THE STUDY OF THE RELATIVE MOTION OF A MECHANISM
USING LAGRANGE EQUATIONS
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Abstract. The relative motion of a robotic arm formed by homogeneous bars of
different lengths and masses, hinged to each other is studied. There are two cases
studied: the first one when the first bar of the mechanism is hinged on a platform,
which is considered initially to be fixed on the Earth’s surface, for the second case,
the platform is in rotation with respect to Earth. For all the analyzed cases the motion
equations are determined using the Lagrangian formalism, applied in its traditional
form, valid with respect to an inertial reference system, conventionally considered as
fixed. However, in the second case, a generalized form of the formalism valid with
respect to a non-inertial reference frame will also be applied. The numerical
calculations were performed using a program developed using the MATLAB
software.
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1. INTRODUCTION

In this paper the authors studied the relative motion of a robotic arm made up
of hinged bars of different lengths and masses.

Two cases were considered: the first one, when the platform on which the
first bar of the mechanism is hinged is fixed on the Earth’s surface, and the second
one, when the platform is in rotation with respect to Earth.

The first case corresponds to the motion of the mechanism with respect to a
fixed reference frame, while the second case was analyzed with respect to an
inertial, respectively with a non-inertial reference frame.

The motion equations were determined using the Lagrangian formalism [1-3],
applied in its traditional form, valid with respect to an inertial reference frame.
However, for the second case, a generalized form of the Lagrangian formalism will
also be applied, valid with respect to a non-inertial reference frame [4-9].
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The numerical simulations were performed using a program developed in the
MATLAB software, where various sets of values for the system parameters were
considered. For each set of values, the variation curves of the angles of rotation,
angular velocities, and angular accelerations of the two bars, as well as the
variation curves of the motor moments, for different values given to the angular
velocity of the platform on which the first bar of the mechanism is situated were
determined.

2. CONFIGURATION OF THE MECHANISM

A robotic arm consisting of two homogeneous bars is studied. The first bar,
OA, is hinged in point O on the fixed element and the second bar, AB, which is
articulated in point A on the first bar, rotates with respect to the OA bar about an
axis unperpendicular to it situated in a horizontal plane, as shown in Fig. 1. The

bars have the lengths |, and |, and the masses m , m, , respectively.

7 A

Fig. 1 — Mechanism with fixed platform.

The rotation plane of bar AB describes an angle

¢, = const. (1)

with bar OA. If the angle @, =0, then the motion of the bar coincides with the bar
studied in [8].

The bar OA is driven by the torque motor with the moment M, and the bar
AB is driven by the bar OA via the torque motor with the moment M;. The
variations of the moments M; and Mj; are determined so that the motion of the
robotic arm takes place according to the equations of motion:
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¢, (1) = A%[t —misin(coot)} )
o, (t) = A%{t—misin(wot)} 3)

2.1. MECHANISM HINGED ON A FIXED PLATFORM

Considering that the robotic arm is hinged on a fixed platform, the traditional
form of the Lagrangian formalism [6 — 8] is applied:

d[an oE

—|—=|-=—=Q.

dt\ oo, op, @
df ok _E_Q

dt{op,) op,

where E is the kinetic energy of the system and Q; and Q, are the generalized
forces of the system.

Considering the configuration of the mechanism the kinetic energy of the
system, E, has the following form:

1. ., 1 1. ., .
E =530<pf +5sz<2:2 2, (¢3 + ¢} cos’ ;) (5)

where Jo represents the moment of inertia of the homogeneous bar OA with respect
to point O, JCz is the moment of inertia of bar AB with respect to its center of mass,
¢, is the angular velocity of bar OA, @, is the angular velocity of bar AB and

Vg, is the linear velocity of the center of mass of bar AB with the following

expression:

12 17
2 _ 2 2 2 .2 2 .2 .. . .
Ve, —Lll +Zcos ¢, +1,1, cosp, cos @, |P; +Z(p3 — 11,0, sin @, sin@,.

(6)

Thus, the kinetic energy of the system has the following form:
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1 .
E =E(A1 + A, cos’ @, +2A, cos, cos<p3)(p12 +

1 ) (7)
+5 A&z(Pi - A2¢1¢)3 sin o0, sin Q;.

where the following notations were used:
A=(Fem i ®
A, = ﬂ'zz > 9)

3

1

AZ :ErTIZIlIZ' (10)

The generalized forces Q and Q, from the right side of the Lagrange
equations are determined using the virtual work:

OL =M, 80, + M, 50, (11)
thus, obtaining
Q] =M 1>
12
{Qz M, (12)

Replacing equations (5)-(12) in (4), the differential equations of motion were
obtained:

(Al + A, cos’ @, +2A, cos @, coscp3)('|')l -

—(2A,, cos@, +2A, cos @, ) P, sinp, —

—A,, sin@, sin@, — A,¢; sin@, cosg, =M, (13)
A,9,—A,p,sing, sing, +

1 Ly .
+5(2A22 cosQ, +2A, COS(pZ)(plz sing, = M,.
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2.2. MECHANISM HINGED ON A ROTATING PLATFORM

In this case, it is considered that the platform on which the mechanism is
hinged is located on Earth, but in rotation with respect to it, with a constant angular
velocity €, as shown in Fig. 2.

7 Az,

Fig. 2 — Mechanism on mobile platform.

For this case, the equations of motion were obtained for two subcases, that is,
when the Lagrange equations with respect to a fixed reference frame (O,X,y,z) were
used, and the second subcase when the Lagrange equations with respect to the
mobile reference frame (Oy,X1,Y1,2;) were used.

2.2.1. The Lagrange equations with respect to a fixed reference frame

In this section the equations of motion of the robotic arm hinged on the
mobile platform located on Earth, are determined using the Lagrange equations

with respect to the fixed reference frame, (O, X, Z) . The platform has a rotation

motion with respect to Earth with a constant angular velocity €.
The equations of motion are determined using (4), where the kinetic energy
of the system has, in, this case, the form:

1 . 1 1 . .
E=—J (¢, +Q)’ +5mzvé2 53, [(p§ +(f, +Q)’ cos’ (Pg} (14)

where the linear velocity of the center of mass of bar AB has the following
expression:
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2
vé = (llz +%cos2 @, +1 1, cos o, cos (PSj(('Pl +Q)2 N
(15)
T o
+Z(P3 -1l ((P1 +Q)(P3 sIn @, S ;.

Thus, by replacing all the terms in equation (14) the final form of the kinetic
energy is obtained:

1 . 2
E :E(AI + A, cos’ @, +2A, cos @, cosq)3)((pl +Q) +
1 (16)
i) AL9; — A, (¢, +Q), sin g, sin @,

The generalized forces Q and Q, from the right side of the Lagrange

equations are determined using the virtual work (11), as such they mentain their
previous form (12).

By replacing equations (16) and (12) in system (4), the differential equations
of motion are obtained:

(A1 + A, cos’ @, +2A, cos, cos (p3)('[')1 —

—2( A, cos @, + A, cos g, ) (¢, +Q), sin g, —

—A,, sin @, sin @, — A, @3 sin@, cos g, =M, (17)
A,p, — A0, sing, sin @, +

+( A, cos @y + A, cos 9, ) (P, +Q)2 sing, =M.

2.2.2. The Lagrange equations with respect to a mobile reference frame

In this subcase the equations of motion of the robotic arm which is hinged on
the platform located on Earth and has a rotation motion with respect to it are
determined, using the Lagrange equations with respect to a mobile reference frame,
(O1,X1,¥1,21). This reference system has a constant angular velocity Q. Since the
motion is studied with respect to a mobile frame, a generalized form of the
Lagrangian formalism valid in relation to a non-inertial reference frame [1, 4, 7-9]
is used:
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d( oE oE

| T — + + ,

dt[ a(pl] 5 Q0

d( oE oE 1o
— L-—L=0Q,+Q,, +Q,.,

dt( 5(.%} 2o Q.

where E, is the kinetic energy of the system in relative motion, Q, and Q, are the

generalized forces of form (12), Q, and Q,, are the generalized transport forces,
n _ aE
Qu=-2ma;-— - (k=13), (19)
i1 a0,

and Q. and Q,, represent the generalized Coriolis forces of the form

n— or
Q.=-) ma, - — (k=13). 20
ke - aqk ( ) ( )

To obtain the generalized transport force, the kinetic energy for circular
velocities is calculated:

E. =E* +EL® :%JOQZ +%J§BQZ , 21

where JZ° is the moment of inertia of the bar AB with respect to point O.

For the robotic arm formed by the two homogeneous bars, the expressions
found in [4],

Qu =Qi +Qi +Qg (k=1,3), (22)
and
OE.
O — k = 1
th aqk ( 53) s (23)

depend on the generalized coordinates of the system ¢, and @, :

o O
Qv =%e g,
op, (24)
Q :Zi = —lQZ sin @, (icos% cos” @, +2A, coscpzj.
0, 2 2

From Fig. 2 we conclude that the first bar is in rotation, thus the contribution
of this element of the mechanism to the generalized Coriolis force is null, but for



260 Roxana Alexandra Petre, Ion Stroe 8

the second bar, which has an arbitrary relative motion, the generalized Coriolis
force [4] has the following expression:

I R
=20 V. x—2 | =20,P. | o, x—= |, 25
ch O{rnz Iy aqk J 0 CZ[ r aqk\J ( )

where: \Tczis the relative velocity vector of the center of mass of bar AB, E

represents the tensor of the planar and centrifugal inertia moments for the second
element of the mechanism.

This way, the Lagrange equations with respect to a non-inertial reference
frame will be:

(Al+A22C052(P3+2A2COS(P2005(P3)(P1_

_2('6&2 cos @, + A, cos @, )¢1¢3 sin@, —

—si O, Sin @, + A, o> :M+i'2 + Q. +
sin@, | A, 05 sin@; + A,(; cos @, 1Ty S1n 2Q, D3

sin 2¢;,

+Q0, [(2A, cos, +2A, cosp, ) -

3
—EAZZ COS (P, (COS((Pl ‘sz)_l)} (26)

A, s —sin @, |:A2¢.)1 sin @, _(Azz cos; + A, cos g, )(P12:| =

1 .
=M, —EQZ sin @, cosQ, (%cos% (O OR +2A2j—

—Q@, sin @, cos @, {%(cos @, +cos @, )+

+A, cos @, (cos((p1 +¢,)+ 1)]

3. NUMERICAL APPLICATIONS

The numerical calculations were performed using a program developed in the
MATLAB software. For each set of numeric values considered for the system
parameters: A;, As, |1, |2 , M, M, and @,, the variation curves of the angles of
rotation, angular velocities and angular accelerations of the two bars, as well as the
variation curves of the motor moments, for various values of the angular velocity
Q, were determined in Figs. 3-7.
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Fig. 3 — The law of motion for A =1rad, A =1rad .
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Fig. 4 — The angular velocities of the components of the mechanism when A =1rad, A =1rad .
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Fig. 5 — The angular accelerations of the components of the mechanism when A =1rad, A =1rad .
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Fig. 6 — Motor moments for A =1rad, A =lrad, |, =l,=1m, m=m,=1kg, ¢,=0°.
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Fig. 7 — Motor moments for A =1rad, A =lrad, |, =l,=1m, m=m, =1kg, ¢, =15°.

4. CONCLUSIONS

For the analyzed cases, the motion equations are determined using the
Lagrangian formalism, applied in its traditional form, valid with respect to an
inertial reference system, conventionally considered as fixed, while for the second
case a generalized form of the formalism valid with respect to a non-inertial

reference system has also been applied. It can be observed that the two versions of

the Lagrangian formalism have led to the same results.

The numerical studies have shown that the values of the motor moments
increase with the values of the amplitudes A; and As;, and that the values of the

motor moments generally, increase with the platform's angular velocity.
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