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KINEMATICS OF A TRANSLATION-ROTATION HYBRID 
PARALLEL ROBOT 

ŞTEFAN STAICU* 

Abstract. Matrix relations for kinematics analysis of a spatial two-module hybrid 
parallel mechanism are established in this paper. Knowing the relative motions of the 
moving platforms, the inverse kinematics problem is solved based on a set of 
connectivity relations. Finally, compact results and graphs of simulation for the input 
relative displacements, velocities and accelerations are obtained. 
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1. INTRODUCTION 

Compared with serial robots, the parallel robots have specific characteristics: 
higher structural rigidity, better orientation accuracy, stable functioning, larger dynamic 
charge capacity and suitable position of the actuating systems.  Provided with closed-
loop structures, the links of parallel robots can be connected by spherical joints, 
universal joints, revolute joints or prismatic joints [1,  2]. Typically, the number of 
actuators is equal to the number of degrees of freedom such that every link is 
controlled at or near its base [3,  4]. 

A hybrid manipulator is a combination of closed-chain and open-chain planar 
and spatial mechanisms or a sequence of parallel robots [5–8]. A serial-parallel 
manipulator has several modules with parallel structure that are connected serially [9]. 
Shahinpoor [10] obtained and solved numerically a system of nonlinear equations 
for the inverse kinematics problem of a hybrid robotic system consisting of two 
serially connected parallel manipulators. Cheng et al. [11] used a numerical Newton-
Raphson method to obtain the solution of the direct kinematics problem of a 10-DOF 
hybrid redundant manipulator, containing a closed-loop slider-crank mechanism and a 
parallel-driven mechanism. 

Based on screw theory, Gallardo et al. [12] addressed a complete kinematics 
analysis of a modular spatial hyper-redundant manipulator built with a variable 
number of serially connected mechanical modules. 

Recursive method based on several connectivity relations is applied in the 
present paper to the analysis of a spatial two-module hybrid manipulator, reducing 
together the number of equations and computation operations significantly by using 
a set of matrices for kinematics modelling. Considering the lower module as a posi-
tional mechanism and the upper module as an orientation device, we analyze the 
geometry, the position and the kinematics of a hybrid manipulator composed of 
serially connected two different parallel robots, each mechanism having three 
degrees of freedom. 

2. GEOMETRICAL ARCHITECTURE 

Having six degrees of freedom, the hybrid robot here analyzed is made up of 
two different 3-DOF parallel modules, which are serially connected to a fixed base, 
but the study can be easily extended to a complex robotic system composed of a 
multitude connected parallel robots. Practically, the degrees-of-freedom value 

6F =  of the hybrid mechanism is equal to the degrees of freedom associated with 
all the moving links 24ν =  minus the total number of independent constraint 
relations 18l =  imposed by the joints. 

The structure of the lower parallel module, for example, consists of a fixed 
circular base 1 1 1A B C  of radius 1R  represented by three universal joints located at 
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the points 1A , 1B , 1C , a circular mobile platform 4 4 4A B C  of radius 1r  and three 
extensible legs with identical kinematical structure. Each limb connects the fixed 
base to the moving platform by two universal (U) joints interconnected through a 
prismatic (P) joint made up of a cylinder and a piston. 

 
Fig. 1 − Hybrid parallel robot. 

Hydraulic or pneumatic systems, but also electrical prismatic actuators with 
very good dynamic behaviour and positioning accuracy, can be used to vary the 
lengths of the prismatic joints and to control the location of the platform. Since 
each U joint consists of two intersecting revolute (R) joints, each leg is equivalent 
to a RRPRR kinematical chain. But, the mechanism can be arranged to achieve 
only translational motions with certain conditions satisfied, i.e., in each kinematical 
chain the axis of the first revolute joint is parallel to that of the last one and the two 
intermediate joint axes are parallel to one another. Thus, the first parallel module 
has three active mobile prismatic joints and six passive universal joints. 
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The architecture of the upper parallel module consists of a new circular 
mobile platform 4 4 4D E F  of radius 2r  connected first to the moving base through a 
central spherical joint H and three identical extensible UPS legs, each comprising a 
prismatic actuator made up of a cylinder and a piston. The upper end of each leg is 
connected to the moving platform by a spherical joint, whereas the lower end is 
connected to the first moving platform by a universal joint situated on a circle of 
radius 2R . We note that this spatial mechanism, sometimes, is not considered a 
spherical mechanism, because the three legs and the moving platform do not have a 
common stationary point. 

The moving platforms are initially considered both at a central configuration, 
where are not rotated with respect to the fixed frame and their centers are located at 
given relative elevations 1OG h= , 2GH h=  above the fixed base. We assign a 
fixed Cartesian coordinate system 0 0 0Ox y z  at the point O  of the fixed frame and 
also two mobile frames G G GGx y z  and H H HHx y z  on the moving platforms at their 
mass centers G and H, respectively (Fig. 1). 

Since the hybrid manipulator is an assembly of links and joints, this can be 
symbolised in a more abstract form known as equivalent graph representation, 
using the associated graph to represent the topology of the mechanism. In the 
kinematical graph representation, with six independent loops, the links are denoted 
by vertices, the prismatic joints by thick edges, the revolute and spherical joints by 
thin edges and, finally, the fixed link 0 by two small concentric circles (Fig. 2). 

 
Fig. 2 − Associated graph of the mechanism. 

The active leg A of the lower module (Fig. 3), for example, consists of a little 
cross of a fixed Hooke universal joint linked at the frame 1 1 1 1

A A AA x y z , characterised 

by the angle of rotation 10
Aϕ , the angular velocity 10 10

A Aω = ϕ  and the angular 

acceleration 10 10
A Aε = ω , connected at a moving cylinder 2 2 2 2

A A AA x y z  of length 2l , 
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having a relative rotation around 2 2
AA z  axis with the angle 21

Aϕ , so that 21 21
A Aω = ϕ , 

21 21
A Aε = ω . An actuated prismatic joint is as well as a piston of length 3 4 3A A l=  

linked to 3 3 3 3
A A AA x y z  frame, which has the relative displacement 32

Aλ , the velocity 

32 32
A Av = λ  and the acceleration 32 32

A Aγ = λ . Finally, a second universal joint 4A  is 
attached at the edge of circular moving platform. We also consider that the three 
sliders are initially starting from the same position 1 1 1 3/ sinl h l= β −  and that the 
angles of orientation of universal joints are given by 

20,   
3A B C
π

α = α = − α = ,   1 6
π

ν = , 

 1 1 1 1 1 1( cos ) tan sinR r r− ν δ = ν ,   1 1 1 1 1sin tan sinr hν β = δ , 
(1)

 

where the angle 1ν  is defined as twist angle of the parallel robot and 1δ , 1β  are two 

constant angles of rotation around the axes 1
Az  and 2

Az , respectively. 

 
Fig. 3 − Kinematical scheme of first leg A of lower module. 
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One of identical legs of upper module (leg 1 2 3 4D D D D , for example, Fig. 4) 

consists of a universal joint linked at the frame 1 1 1 1
D D DD x y z , which has the angular 

velocity 10 10
D Dω = ϕ , the angular acceleration 10 10

D Dε = ω  and is connected at a 

moving cylinder 2 2 2 2
D D DD x y z , having a relative rotation about 2 2

DD z  axis with the 

angle 21
Dϕ , so that 21 21

D Dω = ϕ , 21 21
D Dε = ω . A new actuated prismatic joint is, also, as 

well as a piston 3 4 6D D l=  linked to 3 3 3 3
D D DD x y z  frame, having a relative 

displacement 32
Dλ , velocity 32 32

D Dv = λ  and acceleration 32 32
D Avγ = . Finally, a ball-

joint 4D  is introduced at the edge of second moving platform. 

 
Fig. 4 −Kinematical scheme of first leg D of upper module. 
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Moreover, all legs are extended at equal lengths, starting from the same 
initial position 4l , and the angles of orientation of universal joints and spherical 
joints are given by following relations 

20,   
3D E E
π

α = α = −α = ,   2 3
π

ν = ,   2 3
π

δ = − , 

 2 2 2 4 6 2tg ( )sinh R l l= β = + β . (2) 

Starting from the origins O , G  and pursuing along six independent legs 
1 2 3 4OA A A A , 1 2 3 4OB B B B , 1 2 3 4OC C C C , 1 2 3 4GD D D D , 1 2 3 4GE E E E , 1 2 3 4GF F F F , 

we obtain following matrices of transformation 

10 1 4 21 110 21 1,   i Tp p a a p p aϕ δ ϕ β
α= θ = θ , 32 2p = θ , 20 21 10 30 32 20,  p p p p p p= =  

( , , ), ( , , )p a b c i A B C= =  

10 2 2 21 2 3 32 210 21 2,   ,   jq q a a q q a qϕ δ ϕ β
α= θ = θ θ = θ , 20 21 10 30 32 20,   q q q q q q= =  

 ( , , ) ( , , )q d e f j D E F= = , (3) 

where we denote the matrices [13]: 

, 1, 1 rot( , )ip zϕ
τ τ−τ τ− = ϕ ,   , 1, 1 rot( , )j

k kq zϕ
τ τ−− = ϕ   ( 1, 2)τ =  

rot( , )i
ia zα = α ,   rot( , )j

ja zα = α , 

rot( , )a zδ
σ σ= δ ,   rot( , )a zβ

σ σ= β ,   rot( , )a zν
σ σ= ν   ( 1, 2)σ =  

1 rot( , / 2)xθ = π ,  2 rot( , / 2)yθ = π ,  3 rot( , / 2)zθ = π ,  4 rot( , )yθ = π . (4) 

In a forward geometric problem, it can be considered that the coordinates 

0 0 0, ,G G Gx y z  of mass center of lower moving platform and others six Euler angles 

1 2 3, ,α α α , characterizing the sequence of orthogonal concurrent rotations around 
its centre H of upper moving platform, give completely the position of serial-
parallel hybrid mechanism. Since all rotations take place successively about three 
moving coordinate axes, the general rotation matrix 30 32 21 1̀0h h h h=  of second 
moving platform is obtained by multiplying some relative basic matrices  

 10 1 2h aα= θ ,   21 2 2 3h aα= θ θ ,   32 3 3 2 3h aα= θ θ θ , (5) 

where rot( , ), 1, 2, 3l la z lα = α = . 
Consider, for example, that during three seconds the coordinates of the center 

G and the angles of orientation lα  can describe the instantaneous relative motions 
of the platforms through following analytical functions 
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 0 0 1 0
* * * *

0 0 0
1 cos

3

G G G
l

G G G
l

x y h z t
x y z

− α π
= = = = −

α
, (6) 

where the values * * * *
0 0 02 , 2 ,2 , 2G G G

lx y z α , denote the final positions of the moving 
platforms. 

A set of 18 independent variables , 1 32,i i
τ τ−ϕ λ , , 1 32,j j

τ τ−ϕ λ , characterizing the 
kinematics of two modules, will be determined through 18 scalar equations, which 
are easily generated by some vector-loop constraint conditions 

 
3

10 0 1 0
1

4ii T i G
k k ,k G

k
r p r r r+

=

+ − =∑  

 
3

0 3010 1
1

4jj jT T H
k GHk ,k

k
r q r h r r+

=

+ − =∑ , (7) 

where 

10 1 1 21 32 1 32 1 43 3 3,   0,   ( ) ,   i iT i i i ir R a u r r l u r l uα= = = + λ =  

2 1 4 1 6 310 21 32 32 43,   0,   ( ) ,   j jT j j j jr R a u r r l u r l uα= = = + λ =  

4
1 1 1

i iT T
Gr r a a uν

α= ,  4
2 2 1

j jT T
Hr r a a uν

α= ,  0 0 00[ ]GG G G Tr x y z= ,  2 3
H

Gr h u= , 

 1 [1 0 0]Tu = ,   2 [0 1 0]Tu = ,   3 [0 0 1]Tu = . (8) 

From the vector equations (7) we obtain an inverse geometric solution for the 
spatial hybrid robot: 

 1 3 32 10 1 21 1 1 1 0 0( )sin( )cos( ) sin sin cosi i i G G
i il l r x y+ + λ ϕ + δ ϕ +β = ν − α + α −  

1 3 32 10 1 21 1 1 1 0 0 1( )sin( )cos( ) cos cos sini i i G G
i il l r x y R− + + λ ϕ + δ ϕ +β = ν + α + α −  

 1 3 32 21 1 0( )sin( )i i Gl l z+ + λ ϕ +β =  

 
4

4

4 6 2 2 2 1 30 232 21

2 30 2

( )cos( ) cos { }cos( )

                                              { }sin( )

jj j T H T
G jH
jT H T

G jH

l l R u r h r

u r h r

+ + λ ϕ +β = δ − + α + δ −

− + α + δ

(9)
 

 
4

4

4 6 2 2 2 1 30 232 10 21

2 30 2

( )sin sin( ) sin { }sin( )

                                                        { }cos( )

jj j j T H T
G jH

jT H T
G jH

l l R u r h r

u r h r

+ + λ ϕ ϕ +β = − δ + + α + δ −

− + α + δ
 

 2
4 6 2 3 3032 10 21( )cos sin( ) { }jj j j T H T

G Hl l u r h r+ + λ ϕ ϕ +β = +   
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The motion of the compounding elements of the hybrid robot are cha-
racterized by following relative velocities of joints and relative angular velocities  

 , 1 32 32 3 3, 1 32 320,   0,   ,   i j i i j jv v v u v uτ τ− τ τ−= = = λ = λ , 

 , 1 , 1 3 3 32, 1 , 1 32,   ,   0,   0i i j j i ju uτ τ− τ τ− τ τ− τ τ−ω = ϕ ω = ϕ ω = ω =   ( 1, 2)τ = . (10) 

To describe the absolute kinematical state of each link of leg A, for example, 
we compute the linear velocity 0

A
kv , the angular velocity 0

A
kω  and the associate 

skew-symmetric matrix 0
A
kω  in terms of the vectors of the preceding body, using a 

recursive manner:  

0 , 1 1,0 , 1 1,0 , 1 , 1 3
A A A A A

k k k k k k k k k k kv a v a r v u− − − − − −= + ω + , 

 0 , 1 1,0 , 1 3
A A A
k k k k k ka u− − −ω = ω + ω ,  0 , 1 1,0 , 1 , 1 3

A A T A
k k k k k k k ka a u− − − −ω = ω +ω . (11) 

Starting from the derivatives of geometrical constraints (7) and using the 
skew-symmetric matrix 

 30 30 30 1 32 21 3 21 32 2 32 3 32 3 3
T T T Th h h h u h h h u h uω = = α + α + α , (12) 

associated to the angular velocity 30 1 32 21 3 2 32 2 3 3h h u h u uω = α + α + α  of upper 
moving platform, we obtain the matrix conditions of connectivity [14]: 

 1[ ]i i iV N P−= ,   1[ ]j j jV N P−= , (13) 

where following terms determines the contents of 3×3 invertible square matrices 
[ ]iN , [ ]jN  and the column matrices iP , jP : 

   1 10 3 21 42
i T T T i
m mn u p u p r= ,   2 20 3 42

i T T i
m mn u p u r= ,   3 20 1

i T T
m mn u p u= ,   42 32 32 43

i i T ir r p r= + , 

   10 3 211 42
j jT T T

mmn u q u q r= ,   20 32 42
j jT T

mmn u q u r= ,   20 13
j T T

mmn u q u= ,   3242 32 43
j j jTr r p r= + , 

 0
i T G
m mp u r= , 4

30 30
jj T T

m m Hp u h r= ω ( 1, 2, 3)m = . (14) 

Finally, the relative velocities iV = 10 21 32[ ]i i i Tvω ω , jV = 10 21 32[ ]j j j Tvω ω  are 
obtained from above equations (13). 

Based on another conditions of connectivity, expressions of relative 
accelerations iΓ = 10 21 32[ ]i i i Tε ε γ , jΓ = 10 21 32[ ]j j j Tε ε γ are obtained from the 
column matrix 

 1[ ]i i iN S−Γ = ,   1[ ]j j jN S−Γ = , (15) 
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where following terms determine the contents of column matrices [ ]i i i iS P N V= − , 

[ ]j j j jS P N V= − : 

  0
i T G
m ms u r= 10 10 10 3 3 21 42

i i T T T i
mu p u u p r−ω ω 21 21 20 3 3 42

i i T T i
mu p u u r−ω ω −  

10 21 10 3 21 3 422 i i T T T i
mu p u p u r− ω ω 10 32 10 3 21 12 i i T T T

jv u p u p u− ω − 21 32 20 3 12 i i T T
mv u p u uω  

j
ms = 4

30 30 30 30{ } jT T
m Hu q rω ω + ε 10 3 3 2110 10 42

j j jT T T
lu q u u q r−ω ω 20 3 321 21 42

j j jT T
lu q u u r−ω ω −  

 10 3 21 310 21 422 j j jT T T
mu q u q u r− ω ω 10 3 21 110 322 j j T T T

mv u q u q u− ω − 20 3 121 322 j j T T
mv u q u uω  (16) 

2
30 30 30 1 32 21 3 21 32 2 32 3 32 3 3 1 32 21 3 3 21 32

2 2
2 32 3 3 32 3 3 3 1 2 32 21 3 21 3 32

2 3 32

                       2

                       2

T T T T T

T T T

h h u h h h u h u h h u u h h

h u u h u u h h u h u h

h

ω ω + ε = α + α + α + α +

+ α + α + α α +

+ α α 3 32 3 3 1 32 21 3 21 32 32 .T T Tu h u h h u h h u+ α α

 

Following relations give the linear accelerations 0
A
kγ , the angular 

accelerations 0
A
kε  and the significant matrices 0 0 0

A A A
k k kω ω + ε  of each link from the 

leg A, for example: 

0 , 1 1,0 , 1 1,0 1.0 1,0 , 1

, 1 , 1 1,0 , 1 3 , 1 3

{ }

         2

A A A A A A
k k k k k k k k k k k

A A T A
k k k k k k k k k

a a r

v a a u u
− − − − − − −

− − − − −

γ = γ + ω ω + ε +

+ ω + γ
 

 0 , 1 1,0 , 1 3 , 1 , 1 1,0 , 1 3
A A A A A T
k k k k k k k k k k k k ka u a a u− − − − − − −ε = ε + ε + ω ω  (17) 

0 0 0 , 1 1,0 1,0 1,0 , 1{ }A A A A A A T
k k k k k k k k k ka a− − − − −ω ω + ε = ω ω + ε +  

, 1 , 1 3 3 , 1 3 , 1 , 1 1,0 , 1 32A A A A A T
k k k k k k k k k k k k ku u u a a u− − − − − − −+ω ω + ε + ω ω .  

As application let us consider a serial-parallel hybrid mechanism which has 
following mechanical and architectural characteristics 

* * *
0 0 00.05m ,   0.05m ,   0.15mG G Gx y z= = =  

*
1 12

π
α = ,  *

2 18
π

α = ,  *
3 36

π
α = ,  3 stΔ =  

1 1 3 13 0.6 m,   0.8 mR r l h= = = = ,  0.75l = m,  2 2 / 3r R l= = ,  4 0.25 ml = ,  

6 1.25 ml = . 
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Using MATLAB software, a computer program was used to solve the 
kinematics of the hybrid parallel robot. To develop the algorithm, it is assumed that 
the mechanism starts at rest from a central configuration. 

As example, we consider that the lower platform moves along a rectilinear 
horizontal trajectory without any rotation, while the upper platform rotates about 

Hx  horizontal axis with a variable angular acceleration 1α . 

The time-history for the input displacements 32
iλ  (Fig.5), 32

jλ  (Fig.6), 

relative velocities 32
iv  (Fig.7), 32

jv  (Fig.8) and relative accelerations 32
iγ  (Fig.9), 

32
jγ  (Fig.10) is computed for a period of 3tΔ =  seconds in terms of given above 

analytical equations (6). 

  

Fig. 5 − Lower module: input displacements 32
iλ .    Fig. 6  − Upper module: input displacements 32

jλ . 

    

Fig. 7 − Lower module: input velocities 32
iv .              Fig. 8 − Upper module: input velocities 32

jv . 
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Fig. 9 − Lower module: input accelerations 32
iγ .      Fig. 10 − Upper module: input accelerations 32

jγ . 

Due to the relative rotation of upper moving platform, we notice that the dis-
tribution of displacement, velocity and acceleration depicted in Figs. 6,  8,10 is the 
same, at any instant, for two of three actuators of upper module. 

The simulation through the program certifies that some of the major advan-
tages of the current matrix recursive formulation are accuracy and a smaller processing 
time of numerical computation. 

4. CONCLUSIONS 

Some exact relations that give in real-time the position, velocity and 
acceleration of each element of a two-module hybrid parallel robot have been 
established in the present paper. Choosing the appropriate serial kinematical circuits 
connecting many moving platforms, the present concept and the procedure above 
developed can be immediately extended to analysis of a complex robotic system 
composed of a multitude serially arranged similar parallel modules, but are also 
applicable to study of hybrid robots that are composed of different structures of 
parallel modules, where the number of links of the mechanisms is increased and the 
value of total degrees-of-freedom is augmented.  

Received on November 19, 2015 
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