INTERNAL REACTION FORCES IN DYNAMICS
OF A PLANAR PARALLEL MANIPULATOR

STEFAN STAICU', ION STROE', LAURENTIU PREDESCU?

Abstract. Three identical legs connecting to the moving platform of a planar parallel
manipulator are located in the same vertical plane. Knowing the motion of the platform, we
determine the positions, velocities and accelerations of the robot. Using an approach based
on the principle of virtual work, compact matrix dynamics equations and graphs of
simulation for the input torques of three actuators and internal joint reaction forces are
obtained.
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1. INTRODUCTION

Compared with serial manipulators, the followings are the potential advantages
of parallel architectures: higher kinematical precision, lighter weight and better
stiffness, greater load bearing, stabile capacity and suitable position of arrangement
of actuators. Equipped with revolute or prismatic actuators, parallel manipulators
have a robust construction and can move bodies of large dimensions with high
velocities and accelerations. That is reason why the devices, which produce translation
or spherical motion to a platform, technologically are based on the concept of parallel
manipulators [1].

Over the past three decades, considerable efforts have been devoted to the
kinematics and dynamic analysis of parallel manipulators. Among these, the class
of manipulators known as Stewart-Gough platform have received great attention
(Stewart [2], Merlet [3], Parenti Castelli and Di Gregorio [4]). They are used in
flight simulators and more recently for Parallel Kinematics Machines. The
prototype of Delta parallel robot (Clavel [5], Tsai and Stamper [6]), developed by
Clavel at the Federal Polytechnic Institute of Lausanne and by Tsai and Stamper at
the University of Maryland as well as the Star parallel manipulator (Hervé and
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Sparacino [7]), both are equipped with three motors, which train on the mobile
platform in a three-degrees-of-freedom general translation motion.

A mechanism is said to be a planar robot if all the moving links in the
mechanism perform the planar motions. For a planar mechanism, the loci of all
points in all links can be drawn conveniently on a plane. In a planar linkage, the
axes of all revolute joints must be normal to the plane of motion, while the
direction of translation of a prismatic joint must be parallel to the plane of motion.

Aradyfio and Qiao [8] examined the inverse kinematics solution for the three
different 3-DOF planar parallel robots. Gosselin and Angeles [9] and Pennock and
Kassner [10] each present a kinematical study of a planar parallel robot, where a
moving platform is connected to a fixed base by three links, each leg consisting of
two binary links connected through three parallel revolute joints. Sefrioui and
Gosselin [11] give an interesting numerical solution in the inverse and direct
kinematics of this kind of planar robot. Daniali et al. [12] present a study of
velocity relationships and singular conditions for general planar parallel robots.
Williams and Reinholtz [13] analysed the dynamics and the control of a planar
three-degrees-of-freedom parallel manipulator at Ohio University, while Yang et
al. [14] concentrate on the singularity analysis of a class of 3-RRR planar parallel
robots developed in its laboratory. Bonev, Zlatanov and Gosselin [15] describe
several types of singular configurations by studying the direct kinematics model of
a 3-RPR planar parallel robot with actuated base joints.

A recursive method is introduced in the present paper, to reduce significantly
the number of relations and computation operations by using a set of matrices for
kinematics and dynamics of the 3-RRR planar parallel robot. Based on the
principle of virtual work, compact equations establish a direct determination of the
time-history evolution for the input torques of three actuators and the internal
reaction forces in joints.

2. KINEMATICS MODELLING

Having a closed-loop structure, the planar parallel robot 3-RRR is a special
symmetrical mechanism composed of three planar kinematical chains with
identical topology, all connecting the fixed base to the moving platform. The
centres A, B;, C, of three fixed pivots define the position of a fixed base and the

three moving revolute joints A;, By, C; define the geometry of the planar moving

platform. Each leg of the mechanism is represented by two binary links with three
parallel revolute joints. Together, the manipulator consists of seven moving links,
nine revolute joints and three revolute actuators installed on the fixed base.
Griibler-Kutzbach mobility criterion predicts certainly three degrees of freedom of
the robot’s moving platform (Fig. 1).
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For the purpose of the analysis, we attach a Cartesian frame OX,Y,Z,(T,) to
the fixed base with its origin located at the triangle centre, the z, axis perpendicular
to the base and the X, axis pointing along the direction C;A;. Another mobile

reference frame D;xPyPzP is attached to the moving platform. The origin of this

coordinate central system is located just at the centre D; of the moving triangle.

In what follows we consider that the moving platform is initially located at a
central configuration, where the platform is not rotated with respect to the fixed
base and the mass centre Dj; is at the origin O of the fixed frame. It is noted that

the relative rotation of anybody T, with ¢, angle must be always pointing
about the direction of z, axis.

One of three active legs (for example leg A) consists of a fixed revolute joint
A, a moving crank 1 of length |;, mass m and tensor of inertia J;, which has a
rotation about ZlA axis with the angle (plAO , the angular velocity ooﬁ) = (pﬁ‘) and the
angular acceleration sﬁ) = (blAO. A new element of the leg is a rigid rod 2 linked at

the Azszyf‘Z? frame, having a relative rotation with the angle (pzAl, velocity

(DZA] = ('pzAl and acceleration € 2A]: (bzA] . It has the length |,, mass m, and tensor of

inertia J , . Finally, a revolute joint is introduced at the moving platform, which is
schematised as an equilateral triangle with the edge | =r+/3, mass m, and a

symmetrical tensor of inertia J 5 with respect to central frame D; X3D y? ZE .
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Fig. 1 — Planar 3-RRR parallel robot.
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In the study of the kinematics of robot manipulators, we are interested in
deriving a matrix equation relating the location of an arbitrary T, body to the joint

variables. We call the matrix q),_,, for example, the orthogonal transformation

3x3 matrix of relative rotation with the angle (pik kg of link Tki around Z|'( axis.

Starting from the fixed reference origin O and pursuing the independent legs
OA A, A;, OB,B,B;, OC,C,C;, we obtain the following transformation matrices:

410 =97,0,. 42, =93,0,0,. 45 =459, (=a,b,¢) (i=AB,C), (1)

where we denote [16]:

i L
COSQy -1 SNy 0

q‘lg,kflzrot(z,(pi(’k_l): —sin(pik,k_1 coscpik’k_1 0| (k=12), Biazrot(z,oci)
0 0 1
10 0 1300
0, =rot(y,m)=[ 0 1 0 |, Bzzrot(z,%):% -3 1 ol.
0 0 -1 0 0 2

In the inverse geometric problem, it can be considered that the position of the

planar mechanism is completely given through the coordinates XIDO = XOD3 ,
7”51 = yOD * of the mass centre D; of the moving platform and the orientation angle
@5, =¢ of the central frame D;x; y3 2z . The known orthogonal rotation matrix

R =dj, =d;,d,,d,, of the platform from Ox,Y,z, to D;x5 y>z> are obtained by

multiplying some relative basic matrices:
djp =03, dy =0630,, d3 :d§’2040304, dy =dydyg, 3)

with the notations:

00 -1 0
e3=rot(y,§)= 01 0], 94=r0t(2,%): -1 0 0}, d}, =rot(z9). (4)
1 0 0 0 0 1

Further, we suppose that the position vector of D; centre

ﬁ)D3 :[XOD-‘ y(? > 0]" and the orientation angle ¢, which are expressed by
following analytical functions:
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X' =X (—cosTt), yp* =y (I-cosT0, §=¢"(1—cosFt) (5

can describe the general absolute motion of the moving platform in its vertical
plane.

Six wvariables (pﬁ‘),(pf‘l,(pﬁ),(szl,(pﬁ),(pgl will be determined by several
vector-loop equations, as follows:

o +alo +aloants; =i +R'75 (i=AB,C) (@=ab,c),  (6)

where we denote:

1 0 0 0 -1 0
ﬁ1=0,02=1=03=0=ﬁ3=100’
0 0 1 0 0 O

F=025r\3 =3 01", FE=025rv3 3 0], FS=[-05rV3 0 o]

iy =0.5r[V3 1 0], i =05r[—3 1 0], i =[0 —r o )

i N .

Actually, these vector equations mean that there is only one inverse
geometric solution for the manipulator’s position:

i i i my_ D oTpTe
1.5rcos(@ig +aq) = reos(@p + & =93 —3) =X~ —Xo +U R,

i D, _

15T sin(glo + o) ~Tsin(@lo + o —0h ~3)= Yo" ~Yio + G R'T5 . (®)

We develop the inverse kinematics problem and determine the velocities and
accelerations, supposing that the planar motion of the moving platform is known.
First, we compute the linear and angular velocities of each leg in terms of the

angular velocity (73?0 = ('p3Dz Uy and the centre’s velocity r;OD3 = [XPO Xle 0]" of the

moving platform.
The rotations of compounding elements of each leg i are characterized by
recursive relations of following skew-symmetric matrices:

~ ~ i T i ~ i -
O = Qi k-19k1,0dk k-1 T O kU35 O 1 = P> )
which are associated to the absolute angular velocities:

i i i i i i i No
19 =Pjolz, Oy =(qp 05 + 031 = (P — Py)Us . (10)
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Following expressions give the absolute velocities of the centres of all joints:

Vio = Ak k-1 \7||<71,0 + qk,kfld)lkfl,o Fkl,k—l (k=1,2). (11)

Equations of geometrical constraints (6) can be derived with respect to time
to obtain the following matrix conditions of connectivity [17]:

i T T (2, T o i 2T T~ of _ 2T3D, | -DaTe T
®yoU; (110“3(r21 +(121r32)+0021Uj QooUsT3; =Uj Ty +o3UjusR Ty
(i=AB,C) (j=12).

From these equations, we obtain immediately the complete Jacobian matrix

(12)

of the manipulator and the relative angular velocities milo,coiZI as functions of
angular velocity of the platform and velocity of its mass centre Ds.

As for the relative angular accelerations € ilo, € i21 , the derivatives with respect
to time of the equations (12) give other following conditions of connectivity

i aT T (2 | T i i AT T~ =i _=T#D, | =T(-D:Dx =~ =D~ \pToi
€10Uj qroU3 (r21 +‘—lz1r32)+821Uj QooUsly; =Uj Iy~ +Uj ((P32(P32“3“3 +(P32“3)R 5, —
i 0 AT Ta = o T i i aT T = o i 0 aT Tax T~ oi
=010y oUj qoUsls {hy) +qyT5 } — 07;0;,U] qyUsU5T5; —20;007Uj q19U3q,U51;,

(i=ABC) (j=12). (13)
The following recursive relations give the angular accelerations &, and the
accelerations ¥, of the joints:

i i i [ i T 0 [ i

€k0 = Uk k-18k-1,0 1 Ek k-1U3 T O k- 1Ak k-1QKk-1,0dk,k-1U3 > Ek k-1 = P k-1>
~io~i A ~i s T i P~

OpoOko +8ko =k k-1 Pk-1,0Pk-1,0 T Ek-1,0 Jdk k-1 T Ok k-1Dk k-1U3U3 +

tel 420 ~ i T =
€k k—1U3 T 20 k 1Ak k-1DPk-1,0dKk,k-143 >

ko = Akk-17k-1,0 T k-1 (03|k71,o‘5||<71,0 +E 10 ) R (k=12).  (14)

The matrix relations (13) and (14) will be further used for the computation of
wrench of the inertia forces for every rigid of the robot.

3. DYNAMICS EQUATIONS

In the context of the real-time control, neglecting the frictions forces and
considering the gravitational effects, the relevant objective of the complete
dynamics is first to determine the input torques or forces, which must be exerted by
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the actuators in order to produce a given trajectory of the end-effector, but also to
calculate the internal joint forces or torques.

A lot of works have focused on the dynamics of Stewart platform. Dasgupta
and Mruthyunjaya [18] used the Newton-Euler approach to develop closed-form
dynamic equations of Stewart platform, considering all dynamic and gravity effects
as well as viscous friction at joints. Tsai [1] presented an algorithm to solve the
inverse dynamics for a Stewart platform-type using also Newton-Euler equations.
This commonly known approach requires computation of all constraint forces and
moments between the links.

In the present paper we apply the principle of virtual work for the inverse
dynamic problem in order to establish some definitive recursive matrix relations for
the calculus of input torques of the actuators and internal forces in the joints.

Three electric motors A, B;,C, that generate the moments rﬁ% = n‘q’%@,

M =ml;, MG =mG; oriented about fixed parallel axes control the motion of

the platform. The parallel robot can artificially be transformed in a set of three
open chains C; (i=A B, C) subject to the constraints. This is possible by cutting

each joint for moving platform, and takes its effect into account by introducing the
corresponding constraint conditions.

The wrench of two vectors F, and M evaluates the influence of the action
of the weight m g and of other eventually external and internal forces applied to
the same element T, of the mechanism:

Fe =9.81mqoty, My =9.81m i q,,b,, (G=ab,c). (15)

Now, we compute the force of inertia Ifkln and the resulting moment of

inertia forces M&“ of an arbitrary rigid body T, of mass m, with respect to the
centre of its first joint:

. e e e e A
Fan_”\([Yk0+(mﬁ0+£ko)rk ], M|l<n=—(”\<1‘k ko +Jkko +‘DkoJk®ko)~ (16)

Pursuing the leg i, for example, two significant recursive relations generate
the vectors:

—

T S T i s T 2
ko Fbisik P, M =My + ik Myt + ik bk P>, (17)

=i
k
where we denote:

Fly =B B iy =i N (1)
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As example, starting from (17), we develop a set of recursive relations for the
leg i:
Fi=Fl. R =R
M5 =M. M|=M|,+q}M}+i5,q3F (i=AB,C) (19)
and for the moving platform:
2D _pgD gD _4T 2D gD _ 4T 2D
Fo=Fy, R =dypRe, R7=dyR7,
MP=Mg, M =dLMY, MP=d; M7 +Epdy, R, By =[0 A3 017 (20)
The fundamental principle of the virtual work states that a mechanism is under
dynamic equilibrium if and only if the virtual work developed by all external,
internal and inertia forces vanish during any general virtual displacement, which is
compatible with the constraints imposed on the mechanism.
The characteristic virtual velocities are expressed as functions of the pose of

the mechanism by the general kinematical equations (12), where we add the
contributions of successive virtual translations during some fictitious displacements

along the directions AX/, Ay}, BIXIB,Blle,ClXIC ,Clylc of the middle revolute
joints A,,B,,C,:
ivaT T ~ (=i T »i ixv—T T = iw=T T = iveT T ~ =i _
®1oUj qoUs3 (r21 +Q21r32)+V21 ujqioYy +V5) Uj qjoUy + @yUj qpouslhs; =

21)

DvHTa DVHTH DVHT THI ;

Considering some independent virtual motions of the planar mechanism,
virtual displacements and velocities should be compatible with the virtual motions
imposed by all kinematical constraints and joints at any instant in time. Let us

assume that the robot has successively nine virtual motions determined by
following sets of velocities:

ofpa =1, 0lpa=0 (i=A), B5=0, v'zylva 0;
ofg =1, ©lgp=0 (i#B), v’ﬁ%=0 Vb =0;
ope=1, 0. =0 (i%C), V¥ =0, V. =0;
(’Jil\(l)azoa Vzpi)gl:L 21a—0 (i=A), V21a 0;

iv Axv ixv :
ol =0, Vi =1, Vi =0 (i#B), Wy =0;
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Axv ixv _ . W _ .
co10c—0 Vore =1, V3 =0 (i#C), V). =0;

A .
w10a=0, Vzla—o Vzl};v_l V|2y1Va O (| ;tA),
‘Dmb =0, V=0, V21b =1, V21b =0 (i=B);

ol =0, V¥ =0, vi¥ =1, W =0 (i#C), (i=AB,C). (22)

These virtual velocities are required into the computation of virtual power
and virtual work of all forces applied to the compounding elements of the robot.
Total virtual work contributed by the inertia forces and moments of inertia

forces F™, M |i(“ , by the wrench of known external forces lfk* , I\ﬁ; and by the first

actuator torque rﬁﬁ‘) or some eventually internal joint forces, for example, can be

written in a compact form, only based on the relative virtual angular velocities.
Applying the explicit form of the equations of the parallel robots dynamics,
established by Stefan Staicu [19], following compact matrix relations results:

A STy A,
mjy = Uy M" + s (0321aM2 +0321aM2 +°321aM2 +V10aF1 +V21aF2 +(932aM3 ) (23)
for the torque of first revolute actuator A,

A =T T 2A | m
fyy =U ay R, +Us (0)21aM2 +°°21aM2 +0)21aM2 +V10aF1 +V21aF2 +0)32aM3 ) (24)
for the first joint force and

A T 2A |
f21y—u a21Fz +U; ((")ZIaMZ +0321aM2 +0)21aM2 +V10aF1 +V21aF2 +0)32aM3 ) (25)

for the second joint force acting in the middle internal joint A, .

The relations (17-25) represent the complete inverse dynamics model of the
3-RRR planar parallel robot. The various dynamical effects, including the Coriolis
and centrifugal forces coupling and the gravitational actions are considered in these
explicit equations.

As application let us consider a 3-RRR planar robot, which has the following
geometrical and architectural characteristics:

" =0.025m, y&* =0.025m, ¢*=%, At=3s, r=03m,

l,=1.5r, I,=r, 1=ry/3, m=225kg, m,=15kg, m=5kg.

Using the MATLAB software, a computer program was developed to solve
the inverse dynamics of the planar parallel robot. To illustrate the algorithm, it is
assumed that for a period of three seconds the platform starts at rest from a central
configuration and rotates or translates along rectilinear directions.
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Assuming that there is no external force and moment acting on the moving
platform, a dynamic simulation is based on the computation of three input torques

mj, required by each actuator during the platform’s evolution and the internal joint
ix gl
forces f,}, f,1.
Following three examples are solved to illustrate the simulation.

For the first example we consider the translation motion of the moving
platform along the horizontal axis X, with variable acceleration while all the other

positional parameters are held equal to zero. The input torques of three actuators
and the internal joint forces are calculated by the program and plotted versus time
as follows: Fig. 2, Fig. 3 and Fig. 4.
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If the platform’s centre D moves along the vertical axis Y, without rotation
of platform, the graphs are sketched in Fig. 5, Fig. 6 and Fig. 7.
For the third example we consider the rotation motion of the moving platform
around the horizontal axis z, with variable angular acceleration: Figs. 8, 9, 10.
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The simulation through the program certifies that the current matrix recursive
formulation can easily be transformed in a model which is successfully expected to
be deployed for automatic robotic control of the parallel hybrid robot and that one
of its major advantages is the effectiveness and accuracy of numerical computation.
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4. CONCLUSIONS

Within the inverse kinematics analysis some exact relations that give in real-
time the position, velocity and acceleration of each element of the parallel robot
have been established in the present paper. The dynamics model takes into
consideration the mass, the tensor of inertia and the action of weight and inertia
force introduced by all compounding elements of the parallel mechanism.

Based on the principle of virtual work, this approach can formally eliminate
the forces of the external and internal joints and establishes a direct determination
of the time-history evolution for the torques required by the actuators and the
external and internal forces or torques in joints.

Received on November 7, 2014
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