ALMANSI-MICHELL PROBLEM FOR HETEROGENEOUS
CHIRAL BEAMS

DORIN IESAN

Abstract. This paper is concerned with the deformation of a cylinder composed by two
different chiral elastic materials welded together along the surface of separation. We
study the equilibrium of a cylinder which is subjected to body loads, to tractions on the
lateral surface and to resultant forces and moments on the ends. The Almansi-Michell
problem, where the body loads and the surface loading are independent of the axial co-
ordinate, is studied. The intended applications of the solution are to bone implants and
to various compound cylinders. The chiral effects cannot be described within classical
elasticity. In this paper we use the theory of isotropic chiral Cosserat elastic bodies. The
three-dimensional problem is reduced to the study of plane problems. The solution is
used to study the deformation of a uniformly loaded circular cylinder reinforced by a
longitudinal rod. It is shown that a uniform pressure acting on the lateral surface of the
cylinder produces a twist around its axis.

Key words: chiral materials, heterogeneous cylinders, uniformly loaded beams, flexure,

reinforced circular cylinders.

1. INTRODUCTION

The mechanical behaviour of chiral materials is of fundamental interest to the
fields of carbon nanotubes, auxetic materials and mechanics of bone. The chiral
effects cannot be described within classical elasticity [1]. Throughout this paper we
shall use the linear theory of isotropic chiral Cosserat elastic bodies. The Cosserat
elastic solid was used as model for composite materials, carbon nanotubes and for
bones (see, e.g., [2-9]). The study of mechanical behaviour of bones has received
widespread attention [10]. Many investigations have been devoted to the deformation
of bone implants (see, e.g., [11-13], and references therein).

In the theory of Cosserat elastic solids the Saint-Venant problem has been inves-
tigated in many papers (see, e.g., [14—16], and the references therein).

In the present paper we study the the equilibrium of a uniformly loaded cylinder
composed by two different chiral elastic solids welded together along the surface of
separation. The cylinder is subjected to body loads, to tractions on the lateral surface
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and to resultant forces and moments on the ends. When the body loads and the
surface tractions on the lateral surface are independent of the axial coordinate, the
problem is known as the Almansi-Michell problem. In the classical elasticity, the
deformation of cylinders subjected to tractions on the lateral surface has been studied
in various papers [17-19]. We reduce the three-dimensional problem to the study
of plane problems. The paper is structured as follows. In Section 2 we present the
basic equations of homogeneous and isotropic chiral bodies in the linear theory of
Cosserat elastostatics and formulate the problem of heterogeneous cylinders. Section
3 is devoted to the generalized plane strain of the composed cylinder. In Section 4 we
study the problem of loaded cylinders, when the body loads and the tractions on the
lateral surface are independent of the axial coordinate. We show that the body loads
and the tractions on the lateral surface produce extension, bending, torsion, flexure
and a plane strain. In Section 5 the solution is used to study the deformation of a
uniformly loaded circular cylinder reinforced by a longitudinal rod. It is shown that a
uniform pressure acting on the lateral surface of the cylinder produces a twist around
its axis.

2. BASIC EQUATIONS

The Cosserat theory studies continua in which each material point has the six de-
grees of freedom of a rigid body. The basic equations of the linear theory of isotropic
chiral Cosserat elastic materials have been presented in [1,20]. Let us consider a
body that in the undeformed state occupies the regular region B of euclidean three-
dimensional space. We refer the body to a system of rectangular cartesian axes Ox;.
Latin subscripts (unless otherwise specified) are understood to range over the integers
(1,2,3). We call dB the boundary of B and designate the components of the outward
unit normal of dB by n;. We consider that the region B is occupied by a homogene-
nous and isotropic chiral Cosserat elastic material. Let u; be the displacement vector,
and let ¢ be the microrotation vector. The strain measures in the linear theory are
given by [21]

eij = uji+ &P, Kij= Pji, (1
where &;j; is the alternating symbol, summation over repeated subscripts is implied
and subscripts preceded by a comma denote partial differentiation with respect to the
corresponding cartesian coordinate. We denote by 7;; the stress tensor, and by m;; the
couple stress tensor. The surface force and the surface moment acting at a regular
point of dB are given by

ti = tﬁl’l}', m; = mjin;.

The homogenenous and isotropic chiral Cosserat elastic materials are characterized
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by the following constitutive equations

tij = Aen&ij+ (U + K)eij + peji + Ci K6 + CoKji + C3Kij,
m;j = Ky 0;j + BKji+ vKij + Cren0i + Caeji + Cseyj, 2

where §;; is the Kronecker delta, and A, i1, k, o, B, Y and C; are constitutive constants.
Let f; be the body force, and g; be the body couple. Then, the equations of equilib-
rium are given by

tiij+fi=0, mjij+ &pstrs+ 8 =0. 3)

We assume that the domain B from here on refers to the interior of a right cylinder
of length & with the cross-section X and the lateral boundary I1. We suppose that ¥ is
a simply connected regular region. The cartesian coordinate frame is chosen in such
a way that the x3-axis is parallel to generator of the cylinder and x1,x,-plane contains
one of the terminal cross sections. We call £; the cross-section located at x3 = 0, and
Y, the cross-section that lies in the plane x3 = . We denote by L the boundary of the
cross-section X;. Let us suppose that the cylinder B is subjected to surface tractions
on the lateral surface and to global conditions on the ends. Thus, on the boundary I1
we have the conditions

tailg =i, Mging =m; on II, 4)

where Greek subscripts are understood to range over the integers (1,2), and #; and nz;
are given functions. We assume that 1; and m; are piecewise regular functions on IT.
Let Ry and M be prescribed vectors representing the resultant force and the resultant
moment about O of the tractions acting on X1. Thus, for x3 = 0 we have the following
conditions

| Bada= R, 5)

L
/ 33da = —Rs, (6)

%
/z (xat33 — &3qpmap)da = €qp3Mp, (N

1
/Z (eaﬁ3xat35 +m33)da = —Ms. (8)
1

Clearly, on the end X, there are tractions applied so as to satisfy the equilibrium
conditions of the body. We denote by I a closed curve contained in X; which is the
boundary of the regular domain €2, contained in ;. We assume that the curves I" and
L have no common points. Let Q; be the domain bounded by L and I'. We denote
by B, (p = 1,2), the cylinder defined by B, = {x: (x1,x2) € Qp, 0 <x3 <h}. We
assume that B, is occupied by an isotropic chiral elastic material with the constitutive
coefficients A(P), u(P) (P) o(P) B(P) 4(P) and Cﬁp)(p =1,2). Let S be the surface
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of separation of the two materials. We suppose that the cylinder B is composed of
two different materials which are welded together along S (Fig. 1). As in classical

X3

/\

i

X7
2

Fig. 1 — A heterogeneous cylinder.

elasticity [22] the displacement vector, the microrotation vector, the surface force
and the surface moment must be continuous in passing from one medium to another.
Thus we have the conditions

il = ()2, [9j]1 = [@)]2, [taj]1ny, = [tajlonly, [majling = [majlong, (9

on S. Here we have denoted by n%, the components of the unit normal to I, outward
to Q1, and we have indicated that the functions in brackets are calculated for the do-
mains By and B,, respectively. In what follows we consider the problem of uniformly
loaded cylinder which is characterized by the fact that the functions f;, g;, f; and m;
are independent of the axial coordinate. We assume that

fi=FP(x1,:2),80= G (x1,3), (x1,22) €9y, (p =1,2). (10)

The problem consists in finding the functions u; and ¢@; which satisfy the equations
(D—(3) on B, (p = 1,2), the conditions (4) on the lateral surface, the conditions (9)
on the surface of separation, and the conditions (5)—(8) on the end ¥;, when the body
loads, the lateral loading and the constants R; and M are given. Throughout this
paper we assume that the elastic potential corresponding to the material that occupies
the cylinder B, (p = 1,2) is a positive definite quadratic form in the strain tensors.
The restrictions imposed by this assumption on the constitutive coefficients are pre-
sented in [1, 20].
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3. PLANE STRAIN

In this section we investigate the two-dimensional deformation of a heterogenous
cylinder. We say that the cylinder B is in a state of plane strain if the displacement
vector and the microrotation vector are independent of the axial coordinate

uj=uj(x1,x2), @;=@;(x1,x2). (11)

It follows from (1), (2) and (11) that in the case of a plane strain the stress tensor
and the couple stress tensor are independent of the axial coordinate. The non-zero
components of the strain tensors are given by

eqi = Ui o+ EiajPj, €3i = E3p P, Kai = Pia- (12)

The constitutive equations in the case of the plane strain are

tap = ;L(p)enngaﬁ +(utP) 4 K(m)eaﬁ +H(p)eﬁa+
+CP ke 8up + CF kg + CP K,
tay = (1) + kP)eqs + pPesq +C ks,
t0 = (WP + kP esy + 1 Pegs +CP ks, 33 = AP ey +CPi,,  (13)
myn = &PV i35 8vn + B iy + VP Ky +CP e 8un +CPeny +CP ey,
me3 = ¥P ka3 +C§p)€3a +C§p)ea3,

In the case of the plane strain the equations of equilibrium (3) take the form

taia+ FP =0, Maiq+ &instrs + G =0 on Q. (14)
The conditions (9) reduce to
[ur]y = [ur]y, (@] = [y (15)

[tai]lngc = [’ai]znga [mai]lngc = [mai]zngc onl

Since the functions #;; and m;; are independent of the axial coordinate, the conditions
on the lateral surface become

tail | no = 1, [Mai]; ng = m; on L. (16)

The problem of plane strain consists in finding the displacement vector and the mi-
crorotation vector which satisfy the equations (12)-(14) on Q,, the conditions (15) on

I', and the conditions (16) on L. We assume that Fi(p ),Gl(p ), t; and m; are prescribed
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C~-fields. Following [22,23] the necessary and sufficient conditions for the existence
of a solution to the boundary value problem (12)-(16) are

2
/?,»ds+2/ FPda =0, (17)
L p=1 Q
~ : ()
&apXalg +m3)ds + &aupXa +Gy')da=0.
 (esapads +i3)d | (esap FiP 4+ G¥))da =0
p=1 P

Let p; and g; be prescribed functions on I'. If we replace the conditions (15) by

[wjl, = [ul,,  lo, =loi,, (18)
[tail ”gz = [lai}zngc + piy [Mail, ”gc = [mail, ”(Ox +gionl,

then the necessary and sufficient conditions for the existence of a solution are

2
/Eds+ Z/ E(p)da+/pids:0, (19)
L p=1/9 r
2
A(s3aﬁxa% +m3)ds + Z /Q (‘%aﬁxaF[;p)—FGgp))da—i-/r(%aﬁxapﬁ +¢3)ds = 0.
p=1 P

If we know the functions u; and ¢, then from the constitutive equations (13) we can
obtain the functions #3; and mj3;. Then, we can determine the tractions over the ends
Y1 and X, which maintain the cylinder in equilibrium. The equations of equilibrium
can be expressed in the form

(u® + k) Aug + (AP + w Py o+ K(p)gam%ﬁ +C§P)A%+

+(C +CP) g na+ ) =0,
(1P + kP Auz + kP e384 05 5+ CP Mgy + FP) =0, (20)
CP Auy + (CP + P ug g, + KPeypsus g + VP Ay +

+(a® 4 BP)gg 5, +2(C — C)evnspsq —2kP gy, + G =0,
CP) Az + kP g3y piun v + 7P A@s +2(CP) — CP)esym oy v — 2P @3+ GP) =0,

on Q, (p =1,2). In the next section we will use four problems of plane strain,

denoted by A®) (k =1,2,3,4). We denote by u&k), (pj(-k), eg-c), Kl.(j@,ti(]]-() and ml(f) the
displacement, microrotation strain tensors, stress tensor and couple stress tensor from

the problem A®) (k= 1,2,3,4). The problem A(") is characterized by the following



7 Almansi-Michell problem for heterogeneous chiral beams 115

external data

F'l(p) — A(p)ali; Gl(p) = (Cgp) +C§p) —Cép))aliv
?a = —l(l)xlna,ﬁ = Cél)nz, ﬁ”la = _Cl(l)xlnaa
ity = BWna, pa = (A® = AW)xiny, py = (¢ — Py, @21)

go = (€ —cMxinl, g3 = (B = V)l

In the problem A®) the loads are given by

Fi(p) — 205, Gl(p) — (C§p> JrCép) _Cép))&i’
tog = —l(l)xzna, ?3 = _Cél)nla My = —Cfl)xma,
iiis = =B n1, pa = (A2 =AW yenl, ps = (€ =), @2)

ga = (P =My, g5 = (B — Bl

The solution of the problem A®) corresponds to the following loading

E(p) = 07 Gl(p) = 0, ?a — _l(l)na;f:& = 07
i = ~C{ gty = 0, pa = (A% =AW, 23)
p3=0, ga = (ng) —Cgl))”gv q3=0.

In the problem A the external data are

FP =0, GY = —xPxy, G¥) =0,
o = _Cgl)n(x, = _H(l)%naxn”av mg = _05(1)”[3,

nA/-iS - C§1)83v(xx“nv, pa = (CEZ) — C{U)I’lg, (24)

2) 0

j— a(l))nv,

p3 = (“(2) _“(1))83vaxvngm qv = (OC(
q3 = (CEZ) - él))‘%aﬁxang-

Let us note that the necessary and sufficient conditions for the existence of the solu-
tion are satisfied for each problem AW (k=1,2,3,4). The problems A% have been
introduced with the occasion of solving of torsion problem [14].
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4. ALMANSI-MICHELL PROBLEM

In this section we establish the solution of the Almansi-Michell problem for cylin-
ders composed by different materials. Following the results established in the case of
achiral materials [18], we seek the solution of the problem formulated in Section 2 in
the form

1 1 1 1
Uy = —*da.x% — gbaX§ — ﬂca-xg + 83Ba(a4x3 + Eb“x% + 8C4X%)Xﬁ+

1
+ Y (@ +bexs + Eckxﬁ)uff) +wa(x1,%2) +X3v0(x1,%2),

~
Il
—_

1
Uz = (a1x1 +axxp +a3)x3 + E(blxl +byxy + b3)x§+

4
+ —(c1x1 +cax2 + cz)xg + Z (ax + brxs+ (25)
k=1

k
+ ickxg)ug )+ w3 (x1,x2) +x3v3(x1,X2),

1 1 u
Qo = Eap (aﬁX3 + Ebﬁx% + 86‘[3)6%) + Z (dk ~+ bixs+
k=1

1
+ fckxﬁ)(pka) + Yo (x1,%2) + X3 W (x1,X2),

2
1, 1 5 ¢ L2 k)
03 = agxs + §b4x3 + 543 + Z (ax +brxs + Eckx3)‘P3 +
k=1

+ x3(x1,x2) +x3y3(x1,x2),

where u&k) and (pj(.k) are the displacements and the microrotations from the problem

A® (k=1,2,3,4), introduced in Section 3, v i, Wj,w; and y; are unknown functions
which are independent of the axial coordinate, and ay,by and ¢ (k = 1,2,3,4), are
unknown constants.

Let us consider a state of plane strain of the cylinder B characterized by the dis-
placements w; and the microrotations ;. The strain tensors in this problem are given
by

Sai = Wi+ EiajXj, E3j=EpjXps Mai = Xia (26)

We denote by 7;; and y;; the stress tensor and the couple stress tensor corresponding
to the functions w; and x;,
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Tap = AP EnSup + (P + kP Egp + pP Eg, +C§p)nvv5a[3+

P P
Ta3 = (1P + kP &gz + P &g+ CF Mg,
T = (4P + 1P &g + 1P Eqy + CYF M, @7)
733 =APE, +C§”)nvw sz = aPln,, +Cip)§vv,
i = &P eedun +BPMay + 7P M2 +CP Ecdin +CPE, +CPE
Hos = 1P )na3+C §3a+C Eas,

.u3a:ﬁ 770:3 +C2 5053 +C3 5305, on €.

Similarly, we consider a plane strain of the cylinder B in which the displacement
vector is v and the microrotation vector is ;. We introduce the notations

Yoi = Via + Eiaj V), V3i = €3V, COC] Via- (28)

The stress tensor o;; and the couple stress tensor V;; associated to the strain measures
Yjk and Cg; are given by

Oap = AP YexBap + (1P + k) Yop + 1P+ CP) L Bapt
+CP G+ CF Cup,

o3 = (1P + K yos + 1P g+ CP L3, 030 = (P + kP pag+
+ulP) Y3+C s,

033 = AP )YKK+C1 Cvv, V33 = a(p)CKK‘i'CEp)YKKa (29)
Vo = O‘(p)gmcén/l + ﬁ(p)CJLv + 7(p)Cwl +C§p)71<1<5n/1+
+ Cép)Ylv + Cép)Yn)La

p) p)

Vo3 = 7(p)€(x3 +C§ Va +C§p)'}’a3a Vig = ,B(p)goﬁ +C£
+C§p)y3a, on Q.

Yo3+

With the help of the equations (1), (25)-(29), we find from (2) that the stress tensor
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t;j is given by
tap = l(p) [a1x1 +axx; +az+ (b1x1 +brxy +b3)X3+

1 1
+ *(Clxl +coxp + 03)x%]5aﬁ + Cﬁp)éa,; (a4 + baxz + §C4x%)—|—

2
. [N
+I§1(ak+ka3 + Eckx3)t°"3 + Tap + X300+

4
+ APl Py + Y (bt o) AP +CP 0l 8,
k=1

1 1
taz = ,LL(p)(a4 4+ baxz + §C4x%)83,3axﬁ —I—Cgp)(aﬁ +bgx; + Ecﬁx%)sgjaﬁjL

4
1
+ Y (@ +bixs + 2 3t + Tos + 13003 + wPvg +CYF

2 Vot

(b + crx3) (H(p)vg() + Cép) ‘Péck) ) (30)

»
M-

+
k

—_

1
g = (“(p) + K(p))(a4 + baxs + 564X%)£3ﬁaxﬁ+

1

+C§p)83aﬁ (aﬁ + bﬁX3 + ECﬁX%)—i—

4
1

(ax + brxs + Eckxg)té'fx) + Ty + 23030 + (WP + K0 )yg +CP)

+ Vot

k=1

(bic+ coxs) (1P + k@)l + G308,

-

+
k

l(p) +2[J(p) + K(p))[alxl +arxxy +az + (b]X] +b2xz+b3)X3+

—

133 =

+ (C1x1 +coxp + C3)x%] + (Cgp) +C§p) —|—C§p))(a4 + baxz+

= =

4
1
+ *C4x§) + Z (ax + brxz + Eckxg)tg;) + 733 +X3033+
k=1

+ (AP 4 2u®) kP )y 4 (P + P - Py +

(bg + cxx3) [(AP) 4+ 2u(P) 4 K(p))ugk)Jr

-

+
1

k
+ (P 4P P oM on @,

(k)

where #;; is the stress tensor from the problem AK) (k=1,2,3,4). In view of the
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constitutive equations (2), we find that the couple stress tensor has the form
0 ®) (gut baxr + L) 8. n 4 CP)
Mp) =0 (a4+ 4X3—|—§C4x3) nl+ 1 [alxl—f—azxz +az+

4
c1x1 + cox2 + €3)x3) Ony + Z (ak + brxs+

1
+ (b1x1 + boxy +b3)x3 + = (
2 =1
1
+ ECk)C%)I”VlE,’k;)L +/~Lnl +x3vnl —+ (O‘(p)% +C§p)v3)6nl+
4
+ 2 Z(bk+ckx3)(a(p)fp3(k) +?ul),
=1

1
my3 = B€3nx (ap +byxs+ 5%)6%) + Cép)eaxnxz (a4 +baxs+

(k)

4
C4x3 Z ay +byxs + Ckx3) Mp3 + Un3 +X3Vp3+

2

4
+ By +CP v+ Y (be + cxs) (B yd) P U, 31)

k=1

1
may = P )Esnz (ap+byx3+ 56/1)6%) + Cgp)esxnm (as+

(k)

3n+

4
1
+bax3 + C4x3 Z ai+bpxz + ECkxg)m

()

+ 3 +X3V3n +y< Wn +CP v+

4
+ Z(bk+6kx3)(}’(p)llff(,k) —i—Cgp)u%k)),
k=1

ms3 = (C%m + Cép) +C§p))[a1xl +axx; +as + (b1x1 + boxs + b3))€3—|—

+ %(clxl + coxy + Cg)x3] ( P4 /3 )(614 +byxs+
+ %6416%) + i (ax + birxs + %Ckx%)mg;) + pa3+
k=1
+x3v33 4+ (CP) +CP) - CPyvs + (@ + B + 1) ya+
+ i(bk—i-ck)g)[( +[3 )(p3( ) +(C clp )—i-Cép) —|—C§p))ugk)], on Q.
k=1

Let us substitute the functions #;; and m;; into the equilibrium equations (3). If we
use the equilibrium equations from the problems A®) and the external data defined in
(21)—(24), then the equations (3) reduce to

Tgip+ 1P =0, tpip+EirsTrs+g" =0 onQp, (32)
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12

and
(p)

P)— 0, Vgip+EirsOrs +1P) =0 on Q.

OB B +h

In the equations (32) and (33) we have used the notations

fl(p> — F(p) + (‘u(p) + K(p))837]ab4xn +C§p)€3anbn+

4
+ 7L(p)V3,oc + Cgp) 1/’3,05 + 03¢ + Z {(I?Slfx) + l(p)ug]jt)x_‘_
k=1
+CP o by + (1) + kPl 4+ P pP)ey},

AP =FP 4+ (AP 125 P) ) (byx +byxs +b3) + (CF) + )+
4

+C s+ 1P voa + CF oo+ o3+ Y (135 + u P uglo+

k=1

+C§”¢$Lﬂ%4—Kl@)+2uﬁn4—K@ngk+
+(” + + g e,

gﬁ”) = GELP) +alPlys g +C§p)v3,/1 +Via + Expy [VP by —
— P by — Py — (& =+

! ® , ~0) ([ ()

k
+ {[mg;f+oc<”>qr>37,t+C1 u”ﬁem(cgp)—cgp))(pl _

k=1
Py i+ (PP 4P,
g =GP 4 By o+ CP Vo o+ Vi3 + (CP 4+ CP) 4+ Py (byxy +

4
+byxy +b3) + (Ot(p) Jrﬁ(p) + V(p))b4+ Z{[mg];)+
k=1

+ B Y+ CP Ul b+ (P 4 B+ 0o+
+ (P 4P+ cPuMe, on @,

and

4
e = (1P + k) esesnan +CP esamen + Y (1) + A Pul) +
k=1

(P) (k)

+C ‘P3,a)ck>
WP = (2P 420 ®) 4 1)) (cpxy + o+ 3) + (CP) +CP) + P+

4
+ Y () uPuly + P o e,

k=1

(33)

(34)
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4

1) = &3y (1P ey — CP eaxn) + Y cr{mly + o o) + (35)
k=1
+Cu) + e (G =)oy — )}

1P = (P 1P 4l ))(c1x1+62x2+C3)+(a )+ B 4+ )+

4
+ Y culmy +BP oy +Cuih). on .
k=1

On the basis of (21)—(24) and using the conditions (18) which are satisfied by the
solution of the problem AW (k=1,2,3,4), we find that the conditions (9) become

wili = wil2, [ = [Xil2, (36)
[Tﬁi]lng = [Tﬁibng +Y( ) [I.LB ]U’lﬁ = [u,g ]211[3 +Z( ) nl,

and

vil2, Wit = [wil2, 37
= [oplarny + Y, Vgl = [Vgiln +2,” onT,

In (36) and (37) we have used the notations

4
viD = {22 A W)y (€ — D yys + ¥ b l(AP — 201
k=1

+ Y oil(u® = p Oyl 4 () — )Pt (38)

and
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4
¥ =0 ¥ el (u® — Wyl + (¢ — i), (39)
k=1
4
72 =10 Y el(@® — aM)pl 4 () — My,
k=1

(B = By + (P — M yul).

L»JNA
N/
Il
S
RO
_
-

If we use the conditions on L from the problems AWK (k=1,2,3,4), then we see that
the conditions (4) reduce to

[Tail1ne = P,-(l), [ugiling = le on L, (40)

and
[Gﬁi]lnﬁ = Pi(z), [Vﬁi]lnﬁ = Qt(z) onL. (41)
Here we have used the notations

4
PY =7 — 2Dy + My + Y beA W) + iV ol ng,
k=1

4
PV =5 ot + 6 ya+ Y bVl 6 0g), @)
k=1

08 = ity —ny [V s+ V3+Zbk Do 1 cfudy],
k=1

0\ = iy — ng [y +CL va—l-Zbk Dyl 1+ cVulfhy),
k=1

and

4
2)=—na26k(l(l)uF c!! )%( ),P. —naZCk Ma +C§)(P¢(x)),

= —ny ch (P3 +C£) () ), 0 *”azck Woc +C§) Sx))~

(43)

Let us denote by (IT;) the plane strain problem defined by the geometric equations
(26), the constitutive equations (27), the equilibrium equations (32) and the con-
ditions (36) and (40). We denote by (IT,) the plane problem characterized by the
geometric equations (28), the constitutive equations (29), the equilibrium equations
(33), and the conditions (37) and (41). Let us consider the general plane strain prob-
lem defined by the equilibrium equations (14) and the conditions (16) and (18). We
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establish now an identity which will be used in what follows. In view of (14) we
obtain

3o = ta3 + €380 MkB,x T £3ﬁaGigp) = Xa (%3,[3 +F3(p))+
+ta3 + &My x + 83BaG§3p) = (xatBB),ﬁ + E&aMip T (44)
+3aGy + 3P, on Q.

By using the divergence theorem and the relations (16) and (18), from (44) we get
. 2 "
/ tseda=Y" / (xaF3(p) + 83,30,Gg’))da+ /(xal‘3 + &34Mp )ds+
T =179 L
+ [ (aps + expagp)ds. (45)

If we apply the relation (45) to the problems A®) (k=1,2,3,4), and use (21)—(24),
then we obtain

2
/ fda=Y / £3xaCda, (46)
i p=17%

2
/2 tg‘;)da:O, /z téi)da: Z /Q (u(p)+1<(p))£3anxnda.
1 1 p=1 P

The necessary and sufficient conditions to solve the problem (I1,) are given by

2
Y | nPda+ / PP ds + / Y Pds =0,
s/ L r

2
Zl /Q (Esapahy’ + 1P )da+ /L (Esapraly’ +08))ds+ (47)
p= P
+ /r(egaﬁanéz) +Z§2))ds =0.
If we use the relations (35), (39) and (43), then we obtain

2 2
)3 / nP)da + / PP ds+ / yPds=Y / {ex(ty) +e3axCP) + ety +
o Q, L r p=1 Qp

+ealtsy) + (1P + k) espaxy] Hda,
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where

2 4

y / WP da+ / PPds+ / v?ds =Y Dycy, (48)
p=17% L r k=1

2

Z/ (83aﬁxah;3p)+l§p))da+/(83aﬁxaPé2)—i—ng))ds—i-

p=1 Qp L

4
+~/F(83aﬁanl§2) +Z§2))ds = Z Dyjcy,
k=1

2
Dy =Y / [A®) 4200 1 k®)xy 119 da,
p=17p

2
Dy = Z/ AP 120 ®) 4 k) 4 D)da,
p=1 Qp

D34 = Z/Q (Cgp)+cép)+cgp)+t3(g))da’

2
Dia =}, /Q le3apa (CF espa + 145 )+ (49)
p=1 P

+ (Cfp) +C§p) +C§p))xa +mgg)]da,
2
D=}, /Q [Esapratyy +C1P +C +CP +mlY]da,
p=175

2
Du= ). /g {esapral(LP + kP)esy oy +t§;§)]+
p=1v3%

+ a(P) _|_ﬁ(P) _+_7/<P) +m§é)}da.

We note that the first two conditions from (47) are satisfied on the basis of the rela-
tions (46). Thus, the conditions (47) reduce to

4
Z Dyici = 0. (50)

4
Z D3kck = 0,
k=1 k=1
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The necessary and sufficient conditions to solve the problem (I1;) are

2

Y [ sPda+ [Vas+ [¥Vas—o,

a9, L r

2 .

y /Q (Esapraty’ +8¥))da+ /L (EsapraPy’ +05)ds+ (51)
p=1 P

+ /F(ewxayg” +27")ds =0.

By using the relations (34), (42) and (38) we get

2
y /Q fép)da+/LP§1)ds+/FY§l)ds: (52)
p=1 P

2
:/’fader/ tasda+ Y [ FPda,
L £ p=1/9

and

) 4
Z/ f3(p)da+/P3(1)ds+/Y3(1)dsz/73ds+ Y Dabit
p=1 Q) L r t k=l

2 4
+ / ossda+ Y / (FP 4+ Y (AP 42u®) 1 5Py
Z p=1"%p ’ k=1
+(CP + P+l da,

2
y /Q (Esaprafy +g)da+ /L (EsapraPy’ + 04 )ds+ (53)
p=1 P

+A(83aﬁanél)+Z§1))dS: /L(%aﬁxa?ﬁ +m3)ds+

2 4
+ Z /Q (83a[3xaFB(p) + Ggp))da + Z Dy b+
p=1v3% k=1

2 4
+ Z /Q {&30pXa 038 + V33 + Z cr€3ap (Ii(p) + K(p))xaug)-i-
p=1 p k=1

—1—830,[;C§p)xa(plgk)+(06(p)+l3(p)+}’(p))(p3(k)+(C§p)—|—C§p)+C§p))ugk)]}da.

With the help of equilibrium equations (3) and using the conditions (4), (9) and (10)
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we find that

/z tzpda = /z (Xat333 +E3pamap 3)da+ /L(xag + &3p4/mp )ds+-
1 1
2
+Y /Q (xaFy” + €34 G}f)da, (54)
p
/ Basda = / (xat33,33 + E3paMm3p 33)da
% T
It follows from (30), (31) and (54) that
N 4
/): t3gda = /L<xal3 + 83/3al1~113)ds + Z Doibi+
1 k=1

2
+Z/Q {XaF3(p)+€3ﬁaG;;p)+xa633+83ﬁ06v3ﬁ+

+ch P) 421 4 kPl 4 (P 1 P 4 CPxgoV 4+ (55)

+ &4 Y(p W,l +C )]}da

/z 13a3da = Z Dgick,
1

k=1

where
= 2uP) 4 x(P) (B)
Dyp = Z {xOC P4 oulP PNxg 413371+
+ Y(p o + 83na’7’l3n }da,
Das = Z / xa (AP 421 ®) 1+ k®) 1) 4 £35,mda, (56)
Dgs = Z / xq(C +C2 P) +C§ P) —I—Ig)) —Cgp)xa +83ﬁamg?]da
By (52) and (55) the first two conditions from (51) become

4 2
Y. Doy = — / fods— ¥ / FPda. (57)
k=1 L p=17%

The equations (50) and (57) form a system for the unknown constants c;. The positive
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definiteness of the elastic potentials and the reciprocal theorem imply that [18]
det(Dyn) > 0, Dyy = Dppy. (58)

Thus, the system (50), (57) uniquely determines the constants c¢;. We note that the
conditions (48) are satisfied. In what follows we shall consider that the functions v;
and y; are determined. In view of (53) and (54) we see that the last two conditions
from (51) and the conditions (5) become

4
Z Doiby = —Rg — /L(x(x% +83Baﬁ1ﬁ)ds_
k=1
z ) )
- Z/Q {x(xF3p +83BocGﬁp +Xa033 + 0384 V38 +
+ ch P20 4 kP o) + (P + P+ xapi +
+ 520 (FP ¥ + Pl 1 da,

4 2
Y Dsiby = —/%ds— Z/ {F3(p) + o33+ (59)
k=1 L -1/

+ZCk P 2u®) 4 kP 1 (P + )+ )1 da,

4 2
Y Dabi = — /L(Smﬁxa?ﬁ +mz)ds— ) {€3a/3xaF,§p)+
=1

p=1
() . (®)
+ G3p + &30pXa03p 1+ V33 + Z ckl€3ap (N(p) + K(p))xauﬁ +
k=1

k k
+&30p 5 xa g + (P + BP) + PV 4
+ (P P+ Pyl da.
The constants b; (j = 1,2,3,4), can be determined from the system (59). It follows

from (30), (31), (49) and (56) that the conditions (6)—(8) reduce to the following
system for the constants a; (j = 1,2,3,4),

4
Z Dokar = &qp (M,B +MZ§)’ (60)
k=1

4 4
Y Dy =—Rs—R3, Y Dyar = —M3 — M3,
= k=1
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where
Z/ &30 {32 T3 + (AP +2u(P) 4 K P)ys 4

+(CP P+ )5+, Zbk () 4 2P 4+ kP4
k=1

+(C<") +C§”) +C§ ))(p3( )] +€3m[#3ﬁ + 7Py +CP v+

R = Z/Q (T3 + (AP 4+ 2u) 1 P)ypy 4 (P + P 4Py (61)

p=1 P
4
+ Y b [(AP) 4 2u®) k@) 1 (P P 1 o) da,
k=1

2
=1 7
+t+ (O + €+ CP s+ (@) + B0+ gt

4
k=1

4
+ Y (@ + BO) /Pl 1 () 4 P 4 P} da.

The system (60) determines the constants a; (j = 1,2,3,4). The three-dimensional
problem has been reduced to the study of plane problems. First, we have to de-
termine the solutions of the problems AW (k=1,2,3,4) and to calculate the con-
stants Dy, (m,n =1,2,3,4). Then, from (50) and (57) we determine the constants
cj(j=1,2,3,4). Next, we determine the solution of the problem (I1,) and calculate

the constants b; from (59). As the functions fj(-p ),gﬁ.p ) ,YJ-(I),ZJ(-U,P;I) and Qﬁ-l)
known, we can determine the solution of the problem (IT;). Then we calculate the
constants @; from (60). It follows from (59), (60) and (61) that the body loads and

the tractions on the lateral surface produce extension, bending, torsion and flexure.

If Fi(p) =0, Gl(.p) =0,7; = 0 and m;, = 0, then from the system (50) and (57) we
find that ¢; = 0. The system (59) becomes

4 4
Y Doxbi=—Ro, Y Db =0 (m=34).
k=1 k=1

From (60) and (61) we see that the flexure of chiral cylinders produces extension,
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bending and torsion. In the case of achiral materials the flexure is not accompanied
by extension and bending by terminal couples. The problem of chiral homogeneous
cylinders was investigated in [24].

5. REINFORCED CIRCULAR CYLINDER SUBJECTED TO A LATERAL
PRESSURE

In this section we use the solution (25) to investigate the deformation of a uni-
formly loaded circular cylinder reinforced by a longitudinal rod. We assume that the
domain Q; is bounded by two concentric circles I' and L, of radius r, and ry, respec-
tively, where r, < ri. The domain Q, is bounded by the circle I". We suppose that
the cylinders By and B, are occupied by two different isotropic and homogenenous
materials. We assume that the cylinder is subjected to the following system of loads

FP) =0,G6") = 0,7y = Png,i3 =0, = 0,R; = 0,M; =0, (62)

where P is a given constant. In this case, from the system (50), (57) we obtain c; =0
(j = 1,2,3,4). Then, the relations (35), (39) and (43) imply that 4’ = 0,/'" =0,
ij =0, Zj(.z) = O,P]@) =0 and ng) = 0. Thus, the problem (II,) has the solution
vi = 0 and y; = 0. This fact implies that o3, = 0 and p3;, = 0. From (59) and (62) we
find that b; =0 (j = 1,2,3,4). Let us study now the problem (IT;). We note that in
this case the relations (34), (38), (42) and (62) imply that

AP =0, =0,y =0,z =0,P) = Pne, ;" = 0,0\ =0. (63)

In view of relations (26) and (27) we can express the equilibrium equations (32) in
the form (20).
We seek the solution of the problem (IT;) in the form

wo = xqF (r), w3 =0, Ya =xaG(r), x3=0, (64)

1/2

where F and G are unknown functions and r = (x + x3)!/2. We introduce the nota-

tions
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Cl(p) C( >+C2 +C3 7g2( = +C§ )+C( ) (65)

C}(p) _ ép)+C§ P)
S%p) - 2K(p)/§3(9)7q%p) _ 2K(p)§1(p)[<§1(p)53(p) _ (Cl(p))z]flj
v(p) _ Cl(p)/gl(p)

The positive definiteness of elastic potential implies that q%p) > 0. The functions F
and G which satisfy the equations (32) are given by

F=F(r),G=Gi(r)on Qi,F = F(r),G = Ga(r) on Qy, (66)
where

Fi =D +D{ 2 v a1 (g + A5 K (g,
G = r AL (guyr) + A Ki (g )], (67)

F, = D§2) — v(2)r71Ag2)11 (q(2)r), Gy = r71A§2)11 (q(2)r).
Here, I, and K,, are the modified Bessel functions of order »n, and Ag)) and Dg)) are
arbitrary constants. Let us study now the conditions (36) and (40). We note that on
the boundary L we have ny = x4/r1, and on the boundary I" we have ng = —xq /1.

In view of (27) and (65) we obtain
_ (p) P) .t (p) P).
TapXa —xﬁ[iz F+&YrF' + 87 G+ 7' rG,
Hapra = p[(a?) + EPYG+EP G + G F + 4P e ), (68)
Ta}X(x — O7 ua:;XQ - 0, on Qp (p - 172)
We introduce the notations

EP) — Cg”) Py glp) = CI(P) _ v(p)éf”)

RP) = oP) —clPly(e) [(P) — §§P) — (eI lP)

)

)

AP(r) = EP) 'L (qpyr) + TP L (qpyr), HP) (r) = EP)r Ky (qpyr)+ (69)
+IPIK] (q(p)r), VP (r) = RPr 1 (q(pyr) + L1 (q(p)r),
U(P)(r) - R<P)r‘1K1 (q(p)r) +L(p)K{ (q(p)r).
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By using (66), (67) and (69), from (68) we get

—

Taﬁxa—xﬁ[§2 54 72D —|—A(1)(r)A$1)+H(1)(r)A21)], (70)
Hapa =p(,"'D)] fc§”D£)r— VA" + U0 (A", on @,

and

Tapta =1p[E7'D )+A< (A, (71)
Hapra =167 DI + VD (r)AP], on .
In view of (64), (66), (67), (70) and (71) the conditions (36) and (40) reduce to
D+ DV v A 1 (g ra) + A5 K (g(1y)) =
=D = vy AP (g r2),
AW AW g —ADy
1 hi(qayr) +A5 Ki(guyr2) = A" Ti(q)r2),

55”1)5”—5“) *ZD(1)+A(1)( )A(1)+H(1)(r2)A§1): (72)
=&"p “+A<>< Ay,

6Dy = 603 v ()l + U )y =
:c“D“w”( Ay,

&"'p} 1 & rzD AV A+ HO()Ay) = P

Cz(l) C3 2 72+V()( )Agl)"’U(l)(”l)Agl):O-

We assume that the constitutive coefficients are not subjected to constraints. From
the system (72) we can determine the unknown constants A(l) A(z) Sx) and D( )
In a similar way we can solve the problems AB®) and AW [14). The solution of the
problem A®) has the form

3)

ME)?) :XaU(r)7ug3) = 0’(P((13) = XaV(l’),(P3( = 0’ (73)

where the functions U and V are given by

U =Ny +Nor 2 —=vWr[Sa0 (g r) + S3Ki (g 7)),
V:r_l[Szll(q(l)r)—|—S3K1(q(1)r)}, on Qp, (74)
U=S,— V(z)r_15411 (q<2)r),V = r_IS411 (q(z)r), on Q,,

where Ny and S; (j = 1,2,3,4) are constants. The constants S; are determined by
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the system

4

Z = lt = 1727 374)7
where M, and c; are given by

My =1—qu1—qgury % Mio=—qu—qnry’, Miz=—qi3—qx3r; 2,
My = —qoury > = v i (gayr), Mar =0, My =1i(qpr),
M3 = Ki(qyr2), Mas = —I1(q)r2),

31 = CZ(I)QH — C3(I)VEZQ21 — C(z), M3 = Cz(l)thz — Cél)qmgz +V(1)("2);

Ms3 = Cz(l)chs - 53(1)626123 +UD(r), Mzs=—-VI(r),
My = szml - 53(1)”1_261217 My = Cz(])%z - C3(l)r1_2422+V(1>(71)>

(75)

My = Cz(l)QB — Cg(l)rf2Q23 -l-U(l)(rl), My = Cz(l)cm — Czrfzthq” = éQ(Z)r;Zdla

12 = [AD () = AV ()P, qus = [HY (r)ry = HW ()i, (76)
14 = AP ()21, g1 = E7 s, g0 = (A (1) = AV ()],
g3 = [HY(ry) —H(l)(rz)}dz G4 = dzA(z)(rz)
=160 =18 =
ci===dr? =0, = -c —c?cz Vrdgn?,
=2 =Ae — M = [(A® Ay 24205 2d, 3 = 2Pd,.
The constants Ny, are given by
4
No=c%+ Y qaxS. (77)
k=1
The solution of the problem A®) has the form
1
i) = xa®(r),u" = 0,05 = xal (1)~ 31, 05" =0, (78)
where
® = Q+ Qo 2 —vIr Lol (qyr) + LsKi (g 7)),
Y= I’il[Lzll (q(l)r)+L3K1 (q(l)}’)], on Qi 79)

=L — V(Z)I"_IL411(q(2)F),‘P = I”_]L411(CI(2)I’), on Q.z.
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In (79) Qy and L; are constants. From the conditions on the curves L and I" we find
that the constants L; (j = 1,2,3,4), are determined by the following system

4
Y MyLi =% (k=1,2,3,4), (80)
j=1

where

1
B =—01—0ary D = 0,05 = 5(/3(1) +y - B @y Vg
1

~Gnte v =SBV + ) - Ve + Vo, @81)
o1 = 31"~ ¢ = 3 e 0r = 5 ¢
The constants Q, are given by
4
Q¢ = Oq +k§,16]ochj- (82)

In what follows we shall see that the considered problem can be solved without using
the solution of the problems A(") and A®). As we know the solutions of the problems
A®) and A(4), from (49) and (56) we can calculate the constants D3 and D ;4. We
obtain

Dg3 =0, Dgs =0,
D3y =2V (7 = 13) + w3 +2nAa(r} —rd)+
22 A2 4 2m(Ct) = v (A (1)) — 1 (r2)]+
+ 27‘[(C§2> — V(Z)A(Z))Su‘zll (q(z) rn),
Day = 2(CV + N (2 = B) + (P + )3+ 20007 — )+

+2rL, A2 1 2m(C) — v A [ (1) — (1) + (83)
+2r(C? —vOAD) L1, (q2)),
1 1
Dy = Zn(Zu(l) + (2 -3 + ZE(ZM(Z) + k) 2+

+ (BN +y V)3~ ) + 2B + ¥+ 2m0iC1" (1 - )+
+212L,CP R + 2k D [ A (1) — H6 (1)) +

+2m(aV) v B (1) — ()] + 27k g BLab (o) +
+21(a® — v Lad (gyr),
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where

A (r) = [5211 (qyr) +S3Ki(qyr)], 5 (r) = r[LaDi(qyr) + L3Ki (gyr)]s
H(r) = q r*[Lab(gyr) — L3K2 (qyr)]; (84)
H(r) = [Lzll(q (1) )+L3K1(Q(1)r)]-

From (61) we get

R3 7275{,‘2[ Fz(Vz)—i-C( )Gz(rz)]—l-r%[?t(l)F] (r1)+
+c1 Gy (r)] = AW (1) + VG (1)}, M, =0,
27TA§ >q(2§ a )rzlz(q( )r2)+277:1< {A 1>[r112(q( ) —
—rzlz(CI( )rz)] ~ AR (g )71) —rsz( )l (85)
+21{3[C Fa(r2) + &G ()] + F(C| >F1<r1>+
a6, (r)] = 2ICVEF (1) + VG ()]}

By using the symmetry of D,,, and (83) we find that
D3g = Dyg = 0. (86)

In view of (83), (85) and (86), the system (60) reduces to
Daﬁaﬁ =0, D33a3+ Dsgaq = —R;, Dsqa3+ Dygay = —M;. 87)

Thus, the constants a; are given by
aq =0, a3 = (D34Mj — DyR3)d ' ,as = (D34R; — D3sM5)d ', (88)

where d = D33D44 — D§4. From (25) we find that the solution of the problem is given
by
Ug = E38qa4XpX3 +Xg(a3U +ay®+F),
1
Qo :xa[a3V+a4(‘P—§)—|—G], (89)
uz = asxz, Q3 = asxs,

where the functions F,G,U,V,® and ¥ are defined by (66),(67),(74), (75), (79) and
the constants a3 and a4 are given by (88). Thus, a uniform pressure acting on the
lateral surface of the cylinder generates an extension and a torsion. In the case of a

cylinder composed by achiral materials we have Cj(-p ) = 0, viP) =0, (p=1,2) and
from (72) we obtain Ay = 0,4 = 0. Then, from (83) and (85) we find that D34 = 0
and M3 = 0, so that a uniform pressure on the lateral surface of a cylinder composed
by achiral materials does not produce torsional effects.
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6. CONCLUSIONS

The results established in this paper can be summarized as follows:

(a) We study the deformation of a bar composed by two different chiral elastic
materials welded together along the surface of separation. We consider the equilib-
rium of a bar which is subjected to body loads, to tractions on the lateral surface and
to resultant forces and moments on the ends. The problem is reduced to the study of
two-dimensional problems.

(b) We present the solution of the problem of loaded cylinders when the body
loads and the tractions on the lateral surface are independent of the axial coordinate.
We show that the body loads and the tractions on the lateral surface produce exten-
sion, bending, torsion and flexure.

(c) We present, as a special case, the solution of the problem of flexure by a
transversal force.

(d) We use the method to investigate the behaviour of a circular cylinder rein-
forced by a longitudinal rod. We show that, in contrast with the case of achiral solids,
a uniform pressure on the surface of the cylinder produces torsional effects.

Received on November 29, 2021
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