larger than their dimensions, using in
inaccessible places and in some agricultural workings, entertainment robots,
service robots for domestic chores and for special medical proceedings, assertive
devices for the mobility-challenged and rovers for interplanetary explorations. This
is why the dynamics studies of these mobile systems gained more and more
importance [1, 2, 3].

The Quasimoro prototype of the mobile wheeled-pendulum of Salerno and
Angeles [4, 5] is a special quasi-holonomic mechanical system, which comprise
two driving wheels and an intermediate body carrying the payload. Salerno,
Ostrovskaya and Angeles studied in the paper [6] the dynamics of a rolling robot,
using the second-order Lagrange equations with multipliers.

In order to cope with instability of the central body, the mass centre of the
robot is particularly placed on the vertical axis passing through the midpoint of the
line joining the wheel centres and below this line. The two main tasks of this robot
are: positioning and orienting the payload, supported by the intermediate body on a
flat surface (locomotion task) and stabilizing the oscillation of the intermediate
body (stabilization task).

A literature survey on the two-wheeled robots led to two known systems:
SCOUT [7] and Ginger-Segway [8]. For the inverted pendulum JOE (Grasser et al.
[9]), a control system, made up of two-decoupled state-space controllers, pilots the
motors so as to keep the system in equilibrium.In their paper, Nasrallah et al. [10]
present the construction of a three-imbricated loop controller that delivers the full
control strategy for the mobile-wheeled pendulum moving on an inclined plane.
Pathak ef al. [11] analyse the dynamics modelling and the position control of a
series of wheeled inverted pendulum (Segway, Quasimoro, JOE) by partial
feedback linearization and from a controllability point of view. Using a recursive
formulation, the kinematics model with a global singularity analysis is carefully
discussed in [12]. Chakraborty and Ghosal presented in their works [13, 14] the
kinematics and a set of differential equations for the dynamics modelling and
simulation of a wheeled mobile robot.

In the present paper we derive a dynamics model for the motion of two-
wheeled mobile robots, using a matrix approach. We consider that the angular
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displacements of the wheels and the rotation angle of the intermediate body
determine the position and orientation of the robot. Using the principle of virtual
powers or the Lagrange’s equations of second kind, we formulate a matrix model
of Quasimoro, which represents a two-input non-linear dynamical system with
three outputs. This model is validated by means of simulations of dynamic
responses of the system to different inputs and initial conditions. The results of the
analysis are very important for the robot design and control. It turns out that the
major disturbance in accomplishing tasks at hand is caused by the oscillations of
the intermediate central body. Hence, the introduction of design corrections and the
derivation of a suitable control algorithm should be considered in order to render
the robot performances least sensitive to this disturbance [4, 10].

2. KINEMATICS MODEL OF THE ROBOT

Quasimoro is a wheeled mobile robot (WMR) consisting of two wheels of

conventional type of same radius » , which are actuated by two independent motors,
and of an intermediate central body that contains the control equipment, the
actuation system, the power supply and the transmission mechanism. During
motion both robot wheels can roll without slipping on a horizontal planarsurface
and are assumed to be permanently in contact with this surface.

A fictitious horizontal platform, attached to the frame C,x,y,z, of axisC,x,

linking the centres of the wheels, has a planar motion. Its position with respect to
an inertial reference frame Ox,y,z, with the origin O fixed to the ground surface

is given by the coordinates X4, ), 7" and by the orientation angle i/, which form

the following matrices

X cosy siny 0
Fo=| Yo | @ =|—siny cosy 0. €]
r 0 0 1

Two cylindrical coaxial wheels linked to the frames 4,x; y;z; and
B,xJyZz) are coupled to an intermediate body by means of revolute joints in

points 4, and B, (Fig. 1). They have known masses mf = mf = mand the tensors

of inertia
Y mr® mr’ mr’
Jy=J; =J=dia — 2
2 2 g { 4 4 > :| 2)
A central cylinder of mass m; = M and tensor of inertia
JE =diag [J,,J,,J5]. 3)

is attached to the frame C2x2c y2c ZZC , which is jointed at the midpoint C, of line
linking the mass centres of both wheels and represent the intermediate body.
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Let us indicate with@,, 6, the rotation angles of the two wheels about
A,zi', B,z) axes, respectively, and with @, the inclination angle of the

intermediate central body about C,z{ axis.
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Fig. 1 — Kinematical scheme of the rolling robot.

In the followings, we apply the method of successive displacements to
geometric analysis of closed-loop chains and we note that a joint variable is the
displacement required to move a link from the initial location to the actual position.
If every link is connected to least two other links, the chain forms one or more
independent closed-loops. The variable angles 0, of rotation about the joint axes

z, are the parameters needed to bring the next link from a reference configuration
to the next configuration. We call the matrix a,ip’k_l , for example, the orthogonal

transformation 3 x3 matrix of relative rotation with the angle 0, of link 7, around

z,axis. When the change of coordinates is successively considered, the

corresponding matrices are multiplied. So, starting from the platform’s frame
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C,x,y,z,, we obtain the following transformation matrices in the mobile reference
frames [15, 16]:

a2A1 =afla1, afl =afza1, azcl :a?3a23 “4)
where
0 0 -1 0 0 -1 cosO, sinO, 0
a,=|-1 0 0la,=|1 0 0 [a”=|-sind cosd, 0 (=12,3).(5
0 1 0 0 -1 0 0 0 1

Defining 4,8, =1 the distance between the centres of the wheels and
C,G =d the displacement of the centre G, following vectors give the invariable

relative positions of the points 4,,B,,C,,G :
- / - / - = = =
A =[0 5 01,77 =[0 - 01",7A7 =0, ;" =0," =0,7° =[d 0 0].(6)
The kinematics of the three elements is completely characterized by the
translation velocity
= . . T
Ho =[x W 0] (7)
and by the angular velocities that are given below
@O\ =Y Uy, C?);l: i, & 51: O,us, CB;: Osuiy, u; =[0 0 I]T
. : : _ ®)
o =0, 0,=0,, v, =0,, 0, =y.
The speed difference between the wheels generates rotation of the vehicles.
Moreover, differentially driven robots can rotate on the spot.
Assuming that the two wheels roll without slipping on the ground surface,
three analytical relations between the characteristic velocities of the three-degree-
of-mobility robot express the non-holonomic constraints:

‘_}10 +510}72/1412 =[7"91 0 O]Tﬂ ‘_;10 +a’310’72?2 = [réz 0 0]T9 (9)

where
Xj9 COSY + Jy, SIny/ 0 -y 0
Vio :aIO’_%O =|—X,siny +y,,cosy |, @, =aypa, =y 0 0] (10)
0 0 0 O
One of three analytical constrained relations (9) have been integrated:
v=p©-8). p=". (11)

The above conditions of connectivity (9) can provide the matrix of the
Jacobian and the characteristic velocities

. . . . o . . ro . .
v =p6,-6),x, 25(01 +0,)cosy, vy, 25(01 +0,)siny . (12)

In order to determine the conditions of connectivity of accelerations we
derive the matrix relations (9):

7710 + (C{N)IOGN)IO + “?10)’7211‘12 = [rél O O]T + aN)IO [7"91 O O]T
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V1o H(@By, +E0)Fr =[10, 0 01" +@,[r8, 0 0], (3)

where
Xjo cosy + jsiny
710 =100 =| — X1 SIny + g cosy | (14)
0
Thus, the characteristic accelerationsy/, ¥,,, j,, are immediately obtained:
w=p(0,—06,)

. Ve . rp , .o S0 . (15)
X10 25(6’1 +0,)cosy —7(92 — 0 )siny

. . . . O . 42 -9

Y10 :5(‘91 +92)SIHV/+7(92 — 0 )cosy.

To describe the kinematical state of each body 7", T,”, T,” with respect to
fixed frame Oxyz,, we express the angular velocity @, and the linear velocity
Vi, Of the reference origin

Voo = @y (Vig + D75, ),Br = Ay Dy + Dy (16)

Performing the derivatives with respect to time of the equations (16), we

obtain the accelerations 7, , £,

- _ - ~ o~ ~ - - _ - - ~ T —

V20 = Ayl T (@1gO1g + 191, Exg = UyE19 + &y Uy @05, (17)
and a useful characteristic square matrix [17]

Dy Dy + Exg =y 100Dy + 1)y + Oy 0y + Eyy + 205,005, (18)

3. EQUATIONS OF MOTION

3.1. PRINCIPLE OF VIRTUAL WORK

The torquesM , =M ii;and M, = M ,ii,, which are generated by two
electric motors, transmit the motion at the two wheels. Having the direction of the
common axis 4, B, , these moments can control the motion accomplished by the
active wheels and the intermediate body. We will study the direct dynamic
problem, in order to establish the evolution of the rotation anglesé,, 8,, 6, and

the variation of the angular velocities 91, 92, 93 during the transient motion of
At =1s between initial position and one, which correspond to other inactivated
motion, knowing the torques M, M, . Thus, we will use the principle of virtual
work.

Indeed, we assume that the two torque pulses of amplitudes M| and M ; at an
arbitrary instant are known by the following sinusoidal waveform functions
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M,t)=Msinzt (i=12), t[0,1], (19)
where, for example, M| =0.1Nm.

It is noteworthy that the simulation runs do not account for either external
dissipation such as rolling friction between the wheels and ground and for internal
dissipation such as friction in the bearings.

The fundamental principle of virtual work states that a mechanical system is
under dynamic equilibrium if and only if the virtual work developed by all
external, internal and inertia forces vanish during any general virtual displacement,
which is compatible with the kinematical constraints [18, 19, 20].

The force of inertia and the resultant moment of the forces of inertia have the
following general form

= - ~2 |~ =Gy 1j ~G = e
Fo==—m{y,+ (@, +&)7" 1, Mg =={mr,"y,, +J,&4 + 0,00, } (20)
where m;is the mass andJ, =§7[7[Tdm[ represent the matrix definition of the

tensor of inertia of body 7.

The virtual velocities of the robot bodies result from relations (9) and (16),
namely:

v v v v
a)la =1 > a)Za = O’ a)3a = O’ a)IOa ==pP
val =[-rsinf,  —rcos6, 0]

VE=[0 0 0]

Vay =[gsin¢93 gcosﬁ3 0] 21
@3 =[pcos b, — psin 6, 1]
oy =[pcos, — psin G, 0]
@5, = [pcosb, — psind, 0].

The following matrix expression of the torque applied to the wheel 4, results

_ AT A | AT yrd | =BT B | =BT a7 B | =CT 5C | =CT 35 C
M\ = vy Fyy + @y Moy +Vyy Fyy + @y Moy + Vo Fog + g My, (22)
with its definitive analytical form

M, =A,6 +A,0, + A,0,+4,0,0, + 4,.6,6, + 4,0,0, + o
+ A0 + 4,67 + 4,07,
where
Ay, =0.5mr> 3+ p*)+p>(J, cos® O, +J, sin” 6,)+0.25Mr>
A, =—0.5mr’ p*> — p*(J, cos’ 0, +J, sin® 6,)+0.25Mr"
A, =0.5Mrdcos0,

Ay, = Mrdp? sin 0,
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Ajs =2p*(J, = J,)sin6; cos b, (24)
A =—Aj5, 4, =0,43 =—4,
A, =~0.5Mrd sin 6.

The relation (22) represent just the dynamics model of the ¥MR The various
dynamical effects, including the Coriolis and centrifugal forces coupling and the
gravitational actions are considered in this explicit equation. Also, the results it has
been verified in the framework of the Lagrange equations.

For the moment™20f the torque applied to the wheel B, we obtain an
analogous final expression:

M, =A4,6 + 4,0, + 4,0 ,+4,,0,0, + A4,,0,0, + A,.0,0, +
. . . 25
+ A,,07 + A,,0; + A4,,07, @)

where
Ay =Ajy, Ay = Ay, Ayy = Ay
Ayy = A1y, Ays = Ajg, Aye = 45 (26)
Ay; = Aig, Apg = Ai7, Ayg = Ajg

The third virtual displacement of the intermediate body correspond to the
angular velocities

w;. =1,0). =0, =0,w], =0. (27)

After several transformations, following non-linear differential equation of
C
third element T, is obtained

A0, + A0, + A0+ 4,,0,0, + 4,,0,0; + 4,,0,6, + A,,6] + o8)
+ Ay 07 + A0 = M, + M, — Mgd sin 6,
where
A4, =05Mrdcosb,, Ay, = 4;,, 455, = J,
Ay, ==2(J,—J,)p’sin@,cosb;, A, =0 (29)
A, =0,4,, =(J, —J,)p" sinf, cosb),

A38 = A37 , Ay =0.
3.2. EQUATIONS OF LAGRANGE

A solution of the dynamics problem of the mobile robots can be developed
based on the Lagrange equations of second kind for a mechanical system with non-
holonomic constraints. The generalized coordinates of the robot are represented by

siX parameters q, = X,,, 4, = Vy0» 43 =V » 44 291, qs :92, qs =0;.

The Lagrange equations with their multipliers /11 s ﬂz, 13 will be expressed

by six differential relations
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d OE, OFE 3

— (= 0+ 3 A k=12, ...,5 30
dl' {aqk} aqk Qk ; scsk ( ) ( )
d OE, OFE

5{6_63}_6_93_Q6’

which contain following six generalized forces
0,=0,0,=0,0,=0,0,=M,, O;=M,, Qg =M, + M, —Mgdsin0;. (31)
Three kinematical conditions of constraint given by the relations (9):

5
Dcyd =0 (s=1,2,3) (32)
k=1
can be concentred in a matrix form, as follows
Cg=0, (33)
where
[cosy siny 0 —r/2 —r/2
C=|-siny cosy O 0 0
0 0 l r —-r
- _'. . . . - I
qg=I%9 Yo VvV 6 ‘92] . (34)

3
The components of the general expression of kinetic energy £ = ZE ;are
Jj=1
expressed as analytical functions of the generalized coordinates and their first
derivatives with respect to time:

E, :%mr2(6912 )
E, :%mr2(66’22 +y’)
E, = %ms(xfo +J./120)+%(J1 cos’ @, +J,sin” ;) + (35)

+m,x,,0,d cosy cos O, + m,y,,0,d siny cos @, —

—my X, \Wd siny sin@; + m, y,,wd cosy sin 6, .

A long and tedious calculus of the partial derivatives of all above functions
leads to an algebraic system of six relations. In the direct or inverse dynamics
problem, after elimination of the three multipliers, finally we obtain certainly same
expressions (23), (25) for the torques M|, M, required by the two driving wheels
and same differential equation (28).

If the above complete equations (23), (25) do not take into account the rotation
of the intermediate body of mass M , the expressions of two active torques

M, M, for a symmetrical mobile robot can be written in the simplified form
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My =5 M2 48436+ 9°G, - 61+ 1,0°(G, -6

M, :%Ml’z(él +éz)+%m}”2[3éz +p2(é2 _91)]"“]1,02(&2 _él)‘ (36)

4. SIMULATIONS

Three important manoeuvres can be implemented:
1. Rectilinear motion with the angles w =0, 6, =6, , accomplished by

equal torques applied to the wheels
1 | . o
M, =M, = 5(3m +M)r’6, +5Mm1(93 cos@, —0; sinf,)  (37)

and with one differential equation

J,0, +Mgd sin 0, + Mrd0, cos 0, =2M,. (38)
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Mabile wheeled pendulum — t(s) Mabile wheeled pendulum — 1ts)

Fig. 2 — Actuated rectilinear motion: rotation angle 01 . Fig. 3 — Rectilinear motion: rotation angle 91 .
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Fig. 4 — Actuated rectilinear motion: rotation angle 93 . Fig. 5 — Rectilinear motion: rotation angle 493 .

2. Pure rotation about the vertical axis passing through a fixed centre C,,
with v =-2p60,,0, =—-60,,60; =0 and two equal torques, opposite in sign,
applied to the wheels
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3 .
M, =|M,| :[mr2(5+ p)+2p°J,10,. (39)

3. Circular motion, with a permanent angled, =0. During the first interval

At =1s , the centre A, describes around the vertical axis B, yf a horizontal circle

of radius / = A4, B, . As application, we will analyse the motion of a rolling robot,
which has the following characteristics:

m=0.5 kg, M =5 kg,J, =0.2 kgm®,J, =0.4 kgm’,
r=03m d=02m, p=0.5.

The response of the dynamical system subjected to two different inputs has
been studied. These inputs will be represented by torques pulses (19), actuating the

wheels for a duration of Af =18 applied at ¢, = 0 . Each simulation takes 90's, but
most of all outputs plots will be reported in the time window that goes from 0 s to
At + 3 s, for example, to better show the transient response.

In every simulation the system is considered initially at rest. Three

manoeuvres have been simulated:
1° rectilinear motion, while maintaining constant the orientation angley =0; 2°

pure rotation about the vertical axis passing through C,, with@, =0, i.e. vary the
orientation angle  only; 3° circular motion of centre A, around the axis B,y”,
withg, =0.

1. Rectilinear motion. In this simulation run, two equal torque pulses (19) of
amplitude M| = M ; = 0.1 Nm are applied to the two wheels.

The outputs plots are reported in the following graphs: §, (Fig. 2, Fig. 3) and
0, (Fig. 4, Fig. 5). The anglesd,, 0, and their first derivatives are equal, since the

load condition is symmetric.

thetal(rad)
thetal (rad)

o L I i i I I 1 0
o 01 02 03 04 05 08 07 08 09 1 1} 05 1 15 2 25 3
Mabile wheeled pendulurm t(s) Mabile wheeled pendulum t(s)

Fig. 6 — Actuated pure rotation: rotation angle 01 . Fig. 7 — Pure rotation: rotation angle 91 .
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f i i i i i
0 01 02 03 04 05 06 07 08 09 1 0 05 1 15 2 25 3
Mobile wheeled pendulum  t(s) Mobile wheeled pendulum  tfs)

Fig. 8 — Actuated circular motion: rotation angle 91 . Fig. 9 — Circular motion: rotation angle 91 .

From Fig. 5, where @, is represented by a periodic signal, we can infer that

the oscillation of the intermediate body in the steady state is between —0.0129 rad
and 0.0129 rad; of course, this theoretical oscillation needs no stabilization, since
its amplitude is not big enough to be considered a disturbance for the
accomplishment of the stabilization task. However, 6,(0) might not be zero

because of assembly and manufacturing errors; moreover, the actual surface on
which the robot will move can be indeed slightly inclined [9].

The rectilinear trajectory is followed with high accuracy. Of course, the
wheels will never experience the same torque in reality, which calls for a suitable
control algorithm for accomplishment of the locomotion task. Moreover, a control
algorithm is also needed because the velocity X, =76, along the rectilinear
trajectory is not constant in the steady state.

2. Pure rotation. Two equal torque pulsesM,=-M, =M sinxt of
amplitude m; = 0.1 Nm, opposite in sign, are applied to the wheels, during Az =1s.
The output plots are displayed in the following two graphs: 6, (Fig. 6, Fig. 7).
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£ 004 =z
L O TN 00 VOO M TS WO A i
= T
0 e
1 S S TR 5 IO U TV AU SRS N WU NN SO A
o007 i i i i i 4
i 05 1 15 2 25 3 0 01 02 03 04 05 0B 07 08 03 1

Mobile wheeled pendulum  t(s) Mobile wheeled pendulum  tfs)

Fig. 10 — Circular motion: rotation angle (92 . Fig. 11 — Actuated circular motion: rotation angle 93 .

The trajectory of point C, reduces to a point coincident with the origin O of

the inertial reference frame; moreover, the angular velocity 91 will be constant in
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the steady state. Anyway, for what has been already stated about the errors
affecting the construction of the robot, in reality the trajectory of point C, will not

be a point; hence, a control algorithm for the accomplishment of the location task is
needed [4]. For the assigned initial conditions and the type of input, the

angle @, and its first and second derivatives will remain theoretically equal to zero
during the whole simulation, whiled ,6,and their derivatives are equal in
amplitude and opposite sign.

w1®

theta3(rad)
o

-
——
R
m)

o

=

m

- -+ [ : /
AW B M W s 78 ,

LW - AL S Y SN B

8 i i i | i o0t
a 05 1 15 2 25 3 “o 01 02 03 04 0s 0B o7 0s 08 1
Mobile wheeled pendulum t(s) Mobile wheeled pendulum tis)

Fig. 12 — Circular motion: rotation angle 93 . Fig. 13 — Circular motion: torque of second wheel M/, .

3. Circular motion. The torque M, (¢t) = 0.1sinz ¢ applied to the first wheel is
accompanied, in this third simulation, by a second unknown torque M, (¢) applied

to the other wheel. The outputs plots of this manoeuvre are reported in the
graphs g, (Fig. 8, Fig. 9), 6, (Fig. 10),6,(Fig. 11, Fig. 12) and of course in the

evolution of the torque M , (Fig. 13) applied to the second wheel.

5. CONCLUSIONS

1. Kinematics and dynamics of Quasimoro, a novel quasi-holonomic mobile
robot, was discussed in the paper.
2. Based on the principle of virtual work, the present method establishes

three differential non-linear equations for the rotation anglesé,, 6,, 6. The

dynamics model takes into consideration the mass, the tensor of inertia and the
action of weight and inertia force introduced by each element of the mobile robot.
The new approach is far more efficient, can eliminate all forces of internal joints
and determine quickly the time-history evolution of torques and powers required
by the driving wheels, in an eventual inverse dynamics problem.

3. We formulated the mathematical model of the mechanical system and
provided a numerical validation of it. The simulation through the software
MATLAB program certify that one of the major advantages of the current matrix
recursive formulation is a reduced number of additions or multiplications and
consequently a smaller processing time of numerical computation in comparison
with the approach based on the Lagrange equations.
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