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and to resultant forces and moments on the ends. When the body loads and the
surface tractions on the lateral surface are independent of the axial coordinate, the
problem is known as the Almansi-Michell problem. In the classical elasticity, the
deformation of cylinders subjected to tractions on the lateral surface has been studied
in various papers [17–19]. We reduce the three-dimensional problem to the study
of plane problems. The paper is structured as follows. In Section 2 we present the
basic equations of homogeneous and isotropic chiral bodies in the linear theory of
Cosserat elastostatics and formulate the problem of heterogeneous cylinders. Section
3 is devoted to the generalized plane strain of the composed cylinder. In Section 4 we
study the problem of loaded cylinders, when the body loads and the tractions on the
lateral surface are independent of the axial coordinate. We show that the body loads
and the tractions on the lateral surface produce extension, bending, torsion, flexure
and a plane strain. In Section 5 the solution is used to study the deformation of a
uniformly loaded circular cylinder reinforced by a longitudinal rod. It is shown that a
uniform pressure acting on the lateral surface of the cylinder produces a twist around
its axis.

2. BASIC EQUATIONS

The Cosserat theory studies continua in which each material point has the six de-
grees of freedom of a rigid body. The basic equations of the linear theory of isotropic
chiral Cosserat elastic materials have been presented in [1,20]. Let us consider a
body that in the undeformed state occupies the regular region B of euclidean three-
dimensional space. We refer the body to a system of rectangular cartesian axes Ox j.
Latin subscripts (unless otherwise specified) are understood to range over the integers
(1,2,3). We call ∂B the boundary of B and designate the components of the outward
unit normal of ∂B by nk. We consider that the region B is occupied by a homogene-
nous and isotropic chiral Cosserat elastic material. Let uk be the displacement vector,
and let ϕk be the microrotation vector. The strain measures in the linear theory are
given by [21]

ei j = u j,i + ε jikϕk, κi j = ϕ j,i, (1)

where εi jk is the alternating symbol, summation over repeated subscripts is implied
and subscripts preceded by a comma denote partial differentiation with respect to the
corresponding cartesian coordinate. We denote by ti j the stress tensor, and by mi j the
couple stress tensor. The surface force and the surface moment acting at a regular
point of ∂B are given by

ti = t jin j, mi = m jin j.

The homogenenous and isotropic chiral Cosserat elastic materials are characterized
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by the following constitutive equations

ti j = λerrδi j +(µ +κ)ei j +µe ji +C1κssδi j +C2κ ji +C3κi j,

mi j = ακrrδi j +βκ ji + γκi j +C1errδi j +C2e ji +C3ei j, (2)

where δi j is the Kronecker delta, and λ ,µ,κ,α,β ,γ and C j are constitutive constants.
Let f j be the body force, and g j be the body couple. Then, the equations of equilib-
rium are given by

t ji, j + fi = 0, m ji, j + εirstrs +gi = 0. (3)

We assume that the domain B from here on refers to the interior of a right cylinder
of length h with the cross-section Σ and the lateral boundary Π. We suppose that Σ is
a simply connected regular region. The cartesian coordinate frame is chosen in such
a way that the x3-axis is parallel to generator of the cylinder and x1,x2-plane contains
one of the terminal cross sections. We call Σ1 the cross-section located at x3 = 0, and
Σ2 the cross-section that lies in the plane x3 = h. We denote by L the boundary of the
cross-section Σ1. Let us suppose that the cylinder B is subjected to surface tractions
on the lateral surface and to global conditions on the ends. Thus, on the boundary Π

we have the conditions

tαinα = t̃i, mαinα = m̃i on Π, (4)

where Greek subscripts are understood to range over the integers (1,2), and t̃i and m̃i

are given functions. We assume that t̃i and m̃i are piecewise regular functions on Π.
Let Rk and Mk be prescribed vectors representing the resultant force and the resultant
moment about O of the tractions acting on Σ1. Thus, for x3 = 0 we have the following
conditions ∫

Σ1

t3αda =−Rα , (5)∫
Σ1

t33da =−R3, (6)∫
Σ1

(xαt33− ε3αβ m3β )da = εαβ3Mβ , (7)∫
Σ1

(εαβ3xαt3β +m33)da =−M3. (8)

Clearly, on the end Σ2 there are tractions applied so as to satisfy the equilibrium
conditions of the body. We denote by Γ a closed curve contained in Σ1 which is the
boundary of the regular domain Ω2 contained in Σ1. We assume that the curves Γ and
L have no common points. Let Ω1 be the domain bounded by L and Γ. We denote
by Bρ (ρ = 1,2), the cylinder defined by Bρ = {x : (x1,x2) ∈ Ωρ , 0 < x3 < h}. We
assume that Bρ is occupied by an isotropic chiral elastic material with the constitutive
coefficients λ (ρ),µ(ρ),κ(ρ),α(ρ),β (ρ),γ(ρ) and C(ρ)

j (ρ = 1,2). Let S be the surface
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of separation of the two materials. We suppose that the cylinder B is composed of
two different materials which are welded together along S (Fig. 1). As in classical

S1

S
2

Fig. 1 – A heterogeneous cylinder.

elasticity [22] the displacement vector, the microrotation vector, the surface force
and the surface moment must be continuous in passing from one medium to another.
Thus we have the conditions

[u j]1 = [u j]2, [ϕ j]1 = [ϕ j]2, [tα j]1n0
α = [tα j]2n0

α , [mα j]1n0
α = [mα j]2n0

α , (9)

on S. Here we have denoted by n0
α the components of the unit normal to Γ, outward

to Ω1, and we have indicated that the functions in brackets are calculated for the do-
mains B1 and B2, respectively. In what follows we consider the problem of uniformly
loaded cylinder which is characterized by the fact that the functions fi,gi, t̃i and m̃i

are independent of the axial coordinate. We assume that

fi = F(ρ)
i (x1,x2),gi = G(ρ)

i (x1,x2), (x1,x2) ∈Ωρ , (ρ = 1,2). (10)

The problem consists in finding the functions u j and ϕ j which satisfy the equations
(1)–(3) on Bρ (ρ = 1,2), the conditions (4) on the lateral surface, the conditions (9)
on the surface of separation, and the conditions (5)–(8) on the end Σ1, when the body
loads, the lateral loading and the constants Rk and Mk are given. Throughout this
paper we assume that the elastic potential corresponding to the material that occupies
the cylinder Bρ (ρ = 1,2) is a positive definite quadratic form in the strain tensors.
The restrictions imposed by this assumption on the constitutive coefficients are pre-
sented in [1, 20].
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3. PLANE STRAIN

In this section we investigate the two-dimensional deformation of a heterogenous
cylinder. We say that the cylinder B is in a state of plane strain if the displacement
vector and the microrotation vector are independent of the axial coordinate

u j = u j(x1,x2), ϕ j = ϕ j(x1,x2). (11)

It follows from (1), (2) and (11) that in the case of a plane strain the stress tensor
and the couple stress tensor are independent of the axial coordinate. The non-zero
components of the strain tensors are given by

eαi = ui,α + εiα jϕ j, e3i = εi3β ϕβ , καi = ϕi,α . (12)

The constitutive equations in the case of the plane strain are

tαβ = λ
(ρ)eηηδαβ +(µ(ρ)+κ

(ρ))eαβ +µ
(ρ)eβα+

+C(ρ)
1 κννδαβ +C(ρ)

2 κβα +C(ρ)
3 καβ ,

tα3 = (µ(ρ)+κ
(ρ))eα3 +µ

(ρ)e3α +C(ρ)
3 κα3,

t3α = (µ(ρ)+κ
(ρ))e3α +µ

(ρ)eα3 +C(ρ)
2 κα3, t33 = λ

(ρ)eηη +C(ρ)
1 κνν , (13)

mνη = α
(ρ)

κλλ δνη +β
(ρ)

κην + γ
(ρ)

κνη +C(ρ)
1 eλλ δνη +C(ρ)

2 eην +C(ρ)
3 eνη ,

mα3 = γ
(ρ)

κα3 +C(ρ)
2 e3α +C(ρ)

3 eα3,

m3α = β
(ρ)

κα3 +C(ρ)
2 eα3 +C(ρ)

3 e3α , m33 = α
(ρ)

κνν +C(ρ)
1 eηη on Ωρ .

In the case of the plane strain the equations of equilibrium (3) take the form

tαi,α +F(ρ)
i = 0, mαi,α + εirstrs +G(ρ)

i = 0 on Ωρ . (14)

The conditions (9) reduce to

[uk]1 = [uk]2 , [ϕk]1 = [ϕk]2 , (15)

[tαi]1 n0
α = [tαi]2 n0

α , [mαi]1 n0
α = [mαi]2 n0

α on Γ.

Since the functions ti j and mi j are independent of the axial coordinate, the conditions
on the lateral surface become

[tαi]1 nα = t̃i, [mαi]1 nα = m̃i on L. (16)

The problem of plane strain consists in finding the displacement vector and the mi-
crorotation vector which satisfy the equations (12)-(14) on Ωρ , the conditions (15) on
Γ, and the conditions (16) on L. We assume that F(ρ)

i ,G(ρ)
i , t̃i and m̃i are prescribed
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C∞-fields. Following [22,23] the necessary and sufficient conditions for the existence
of a solution to the boundary value problem (12)-(16) are

∫
L

t̃ids+
2

∑
ρ=1

∫
Ωρ

F(ρ)
i da = 0, (17)

∫
L
(ε3αβ xα t̃β + m̃3)ds+

2

∑
ρ=1

∫
Ωρ

(ε3αβ xαF(ρ)
β

+G(ρ)
3 )da = 0.

Let p j and q j be prescribed functions on Γ. If we replace the conditions (15) by

[u j]1 = [u j]2 , [ϕ j]1 = [ϕ j]2 , (18)

[tαi]1 n0
α = [tαi]2 n0

α + pi, [mαi]1 n0
α = [mαi]2 n0

α +qi on Γ,

then the necessary and sufficient conditions for the existence of a solution are

∫
L

t̃ids+
2

∑
ρ=1

∫
Ωρ

F(ρ)
i da+

∫
Γ

pids = 0, (19)

∫
L
(ε3αβ xα t̃β + m̃3)ds+

2

∑
ρ=1

∫
Ωρ

(ε3αβ xαF(ρ)
β

+G(ρ)
3 )da+

∫
Γ

(ε3αβ xα pβ +q3)ds = 0.

If we know the functions uk and ϕk, then from the constitutive equations (13) we can
obtain the functions t3 j and m3 j. Then, we can determine the tractions over the ends
Σ1 and Σ2 which maintain the cylinder in equilibrium. The equations of equilibrium
can be expressed in the form

(µ(ρ)+κ
(ρ))∆uα +(λ (ρ)+µ

(ρ))uη ,ηα +κ
(ρ)

εαβ3ϕ3,β +C(ρ)
3 ∆ϕα+

+(C(ρ)
1 +C(ρ)

2 )ϕη ,ηα +F(ρ)
α = 0,

(µ(ρ)+κ
(ρ))∆u3 +κ

(ρ)
ε3βαϕα,β +C(ρ)

3 ∆ϕ3 +F(ρ)
3 = 0, (20)

C(ρ)
3 ∆uν +(C(ρ)

1 +C(ρ)
2 )uβ ,βν +κ

(ρ)
ενβ3u3,β + γ

(ρ)
∆ϕν+

+(α(ρ)+β
(ρ))ϕβ ,βν +2(C(ρ)

3 −C(ρ)
2 )ενη3ϕ3,η −2κ

(ρ)
ϕν +G(ρ)

ν = 0,

C(ρ)
3 ∆u3 +κ

(ρ)
ε3νηuη ,ν + γ

(ρ)
∆ϕ3 +2(C(ρ)

3 −C(ρ)
2 )ε3νηϕη ,ν −2κ

(ρ)
ϕ3 +G(ρ)

3 = 0,

on Ωρ (ρ = 1,2). In the next section we will use four problems of plane strain,
denoted by A(k) (k = 1,2,3,4). We denote by u(k)j ,ϕ

(k)
j , e(k)i j ,κ

(k)
i j , t(k)i j and m(k)

i j the
displacement, microrotation strain tensors, stress tensor and couple stress tensor from
the problem A(k) (k = 1,2,3,4). The problem A(1) is characterized by the following
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external data

F(ρ)
i = λ

(ρ)
δ1i, G(ρ)

i = (C(ρ)
1 +C(ρ)

3 −C(ρ)
2 )δ1i,

t̃α =−λ
(1)x1nα , t̃3 =C(1)

2 n2, m̃α =−C(1)
1 x1nα ,

m̃3 = β
(1)n2, pα = (λ (2)−λ

(1))x1n0
α , p3 = (C(1)

2 −C(2)
2 )n0

2, (21)

qα = (C(2)
1 −C(1)

1 )x1n0
α , q3 = (β

(2)
1 −β

(1)
1 )n0

1.

In the problem A(2) the loads are given by

F(ρ)
i = λ

(ρ)
δ2i, G(ρ)

i = (C(ρ)
1 +C(ρ)

3 −C(ρ)
2 )δ2i,

t̃α =−λ
(1)x2nα , t̃3 =−C(1)

2 n1, m̃α =−C(1)
1 x2nα ,

m̃3 =−β
(1)n1, pα = (λ (2)−λ

(1))x2n0
α , p3 = (C(2)

2 −C(1)
2 )n0

1, (22)

qα = (C(2)
1 −C(1)

1 )x2n0
α , q3 = (β (2)−β

(1))n0
1.

The solution of the problem A(3) corresponds to the following loading

F(ρ)
i = 0, G(ρ)

i = 0, t̃α =−λ
(1)nα , t̃3 = 0,

m̃α =−C(1)
1 nα , m̃3 = 0, pα = (λ (2)−λ

(1))n0
α , (23)

p3 = 0, qα = (C(2)
1 −C(1)

1 )n0
α , q3 = 0.

In the problem A(4) the external data are

F(ρ)
i = 0, G(ρ)

α =−κ
(ρ)xα , G(ρ)

3 = 0,

t̃α =−C(1)
1 nα , t̃3 =−µ

(1)
ε3ηαxηnα , m̃β =−α

(1)nβ ,

m̃3 =C(1)
2 ε3ναxαnν , pα = (C(2)

1 −C(1)
1 )n0

α , (24)

p3 = (µ(2)−µ
(1))ε3ναxνn0

α , qν = (α(2)−α
(1))n0

ν ,

q3 = (C(2)
2 −C(1)

2 )ε3αβ xαn0
β
.

Let us note that the necessary and sufficient conditions for the existence of the solu-
tion are satisfied for each problem A(k) (k = 1,2,3,4). The problems A(k) have been
introduced with the occasion of solving of torsion problem [14].
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4. ALMANSI-MICHELL PROBLEM

In this section we establish the solution of the Almansi-Michell problem for cylin-
ders composed by different materials. Following the results established in the case of
achiral materials [18], we seek the solution of the problem formulated in Section 2 in
the form

uα =−1
2

aαx2
3−

1
6

bαx3
3−

1
24

cαx4
3 + ε3βα(a4x3 +

1
2

b4x2
3 +

1
6

c4x3
3)xβ+

+
4

∑
k=1

(ak +bkx3 +
1
2

ckx2
3)u

(k)
α +wα(x1,x2)+ x3vα(x1,x2),

u3 = (a1x1 +a2x2 +a3)x3 +
1
2
(b1x1 +b2x2 +b3)x2

3+

+
1
6
(c1x1 + c2x2 + c2)x3

3 +
4

∑
k=1

(ak +bkx3+ (25)

+
1
2

ckx2
3)u

(k)
3 +w3(x1,x2)+ x3v3(x1,x2),

ϕα = ε3αβ (aβ x3 +
1
2

bβ x2
3 +

1
6

cβ x3
3)+

4

∑
k=1

(ak +bkx3+

+
1
2

ckx2
3)ϕ

(k)
α +χα(x1,x2)+ x3ψα(x1,x2),

ϕ3 = a4x3 +
1
2

b4x2
3 +

1
6

c4x3
3 +

4

∑
k=1

(ak +bkx3 +
1
2

ckx2
3)ϕ

(k)
3 +

+χ3(x1,x2)+ x3ψ3(x1,x2),

where u(k)j and ϕ
(k)
j are the displacements and the microrotations from the problem

A(k) (k = 1,2,3,4), introduced in Section 3, v j,ψ j,w j and χ j are unknown functions
which are independent of the axial coordinate, and ak,bk and ck (k = 1,2,3,4), are
unknown constants.

Let us consider a state of plane strain of the cylinder B characterized by the dis-
placements w j and the microrotations χ j. The strain tensors in this problem are given
by

ξαi = wi,α + εiα jχ j, ξ3 j = ε3β jχβ , ηαi = χi,α . (26)

We denote by τi j and µi j the stress tensor and the couple stress tensor corresponding
to the functions w j and χ j,
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ταβ = λ
(ρ)

ξηηδαβ +(µ(ρ)+κ
(ρ))ξαβ +µ

(ρ)
ξβα +C(ρ)

1 ηννδαβ+

+C(ρ)
2 ηβα +C(ρ)

3 ηαβ ,

τα3 = (µ(ρ)+κ
(ρ))ξα3 +µ

(ρ)
ξ3α +C(ρ)

3 ηα3,

τ3α = (µ(ρ)+κ
(ρ))ξ3α +µ

(ρ)
ξα3 +C(ρ)

2 ηα3, (27)

τ33 = λ
(ρ)

ξηη +C(ρ)
1 ηνν , µ33 = α

(ρ)
ηνν +C(ρ)

1 ξνν ,

µνλ = α
(ρ)

ηκκδνλ +β
(ρ)

ηλν + γ
(ρ)

ηνλ +C(ρ)
1 ξκκδνλ +C(ρ)

2 ξλν +C(ρ)
3 ξνλ ,

µα3 = γ
(ρ)

ηα3 +C(ρ)
2 ξ3α +C(ρ)

3 ξα3,

µ3α = β
(ρ)

ηα3 +C(ρ)
2 ξα3 +C(ρ)

3 ξ3α , on Ωρ .

Similarly, we consider a plane strain of the cylinder B in which the displacement
vector is vk and the microrotation vector is ψk. We introduce the notations

γαi = vi,α + εiα jψ j, γ3i = εi3β ψβ , ζα j = ψ j,α . (28)

The stress tensor σi j and the couple stress tensor νi j associated to the strain measures
γ jk and ζαi are given by

σαβ = λ
(ρ)

γκκδαβ +(µ(ρ)+κ
(ρ))γαβ +µ

(ρ)
γβα +C(ρ)

1 ζκκδαβ+

+C(ρ)
2 ζβα +C(ρ)

3 ζαβ ,

σα3 = (µ(ρ)+κ
(ρ))γα3 +µ

(ρ)
γ3α +C(ρ)

3 ζα3,σ3α = (µ(ρ)+κ
(ρ))γ3α+

+µ
(ρ)

γα3 +C(ρ)
2 ζα3,

σ33 = λ
(ρ)

γκκ +C(ρ)
1 ζνν , ν33 = α

(ρ)
ζκκ +C(ρ)

1 γκκ , (29)

νηλ = α
(ρ)

ζκκδηλ +β
(ρ)

ζλν + γ
(ρ)

ζνλ +C(ρ)
1 γκκδηλ+

+C(ρ)
2 γλν +C(ρ)

3 γηλ ,

να3 = γ
(ρ)

ζα3 +C(ρ)
2 γ3α +C(ρ)

3 γα3,ν3α = β
(ρ)

ζα3 +C(ρ)
2 γα3+

+C(ρ)
3 γ3α , on Ωρ .

With the help of the equations (1), (25)–(29), we find from (2) that the stress tensor
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ti j is given by

tαβ = λ
(ρ)[a1x1 +a2x2 +a3 +(b1x1 +b2x2 +b3)x3+

+
1
2
(c1x1 + c2x2 + c3)x2

3]δαβ +C(ρ)
1 δαβ (a4 +b4x3 +

1
2

c4x2
3)+

+
4

∑
k=1

(ak +bkx3 +
1
2

ckx2
3)t

(k)
αβ

+ ταβ + x3σαβ+

+[λ (ρ)v3 +C(ρ)
1 ψ3 +

4

∑
k=1

(bk + ckx3)(λ
(ρ)u(k)3 +C(ρ)

1 ϕ
(ρ)
3 )]δαβ ,

tα3 = µ
(ρ)(a4 +b4x3 +

1
2

c4x2
3)ε3βαxβ +C(ρ)

2 (aβ +bβ x3 +
1
2

cβ x2
3)ε3αβ+

+
4

∑
k=1

(ak +bkx3 +
1
2

ckx2
3)t

(k)
α3 + τα3 + x3σα3 +µ

(ρ)vα +C(ρ)
2 ψα+

+
4

∑
k=1

(bk + ckx3)(µ
(ρ)v(k)α +C(ρ)

2 ϕ
(k)
α ), (30)

t3α = (µ(ρ)+κ
(ρ))(a4 +b4x3 +

1
2

c4x2
3)ε3βαxβ+

+C(ρ)
3 ε3αβ (aβ +bβ x3 +

1
2

cβ x2
3)+

+
4

∑
k=1

(ak +bkx3 +
1
2

ckx2
3)t

(k)
3α

+ τ3α + x3σ3α +(µ(ρ)+κ
(ρ))vα +C(ρ)

3 ψα+

+
4

∑
k=1

(bk + ckx3)[(µ
(ρ)+κ

(ρ))u(k)α +C3ϕ
(k)
α ],

t33 = (λ (ρ)+2µ
(ρ)+κ

(ρ))[a1x1 +a2x2 +a3 +(b1x1 +b2x2 +b3)x3+

+
1
2
(c1x1 + c2x2 + c3)x2

3]+ (C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )(a4 +b4x3+

+
1
2

c4x2
3)+

4

∑
k=1

(ak +bkx3 +
1
2

ckx2
3)t

(k)
33 + τ33 + x3σ33+

+(λ (ρ)+2µ
(ρ)+κ

(ρ))v3 +(C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )ψ3+

+
4

∑
k=1

(bk + ckx3)[(λ
(ρ)+2µ

(ρ)+κ
(ρ))u(k)3 +

+(C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )]ϕ

(k)
3 , on Ωρ ,

where t(k)i j is the stress tensor from the problem A(k) (k = 1,2,3,4). In view of the
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constitutive equations (2), we find that the couple stress tensor has the form

mηλ = α
(ρ)(a4 +b4x3 +

1
2

c4x2
3)δηλ +C(ρ)

1 [a1x1 +a2x2 +a3+

+(b1x1 +b2x2 +b3)x3 +
1
2
(c1x1 + c2x2 + c3)x2

3]δηλ +
4

∑
k=1

(ak +bkx3+

+
1
2

ckx2
3)m

(k)
ηλ

+µηλ + x3νηλ +(α(ρ)
ψ3 +C(ρ)

1 v3)δηλ+

+δηλ

4

∑
k=1

(bk + ckx3)(α
(ρ)

ϕ
(k)
3 +C(ρ)

1 u(k)3 ),

mη3 = βε3ηλ (aλ +bλ x3 +
1
2

cλ x2
3)+C(ρ)

2 ε3ληxλ (a4 +b4x3+

+
1
2

c4x2
3)+

4

∑
k=1

(ak +bkx3 +
1
2

ckx2
3)m

(k)
η3 +µη3 + x3νη3+

+β
(ρ)

ψη +C(ρ)
2 vη +

4

∑
k=1

(bk + ckx3)(β
(ρ)

ψ
(k)
η +C(ρ)

2 u(k)η ), (31)

m3η = γ
(ρ)

ε3ηλ (aλ +bλ x3 +
1
2

cλ x2
3)+C(ρ)

3 ε3ληxλ (a4+

+b4x3 +
1
2

c4x2
3)+

4

∑
k=1

(ak +bkx3 +
1
2

ckx2
3)m

(k)
3η
+

+µ3η + x3ν3η + γ
(ρ)

ψη +C(ρ)
3 vη+

+
4

∑
k=1

(bk + ckx3)(γ
(ρ)

ψ
(k)
η +C(ρ)

3 u(k)η ),

m33 = (C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )[a1x1 +a2x2 +a3 +(b1x1 +b2x2 +b3)x3+

+
1
2
(c1x1 + c2x2 + c3)x2

3]+ (α(ρ)+β
(ρ)+ γ

(ρ))(a4 +b4x3+

+
1
2

c4x2
3)+

4

∑
k=1

(ak +bkx3 +
1
2

ckx2
3)m

(k)
33 +µ33+

+ x3ν33 +(C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )v3 +(α +β + γ)ψ3+

+
4

∑
k=1

(bk + ckx3)[(α
(ρ)+β

(ρ)+ γ
(ρ))ϕ

(k)
3 +(C(ρ)

1 +C(ρ)
2 +C(ρ)

3 )u(k)3 ], on Ωρ .

Let us substitute the functions ti j and mi j into the equilibrium equations (3). If we
use the equilibrium equations from the problems A(k) and the external data defined in
(21)–(24), then the equations (3) reduce to

τβ i,β + f (ρ)i = 0, µβ i,β + εirsτrs +g(ρ)i = 0 on Ωρ , (32)
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and
σβ i,β +h(ρ)i = 0, νβ i,β + εirsσrs + l(ρ)i = 0 on Ωρ . (33)

In the equations (32) and (33) we have used the notations

f (ρ)i = F(ρ)
i +(µ(ρ)+κ

(ρ))ε3ηαb4xη +C(ρ)
3 ε3αηbη+

+λ
(ρ)v3,α +C(ρ)

1 ψ3,α +σ3α +
4

∑
k=1
{(t(k)3α

+λ
(ρ)u(k)3,α+

+C(ρ)
1 ϕ

(k)
3,α)bk +[(µ(ρ)+κ

(ρ))u(k)α +C(ρ)
3 ϕ

(k)
α ]ck},

f (ρ)3 = F(ρ)
3 +(λ (ρ)+2µ

(ρ)+κ
(ρ))(b1x1 +b2x2 +b3)+(C(ρ)

1 +C(ρ)
2 +

+C(ρ)
3 )b4 +µ

(ρ)vα,α +C(ρ)
2 ψα,α +σ33 +

4

∑
k=1
{(t(k)33 +µ

(ρ)u(k)α,α+

+C(ρ)
2 ϕ

(k)
α,α)bk +[(λ (ρ)+2µ

(ρ)+κ
(ρ))u(k)3 +

+(C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )ϕ

(k)
3 ]ck},

g(ρ)
λ

= G(ρ)
λ

+α
(ρ)

ψ3,α +C(ρ)
1 v3,λ +ν3λ + ε3λν [γ

(ρ)bη−

−C(ρ)
3 b4xη −κ

(ρ)vη − (C(ρ)
3 −C(ρ)

2 )ψη ]+ (34)

+
4

∑
k=1
{[m(k)

3λ
+α

(ρ)
ϕ
(k)
3,λ +C(ρ)

1 u(k)3,λ + ε3λη(C
(ρ)
2 −C(ρ)

3 )ϕ
(k)
λ
−

−κ
(ρ)

ε3ληu(k)η ]bk +(γ(ρ)ψ
(k)
λ

+C(ρ)
3 u(k)

λ
)ck},

g(ρ)3 = G(ρ)
3 +β

(ρ)
ψα,α +C(ρ)

2 να,α +ν33 +(C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )(b1x1+

+b2x2 +b3)+(α(ρ)+β
(ρ)+ γ

(ρ))b4 +
4

∑
k=1
{[m(k)

33 +

+β
(ρ)

ψ
(k)
α,α +C(ρ)

2 u(k)α,α ]bk +[(α(ρ)+β
(ρ)+ γ

(ρ))ϕ
(k)
3 +

+(C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )u(k)3 ]ck}, on Ωρ ,

and

h(ρ)α = (µ(ρ)+κ
(ρ))c4ε3ηαxη +C(ρ)

3 ε3αηcη +
4

∑
k=1

(t(k)3α
+λ

(ρ)u(k)3,α+

+C(ρ)
1 ϕ

(k)
3,α)ck,

h(ρ)3 = (λ (ρ)+2µ
(ρ)+κ

(ρ))(c1x1 + c2x2 + c3)+(C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )c4+

+
4

∑
k=1

(t(k)33 +µ
(ρ)u(k)η ,η +C(ρ)

2 ϕ
(k)
η ,η)ck,
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l(ρ)
λ

= ε3λη(γ
(ρ)cη −C(ρ)

3 c4xη)+
4

∑
k=1

ck{m
(k)
3λ

+α
(ρ)

ϕ
(k)
3,λ+ (35)

+C(ρ)
1 u(k)3,λ + ε3λη [(C

(ρ)
2 −C(ρ)

3 )ϕ
(k)
η −κu(k)η ]},

l(ρ)3 = (C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )(c1x1 + c2x2 + c3)+(α(ρ)+β

(ρ)+ γ
(ρ))c1+

+
4

∑
k=1

ck(m
(k)
33 +β

(ρ)
ϕ
(k)
η ,η +C(ρ)

2 u(k)η ,η), on Ωρ .

On the basis of (21)–(24) and using the conditions (18) which are satisfied by the
solution of the problem A(k) (k = 1,2,3,4), we find that the conditions (9) become

[wi]1 = [wi]2, [χi]1 = [χi]2, (36)

[τβ i]1n0
β
= [τβ i]2n0

β
+Y (1)

i , [µβ i]1n0
β
= [µβ i]2n0

β
+Z(1)

i on Γ,

and

[vi]1 = [vi]2, [ψi]1 = [ψi]2, (37)

[σβ i]1n0
β
= [σβ i]2n0

β
+Y (2)

i , [νβ i]1n0
β
= [νβ i]2n0

β
+Z(2)

i on Γ,

In (36) and (37) we have used the notations

Y (1)
α = {(λ (2)−λ

(1))v3 +(C(2)
1 −C(1)

1 )ψ3 +
4

∑
k=1

bk[(λ
(2)−λ

(1))u(k)3 +

+(C(2)
1 −C(1)

1 )ϕ
(k)
3 ]}n0

α ,

Y (1)
3 = {(µ(2)−µ

(1))vα +(C(2)
2 −C(1)

2 )ψα+

+
4

∑
k=1

bk[(µ
(2)−µ

(1))u(k)α +(C(2)
2 −C(1)

2 )ϕ
(k)
α ]}n0

α , (38)

Z(1)
α = n0

α

4

∑
k=1

ck[(λ
(2)−λ

(1))u(k)3 +(C(2)
1 −C(1)

1 )ϕ
(k)
3 ],

Z(1)
3 = {(β (2)−β

(1))ψα +(C(2)
2 −C(1)

2 )vα +
4

∑
k=1

bk[(β
(2)−β

(1))ψ
(k)
α +

+(C(2)
2 −C(1)

2 )u(k)α ]}n0
α ,

and

Y (2)
α = n0

α

4

∑
k=1

ck[(λ
(2)−λ

(1))u(k)3 +(C(2)
1 −C(1)

1 )ϕ
(k)
3 ],
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Y (2)
3 = n0

α

4

∑
k=1

ck[(µ
(2)−µ

(1))u(k)α +(C(2)
2 −C(1)

2 )ϕ
(k)
α ], (39)

Z(2)
α = n0

α

4

∑
k=1

ck[(α
(2)−α

(1))ϕ
(k)
3 +(C(2)

1 −C(1)
1 )u(k)3 ],

Z(2)
3 = n0

α

4

∑
k=1

ck[(β
(2)−β

(1))ψ
(k)
α +(C(2)

2 −C(1)
2 )u(k)α ].

If we use the conditions on L from the problems A(k) (k = 1,2,3,4), then we see that
the conditions (4) reduce to

[ταi]1nα = P(1)
i , [µβ i]1nβ = Q(1)

i on L, (40)

and
[σβ i]1nβ = P(2)

i , [νβ i]1nβ = Q(2)
i on L. (41)

Here we have used the notations

P(1)
α = t̃α − [λ (1)v3 +C(1)

1 ψ3 +
4

∑
k=1

bk(λ
(1)u(k)3 +C(1)

1 ϕ
(k)
3 )]nα ,

P(1)
3 = t̃3−nα [µ

(1)vα +C(1)
2 ψα +

4

∑
k=1

bk(µ
(1)u(k)α +C(1)

2 ϕ
(k)
α )], (42)

Q(1)
λ

= m̃λ −nλ [α
(1)

ψ3 +C(1)
1 v3 +

4

∑
k=1

bk(α
(1)

ϕ
(k)
3 +C(1)

1 u(k)3 )],

Q(1)
3 = m̃3−nα [β

(1)
ψα +C(1)

2 vα +
4

∑
k=1

bk(β
(1)

ψ
(k)
α +C(1)

2 u(k)α )],

and

P(2)
α =−nα

4

∑
k=1

ck(λ
(1)u(k)3 +C(1)

1 ϕ
(k)
3 ),P(2)

3 =−nα

4

∑
k=1

ck(µ
(1)u(k)α +C(1)

2 ϕ
(k)
α ),

Q(2)
λ

=−nλ

4

∑
k=1

ck(α
(1)

ϕ
(k)
3 +C(1)

1 u(k)3 ),Q(2)
3 =−nα

4

∑
k=1

ck(β
(1)

ψ
(k)
α +C(1)

2 u(k)α ).

(43)

Let us denote by (Π1) the plane strain problem defined by the geometric equations
(26), the constitutive equations (27), the equilibrium equations (32) and the con-
ditions (36) and (40). We denote by (Π2) the plane problem characterized by the
geometric equations (28), the constitutive equations (29), the equilibrium equations
(33), and the conditions (37) and (41). Let us consider the general plane strain prob-
lem defined by the equilibrium equations (14) and the conditions (16) and (18). We
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establish now an identity which will be used in what follows. In view of (14) we
obtain

t3α = tα3 + ε3βαmκβ ,κ + ε3βαG(ρ)
β

= xα(tβ3,β +F(ρ)
3 )+

+ tα3 + ε3βαmκβ ,κ + ε3βαG(ρ)
β

= (xαtβ3),β + ε3βαmκβ ,κ+ (44)

+ ε3βαG(ρ)
β

+ xαF(ρ)
3 , on Ωρ .

By using the divergence theorem and the relations (16) and (18), from (44) we get

∫
Σ1

t3αda =
2

∑
ρ=1

∫
Ωρ

(xαF(ρ)
3 + ε3βαG(ρ)

β
)da+

∫
L
(xα t̃3 + ε3βαm̃β )ds+

+
∫

Γ

(xα p3 + ε3βαqβ )ds. (45)

If we apply the relation (45) to the problems A(k) (k = 1,2,3,4), and use (21)–(24),
then we obtain∫

Σ1

t(κ)3α
da =

2

∑
ρ=1

∫
Ωρ

ε3καC(ρ)
3 da, (46)

∫
Σ1

t(3)3α
da = 0,

∫
Σ1

t(4)3α
da =

2

∑
ρ=1

∫
Ωρ

(µ(ρ)+κ
(ρ))ε3αηxηda.

The necessary and sufficient conditions to solve the problem (Π2) are given by

2

∑
ρ=1

∫
Ωρ

h(ρ)i da+
∫

L
P(2)

i ds+
∫

Γ

Y (2)
i ds = 0,

2

∑
ρ=1

∫
Ωρ

(ε3αβ xαh(ρ)
β

+ l(ρ)3 )da+
∫

L
(ε3αβ xαP(2)

β
+Q(2)

3 )ds+ (47)

+
∫

Γ

(ε3αβ xαY (2)
β

+Z(2)
3 )ds = 0.

If we use the relations (35), (39) and (43), then we obtain

2

∑
ρ=1

∫
Ωρ

h(ρ)α da+
∫

L
P(2)

α ds+
∫

Γ

Y (2)
α ds =

2

∑
ρ=1

∫
Ωρ

{cκ(t
(κ)
3α

+ ε3ακC(ρ)
3 )+ c3t(3)3α

+

+ c4[t
(4)
3α

+(µ(ρ)+κ
(ρ))ε3ηαxη ]}da,
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2

∑
ρ=1

∫
Ωρ

h(ρ)3 da+
∫

L
P(2)

3 ds+
∫

Γ

Y (2)
3 ds =

4

∑
k=1

D3kck, (48)

2

∑
ρ=1

∫
Ωρ

(ε3αβ xαh(ρ)
β

+ l(ρ)3 )da+
∫

L
(ε3αβ xαP(2)

β
+Q(2)

3 )ds+

+
∫

Γ

(ε3αβ xαY (2)
β

+Z(2)
3 )ds =

4

∑
k=1

D4kck,

where

D3α =
2

∑
ρ=1

∫
Ωρ

[(λ (ρ)+2µ
(ρ)+κ

(ρ))xα + t(α)
33 ]da,

D33 =
2

∑
ρ=1

∫
Ωρ

(λ (ρ)+2µ
(ρ)+κ

(ρ)+ t(3)33 )da,

D34 =
2

∑
ρ=1

∫
Ωρ

(C(ρ)
1 +C(ρ)

2 +C(ρ)
3 + t(4)33 )da,

D4α =
2

∑
ρ=1

∫
Ωρ

[ε3λβ xλ (C
(ρ)
3 ε3βα + t(α)

3β
)+ (49)

+(C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )xα +m(α)

33 ]da,

D43 =
2

∑
ρ=1

∫
Ωρ

[ε3αβ xαt(3)3β
+C(ρ)

1 +C(ρ)
2 +C(ρ)

3 +m(3)
33 ]da,

D44 =
2

∑
ρ=1

∫
Ωρ

{ε3αβ xα [(µ
(ρ)+κ

(ρ))ε3ηβ xη + t(4)3β
]+

+α
(ρ)+β

(ρ)+ γ
(ρ)+m(4)

33 }da.

We note that the first two conditions from (47) are satisfied on the basis of the rela-
tions (46). Thus, the conditions (47) reduce to

4

∑
k=1

D3kck = 0,
4

∑
k=1

D4kck = 0. (50)



17 Almansi-Michell problem for heterogeneous chiral beams 125

The necessary and sufficient conditions to solve the problem (Π1) are

2

∑
ρ=1

∫
Ωρ

f (ρ)i da+
∫

L
P(1)

i ds+
∫

Γ

Y (1)
i ds = 0,

2

∑
ρ=1

∫
Ωρ

(ε3αβ xα f (ρ)
β

+g(ρ)3 )da+
∫

L
(ε3αβ xαP(1)

β
+Q(1)

3 )ds+ (51)

+
∫

Γ

(ε3αβ xαY (1)
β

+Z(1)
3 )ds = 0.

By using the relations (34), (42) and (38) we get

2

∑
ρ=1

∫
Ωρ

f (ρ)α da+
∫

L
P(1)

α ds+
∫

Γ

Y (1)
α ds = (52)

=
∫

L
t̃αds+

∫
Σ1

t3α,3da+
2

∑
ρ=1

∫
Ωρ

F(ρ)
α da,

and

2

∑
ρ=1

∫
Ωρ

f (ρ)3 da+
∫

L
P(1)

3 ds+
∫

Γ

Y (1)
3 ds =

∫
L

t̃3ds+
4

∑
k=1

D3kbk+

+
∫

Σ1

σ33da+
2

∑
ρ=1

∫
Ωρ

{F(ρ)
3 +

4

∑
k=1

ck[(λ
(ρ)+2µ

(ρ)+κ
(ρ))u(k)3 +

+(C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )ϕ

(k)
3 ]}da,

2

∑
ρ=1

∫
Ωρ

(ε3αβ xα f (ρ)
β

+g(ρ)3 )da+
∫

L
(ε3αβ xαP(1)

β
+Q(1)

3 )ds+ (53)

+
∫

Γ

(ε3αβ xαY (1)
β

+Z(1)
3 )ds =

∫
L
(ε3αβ xα t̃β + m̃3)ds+

+
2

∑
ρ=1

∫
Ωρ

(ε3αβ xαF(ρ)
β

+G(ρ)
3 )da+

4

∑
k=1

D4kbk+

+
2

∑
ρ=1

∫
Ωρ

{ε3αβ xασ3β +ν33 +
4

∑
k=1

ck[ε3αβ (µ
(ρ)+κ

(ρ))xαu(k)
β
+

+ ε3αβC(ρ)
3 xαϕ

(k)
β

+(α(ρ)+β
(ρ)+ γ

(ρ))ϕ
(k)
3 +(C(ρ)

1 +C(ρ)
2 +C(ρ)

3 )u(k)3 ]}da.

With the help of equilibrium equations (3) and using the conditions (4), (9) and (10)
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we find that∫
Σ1

t3αda =
∫

Σ1

(xαt33,3 + ε3βαm3β ,3)da+
∫

L
(xα t̃3 + ε3βαm̃β )ds+

+
2

∑
ρ=1

∫
Ωρ

(xαF(ρ)
3 + ε3βαG(ρ)

β
)da, (54)∫

Σ1

t3α,3da =
∫

Σ1

(xαt33,33 + ε3βαm3β ,33)da.

It follows from (30), (31) and (54) that

∫
Σ1

t3αda =
∫

L
(xα t̃3 + ε3βαm̃β )ds+

4

∑
k=1

Dαkbk+

+
2

∑
ρ=1

∫
Ωρ

{xαF(ρ)
3 + ε3βαG(ρ)

β
+ xασ33 + ε3βαν3β+

+
4

∑
k=1

ck[(λ
(ρ)+2µ

(ρ)+κ
(ρ))xαu(k)3 +(C(ρ)

1 +C(ρ)
2 +C(ρ)

3 )xαϕ
(k)
3 + (55)

+ ε3λα(γ
(ρ)

ψ
(k)
λ

+C(ρ)
3 u(k)

λ
)]}da,∫

Σ1

t3α,3da =
4

∑
k=1

Dαkck,

where

Dαβ =
2

∑
ρ=1

∫
Ωρ

{xα [(λ
(ρ)+2µ

(ρ)+κ
(ρ))xβ + t(β )33 ]+

+ γ
(ρ)

δαβ + ε3ηαm(β )
3η
}da,

Dα3 =
2

∑
ρ=1

∫
Ωρ

[xα(λ
(ρ)+2µ

(ρ)+κ
(ρ)+ t(3)33 )+ ε3βαm(3)

3β
]da, (56)

Dα4 =
2

∑
ρ=1

∫
Ωρ

[xα(C
(ρ)
1 +C(ρ)

2 +C(ρ)
3 + t(4)33 )−C(ρ)

3 xα + ε3βαm(4)
3β
]da.

By (52) and (55) the first two conditions from (51) become

4

∑
k=1

Dαkck =−
∫

L
t̃αds−

2

∑
ρ=1

∫
Ωρ

F(ρ)
α da. (57)

The equations (50) and (57) form a system for the unknown constants ck. The positive
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definiteness of the elastic potentials and the reciprocal theorem imply that [18]

det(Dmn)> 0, Dmn = Dnm. (58)

Thus, the system (50), (57) uniquely determines the constants ck. We note that the
conditions (48) are satisfied. In what follows we shall consider that the functions v j

and ψ j are determined. In view of (53) and (54) we see that the last two conditions
from (51) and the conditions (5) become

4

∑
k=1

Dαkbk =−Rα −
∫

L
(xα t̃3 + ε3βαm̃β )ds−

−
2

∑
ρ=1

∫
Ωρ

{xαF(ρ)
3 + ε3βαG(ρ)

β
+ xασ33 +σ3βαν3β+

+
4

∑
k=1

ck[(λ
(ρ)+2µ

(ρ)+κ
(ρ))xαu(k)3 +(C(ρ)

1 +C(ρ)
2 +C(ρ)

3 )xαϕ
(k)
3 +

+ ε3λα(γ
(ρ)

ψ
(k)
λ

+C(ρ)
3 u(k)

λ
)]}da,

4

∑
k=1

D3kbk =−
∫

L
t̃3ds−

2

∑
ρ=1

∫
Ωρ

{F(ρ)
3 +σ33+ (59)

+
4

∑
k=1

ck[(λ
(ρ)+2µ

(ρ)+κ
(ρ))u(k)3 +(C(ρ)

1 +C(ρ)
2 +C(ρ)

3 )ϕ
(k)
3 ]}da,

4

∑
k=1

D4kbk =−
∫

L
(ε3αβ xα t̃β + m̃3)ds−

2

∑
ρ=1
{ε3αβ xαF(ρ)

β
+

+G(ρ)
3 + ε3αβ xασ3β +ν33 +

4

∑
k=1

ck[ε3αβ (µ
(ρ)+κ

(ρ))xαu(k)
β
+

+ ε3αβC(ρ)
3 xαϕ

(k)
β

+(α(ρ)+β
(ρ)+ γ

(ρ))ϕ
(k)
3 +

+(C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )u(k)3 ]}da.

The constants b j ( j = 1,2,3,4), can be determined from the system (59). It follows
from (30), (31), (49) and (56) that the conditions (6)–(8) reduce to the following
system for the constants a j ( j = 1,2,3,4),

4

∑
k=1

Dαkak = ε3αβ (Mβ +M∗
β
), (60)

4

∑
k=1

D3kak =−R3−R∗3,
4

∑
k=1

D4kak =−M3−M∗3 ,



128 Dorin Ieşan 20

where

M∗α =
2

∑
ρ=1

∫
Ωρ

ε3αλ{xλ [τ33 +(λ (ρ)+2µ
(ρ)+κ

(ρ))v3+

+(C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )ψ3]+ xλ

4

∑
k=1

bk[(λ
(ρ)+2µ

(ρ)+κ
(ρ))u(k)3 +

+(C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )ϕ

(k)
3 ]+ ε3βλ [µ3β + γ

(ρ)
ψβ +C(ρ)

3 vβ+

+
4

∑
k=1

bk(γ
(ρ)

ψ
(k)
β

+C(ρ)
3 u(k)

β
)]}da,

R∗3 =
2

∑
ρ=1

∫
Ωρ

{τ33 +(λ (ρ)+2µ
(ρ)+κ

(ρ))v3 +(C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )ψ3 (61)

+
4

∑
k=1

bk[(λ
(ρ)+2µ

(ρ)+κ
(ρ))u(k)3 +(C(ρ)

1 +C(ρ)
2 +C(ρ)

3 )ϕ
(k)
3 ]}da,

M∗3 =
2

∑
ρ=1

∫
Ωρ

{ε3ληxλ [τ3η +(µ(ρ)+κ
(ρ))vη +C(ρ)

3 ψη ]+

+µ33 +(C(ρ)
1 +C(ρ)

2 +C(ρ)
3 )v3 +(α(ρ)+β

(ρ)+ γ
(ρ))ψ3+

+ ε3ληxλ

4

∑
k=1

bk[(µ
(ρ)+κ

(ρ))u(k)η +C(ρ)
3 ϕ

(k)
η ]+

+
4

∑
k=1

bk[(α
(ρ)+β

(ρ)+ γ
(ρ))ϕ

(k)
3 +(C(ρ)

1 +C(ρ)
2 +C(ρ)

3 )u(k)3 ]}da.

The system (60) determines the constants a j ( j = 1,2,3,4). The three-dimensional
problem has been reduced to the study of plane problems. First, we have to de-
termine the solutions of the problems A(k) (k = 1,2,3,4) and to calculate the con-
stants Dmn (m,n = 1,2,3,4). Then, from (50) and (57) we determine the constants
c j ( j = 1,2,3,4). Next, we determine the solution of the problem (Π2) and calculate
the constants b j from (59). As the functions f (ρ)j ,g(ρ)j ,Y (1)

j ,Z(1)
j ,P(1)

j and Q(1)
j are

known, we can determine the solution of the problem (Π1). Then we calculate the
constants ak from (60). It follows from (59), (60) and (61) that the body loads and
the tractions on the lateral surface produce extension, bending, torsion and flexure.

If F(ρ)
i = 0,G(ρ)

i = 0, t̃k = 0 and m̃k = 0, then from the system (50) and (57) we
find that c j = 0. The system (59) becomes

4

∑
k=1

Dαkbk =−Rα ,
4

∑
k=1

Dmkbk = 0 (m = 3,4).

From (60) and (61) we see that the flexure of chiral cylinders produces extension,
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bending and torsion. In the case of achiral materials the flexure is not accompanied
by extension and bending by terminal couples. The problem of chiral homogeneous
cylinders was investigated in [24].

5. REINFORCED CIRCULAR CYLINDER SUBJECTED TO A LATERAL
PRESSURE

In this section we use the solution (25) to investigate the deformation of a uni-
formly loaded circular cylinder reinforced by a longitudinal rod. We assume that the
domain Ω1 is bounded by two concentric circles Γ and L, of radius r2 and r1, respec-
tively, where r2 < r1. The domain Ω2 is bounded by the circle Γ. We suppose that
the cylinders B1 and B2 are occupied by two different isotropic and homogenenous
materials. We assume that the cylinder is subjected to the following system of loads

F(ρ)
i = 0,G(ρ)

i = 0, t̃α = Pnα , t̃3 = 0, m̃ j = 0,R j = 0,M j = 0, (62)

where P is a given constant. In this case, from the system (50), (57) we obtain c j = 0
( j = 1,2,3,4). Then, the relations (35), (39) and (43) imply that h(ρ)j = 0, l(ρ)j = 0,

Y (2)
j = 0, Z(2)

j = 0,P(2)
j = 0 and Q(2)

j = 0. Thus, the problem (Π2) has the solution
vk = 0 and ψk = 0. This fact implies that σ3k = 0 and µ3k = 0. From (59) and (62) we
find that b j = 0 ( j = 1,2,3,4). Let us study now the problem (Π1). We note that in
this case the relations (34), (38), (42) and (62) imply that

f (ρ)j = 0,g(ρ)j = 0,Y (1)
j = 0,Z(1)

j = 0,P(1)
α = Pnα ,P

(1)
3 = 0,Q(1)

j = 0. (63)

In view of relations (26) and (27) we can express the equilibrium equations (32) in
the form (20).

We seek the solution of the problem (Π1) in the form

wα = xαF(r), w3 = 0,χα = xαG(r), χ3 = 0, (64)

where F and G are unknown functions and r = (x2
1 + x2

2)
1/2. We introduce the nota-

tions
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ξ
(ρ)
1 = λ

(ρ)+2µ
(ρ)+κ

(ρ),ξ
(ρ)
2 = 2λ

(ρ)+2µ
(ρ)+κ

(ρ),

ξ
(ρ)
3 = α

(ρ)+β
(ρ)+ γ

(ρ),ξ
(ρ)
4 = 2µ

(ρ)+κ
(ρ),

ζ
(ρ)
1 =C(ρ)

1 +C(ρ)
2 +C(ρ)

3 ,ζ
(ρ)
2 = 2C(ρ)

1 +C(ρ)
2 +C(ρ)

3 , (65)

ζ
(ρ)
3 =C(ρ)

2 +C(ρ)
3 ,

s2
(ρ) = 2κ

(ρ)/ξ
(ρ)
3 ,q2

(ρ) = 2κ
(ρ)

ξ
(ρ)
1 [ξ

(ρ)
1 ξ

(ρ)
3 − (ζ

(ρ)
1 )2]−1,

ν
(ρ) = ζ

(ρ)
1 /ξ

(ρ)
1 .

The positive definiteness of elastic potential implies that q2
(ρ) > 0. The functions F

and G which satisfy the equations (32) are given by

F = F1(r),G = G1(r) on Ω1,F = F2(r),G = G2(r) on Ω2, (66)

where

F1 = D(1)
1 +D(1)

2 r−2−ν
(1)r−1[A(1)

1 I1(q(1)r)+A(1)
2 K1(q(1)r)],

G1 = r−1[A(1)
1 I1(q(1)r)+A(1)

2 K1(q(1)r)], (67)

F2 = D(2)
1 −ν

(2)r−1A(2)
1 I1(q(2)r),G2 = r−1A(2)

1 I1(q(2)r).

Here, In and Kn are the modified Bessel functions of order n, and A(ρ)
α and D(ρ)

α are
arbitrary constants. Let us study now the conditions (36) and (40). We note that on
the boundary L we have nα = xα/r1, and on the boundary Γ we have n0

α = −xα/r2.
In view of (27) and (65) we obtain

ταβ xα = xβ [ξ
(ρ)
2 F +ξ

(ρ)
1 rF ′+ζ

(ρ)
2 G+ζ

(ρ)
1 rG′],

µαβ xα = xβ [(α
(ρ)+ξ

(ρ)
3 )G+ξ

(ρ)
3 rG′+ζ

(ρ)
2 F +ζ

(ρ)
1 rF ′], (68)

τα3xα = 0, µα3xα = 0, on Ωρ (ρ = 1,2).

We introduce the notations

E(ρ) =C(ρ)
1 −ν

(ρ)
λ
(ρ), J(ρ) = ζ

(ρ)
1 −ν

(ρ)
ξ
(ρ)
1 ,

R(ρ) = α
(ρ)−C(ρ)

1 ν
(ρ),L(ρ) = ξ

(ρ)
3 −ν

(ρ)
ζ
(ρ)
1 ,

Λ
(ρ)(r) = E(ρ)r−1I1(q(ρ)r)+ J(ρ)I′1(q(ρ)r),H

(ρ)(r) = E(ρ)r−1K1(q(ρ)r)+ (69)

+ J(ρ)K′1(q(ρ)r),V
(ρ)(r) = R(ρ)r−1I1(q(ρ)r)+L(ρ)I′1(q(ρ)r),

U (ρ)(r) = R(ρ)r−1K1(q(ρ)r)+L(ρ)K′1(q(ρ)r).
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By using (66), (67) and (69), from (68) we get

ταβ xα = xβ [ξ
(1)
2 D(1)

1 −ξ
(1)
4 r−2D(1)

2 +Λ
(1)(r)A(1)

1 +H(1)(r)A(1)
2 ], (70)

µαβ xα = xβ [ζ
(1)
2 D(1)

1 −ζ
(1)
3 D(1)

2 r−2 +V (1)(r)A(1)
1 +U (1)(r)A(1)

2 ], on Ω1,

and

ταβ xα = xβ [ξ
(2)
2 D(2)

1 +Λ
(2)(r)A(2)

1 ], (71)

µαβ xα = xβ [ζ
(2)
2 D(2)

1 +V (2)(r)A(2)
1 ], on Ω2.

In view of (64), (66), (67), (70) and (71) the conditions (36) and (40) reduce to

D(1)
1 +D(1)

2 r−2−ν
(1)r−1

2 [A(1)
1 I1(q(1)r2)+A(1)

2 K1(q(1)r2)] =

= D(2)
1 −ν

(2)r−1
2 A(2)

1 I1(q(2)r2),

A(1)
1 I1(q(1)r2)+A(1)

2 K1(q(1)r2) = A(2)
1 I1(q(2)r2),

ξ
(1)
2 D(1)

1 −ξ
(1)
4 r−2

2 D(1)
2 +Λ

(1)(r2)A
(1)
1 +H(1)(r2)A

(1)
2 = (72)

= ξ
(2)
2 D(2)

1 +Λ
(2)(r2)A

(2)
1 ,

ζ
(1)
2 D(1)

1 −ζ
(1)
3 D(1)

2 r−2
2 +V (1)(r2)A

(1)
1 +U (1)(r2)A

(1)
2 =

= ζ
(2)
2 D(2)

1 +V (2)(r2)A
(2)
1 ,

ξ
(1)
2 D(1)

1 −ξ
(1)
4 r−2

1 D(1)
2 +Λ

(1)(r1)A
(1)
1 +H(1)(r2)A

(1)
2 = P,

ζ
(1)
2 D(1)

1 −ζ
(1)
3 D(1)

2 r−2
1 +V (1)(r1)A

(1)
1 +U (1)(r1)A

(1)
2 = 0.

We assume that the constitutive coefficients are not subjected to constraints. From
the system (72) we can determine the unknown constants A(1)

α ,A(2)
1 ,D(1)

α and D(2)
1 .

In a similar way we can solve the problems A(3) and A(4) [14]. The solution of the
problem A(3) has the form

u(3)α = xαU(r),u(3)3 = 0,ϕ(3)
α = xαV (r),ϕ(3)

3 = 0, (73)

where the functions U and V are given by

U = N1 +N2r−2−ν
(1)r−1[S2I1(q(1)r)+S3K1(q(1)r)],

V = r−1[S2I1(q(1)r)+S3K1(q(1)r)], on Ω1, (74)

U = S1−ν
(2)r−1S4I1(q(2)r),V = r−1S4I1(q(2)r), on Ω2,

where Nα and S j ( j = 1,2,3,4) are constants. The constants S j are determined by
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the system
4

∑
j=1

Mk jS j = c∗k (k = 1,2,3,4), (75)

where Mrs and c∗k are given by

M11 = 1−q11−q21r−2
2 , M12 =−q12−q22r−2

2 , M13 =−q13−q23r−2
2 ,

M14 =−q24r−2
2 −ν

(2)r−1
2 I1(q(2)r2), M21 = 0, M22 = I1(q(2)r2),

M23 = K1(q(1)r2), M24 =−I1(q(2)r2),

M31 = ζ
(1)
2 q11−ζ

(1)
3 r−2

2 q21−ζ
(2), M32 = ζ

(1)
2 q12−ζ

(1)
3 q22r−2

2 +V (1)(r2),

M33 = ζ
(1)
2 q13−ζ

(1)
3 r−2

2 q23 +U (1)(r2), M34 =−V (2)(r2),

M41 = ζ
(1)
2 q11−ζ

(1)
3 r−2

1 q21, M42 = ζ
(1)
2 q12−ζ

(1)
3 r−2

1 q22 +V (1)(r1),

M43 = ζ
(1)
2 q13−ζ

(1)
3 r−2

1 q23 +U (1)(r1), M44 = ζ
(1)
2 q14−ζ3r−2

1 q24,q11 = ξ
(2)
2 r−2

1 d1,

q12 = [Λ(1)(r1)r−2
2 −Λ

(1)(r2)r−2
1 ]d1, q13 = [H(1)(r1)r−2

2 −H(1)(r2)r−2
1 ]d1, (76)

q14 = Λ
(2)(r2)r−2

1 d1, q21 = ξ
(2)
2 d2, q22 = [Λ(1)(r1)−Λ

(1)(r2)]d2,

q23 = [H(1)(r1)−H(1)(r2)]d2, q24 = d2Λ
(2)(r2),

d1 = [ξ
(1)
2 (r−2

1 − r−2
2 )]−1, d2 = [ξ

(1)
4 (r−2

1 − r−2
2 )]−1,

c∗1 =−c0
1− c0

2r−2
2 , c∗2 = 0, c∗3 =C(2)

1 −C(1)
1 − c0

1ζ
(1)
2 + c0

2ζ
(1)
2 r−2

2 ,

c∗4 = ζ
(1)
3 c0

2r−2
1 − c0

1ζ
(1)
2 −C(1)

1 , c0
1 = [(λ (2)−λ

(1))r−2
1 +λ

(1)r−2
2 ]d1,c0

2 = λ
(2)d2.

The constants Nα are given by

Nα = c0
α +

4

∑
k=1

qαkSk. (77)

The solution of the problem A(4) has the form

u(4)α = xαΦ(r),u(4)3 = 0,ϕ(4)
α = xα [Ψ(r)− 1

2
],ϕ

(4)
3 = 0, (78)

where

Φ = Q1 +Q2r−2−ν
(1)r−1[L2I1(q(1)r)+L3K1(q(1)r)],

Ψ = r−1[L2I1(q(1)r)+L3K1(q(1)r)], on Ω1, (79)

Φ = L1−ν
(2)r−1L4I1(q(2)r),Ψ = r−1L4I1(q(2)r), on Ω2.
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In (79) Qα and L j are constants. From the conditions on the curves L and Γ we find
that the constants L j ( j = 1,2,3,4), are determined by the following system

4

∑
j=1

Mk jL j = ϑk (k = 1,2,3,4), (80)

where

ϑ1 =−σ1−σ2r−1
2 ,ϑ2 = 0,ϑ3 =

1
2
(β (1)+ γ

(1)−β
(2)− γ

(2))−ζ
(1)
2 σ1−

−ζ
(1)
3 r−2

2 σ2,ϑ4 =
1
2
(β (1)+ γ

(1))−ζ
(1)
2 σ1 +ζ

(1)
3 r−2

1 σ2, (81)

σ1 =
1
2
[(ζ

(1)
3 −ζ

(2)
3 )r−2

1 −ζ
(1)
3 r−1

2 ]d1,σ2 =−
1
2

ζ
(2)
3 d2.

The constants Qα are given by

Qα = σα +
4

∑
k=1

qα jL j. (82)

In what follows we shall see that the considered problem can be solved without using
the solution of the problems A(1) and A(2). As we know the solutions of the problems
A(3) and A(4), from (49) and (56) we can calculate the constants D j3 and D j4. We
obtain

Dα3 = 0, Dα4 = 0,

D33 = πξ
(1)
1 (r2

1− r2
2)+πξ

(2)
1 r2

2 +2N1λ
(1)

π(r2
1− r2

2)+

+2πr2
2S1λ

(2)
1 +2π(C(1)

1 −ν
(1)

λ
(1))[A1(r1)−A1(r2)]+

+2π(C(2)
1 −ν

(2)
λ
(2))S4r2I1(q(2)r2),

D34 = π(C(1)
2 +C(1)

3 )(r2
1− r2

2)+π(C(2)
2 +C(2)

3 )r2
2 +2Q1λ

(1)
π(r2

1− r2
2)+

+2πL1λ
(2)r2

2 +2π(C(1)
1 −ν

(1)
λ
(1))[A2(r1)−A2(r2)]+ (83)

+2π(C(2)
1 −ν

(2)
λ
(2))L4r2I1(q(2)r2),

D44 =
1
4

π(2µ
(1)+κ

(1))(r2
1− r2

2)+
1
4

π(2µ
(2)+κ

(2))r2
2+

+π(β (1)+ γ
(1))(r2

1− r2
2)+π(β (2)+ γ

(2))r2
2 +2πQ1C(1)

1 (r2
1− r2

2)+

+2πL1C(2)
1 r2

2 +2πκ
(1)[H1(r1)−H1(r2)]+

+2π(α(1)−ν
(1)C(1)

1 )[H2(r1)−H2(r2)]+2πκ
(2)q−1

(2)r
2
2L2I2(q(2)r2)+

+2π(α(2)−ν
(2)C(1)

1 )r2L4I1(q(2)r2),
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where

A1(r) = r[S2I1(q(1)r)+S3K1(q(1)r)],A2(r) = r[L2I1(q(1)r)+L3K1(q(1)r)],

H1(r) = q−2
(1)r

2[L2I2(q(1)r)−L3K2(q(1)r)], (84)

H2(r) = r[L2I1(q(1)r)+L3K1(q(1)r)].

From (61) we get

R∗3 = 2π{r2
2[λ

(2)F2(r2)+C(2)
1 G2(r2)]+ r2

1[λ
(1)F1(r1)+

+C(1)
1 G1(r1)]− r2

2[λ
(1)F1(r2)+C(1)

1 G1(r2)}, M∗α = 0,

M∗3 = 2πA(2)
1 q−1

(2)κ
(1)r2I2(q(2)r2)+2πκ

(2)q−1
(1){A

(1)
1 [r2

1I2(q(1)r1)−

− r2
2I2(q(1)r2)]−A(1)

2 [r2
1K2(q(1)r1)− r2

2K2(q(1)r2)]}+ (85)

+2π{r2
2[C

(2)
1 F2(r2)+α

(2)G2(r2)]+ r2
1[C

(1)
1 F1(r1)+

+α
(1)G1(r1)]− r2

2[C
(1)
1 F1(r2)+α

(1)G1(r2)]}.

By using the symmetry of Dmn and (83) we find that

D3α = D4α = 0. (86)

In view of (83), (85) and (86), the system (60) reduces to

Dαβ aβ = 0, D33a3 +D34a4 =−R∗3, D34a3 +D44a4 =−M∗3 . (87)

Thus, the constants ak are given by

aα = 0, a3 = (D34M∗3 −D44R∗3)d
−1,a4 = (D34R∗3−D33M∗3)d

−1, (88)

where d = D33D44−D2
34. From (25) we find that the solution of the problem is given

by
uα = ε3βαa4xβ x3 + xα(a3U +a4Φ+F),

ϕα = xα [a3V +a4(Ψ−
1
2
)+G], (89)

u3 = a3x3, ϕ3 = a4x3,

where the functions F,G,U,V,Φ and Ψ are defined by (66),(67),(74), (75), (79) and
the constants a3 and a4 are given by (88). Thus, a uniform pressure acting on the
lateral surface of the cylinder generates an extension and a torsion. In the case of a
cylinder composed by achiral materials we have C(ρ)

j = 0, ν(ρ) = 0, (ρ = 1,2) and

from (72) we obtain A(1)
α = 0,A(2)

1 = 0. Then, from (83) and (85) we find that D34 = 0
and M∗3 = 0, so that a uniform pressure on the lateral surface of a cylinder composed
by achiral materials does not produce torsional effects.



27 Almansi-Michell problem for heterogeneous chiral beams 135

6. CONCLUSIONS

The results established in this paper can be summarized as follows:
(a) We study the deformation of a bar composed by two different chiral elastic

materials welded together along the surface of separation. We consider the equilib-
rium of a bar which is subjected to body loads, to tractions on the lateral surface and
to resultant forces and moments on the ends. The problem is reduced to the study of
two-dimensional problems.

(b) We present the solution of the problem of loaded cylinders when the body
loads and the tractions on the lateral surface are independent of the axial coordinate.
We show that the body loads and the tractions on the lateral surface produce exten-
sion, bending, torsion and flexure.

(c) We present, as a special case, the solution of the problem of flexure by a
transversal force.

(d) We use the method to investigate the behaviour of a circular cylinder rein-
forced by a longitudinal rod. We show that, in contrast with the case of achiral solids,
a uniform pressure on the surface of the cylinder produces torsional effects.

Received on November 29, 2021
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