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ON THE APPLICATION TO ROBOTICS OF THE  
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Abstract. The paper discusses the behavior of a Euler-Bernoulli beam with external 

patches made from GeSbTe chalcogenide material. The nonlocal theory is used to 

model the damping force as a weighted average of the velocity field over a suitable 

distance. The resonance is avoided through a careful choosing of the patch location 

and the eigenvalues. The atomic-level knowledge of the material gives the route for 

understanding their properties necessary to specific devices. 
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1. CHALCOGENIDE MATERIALS 

Chalcogenide materials (glasses) contain the sulphur, selenium, tellurium and 

the oxigen as principal constituents. The difference between the chalcogenide 

materials and the oxides consists in their bandgap energy which is between 1eV 

and 3eV [1]. These materials are not stable because the activation energy is low. In 

a stable state, the crystalline GeSbTe has two configurations: hexagonal and a 

metastable face-centered cubic (FCC) lattice. Chalcogenide materials GeSbTe have 

a distorted rocksalt structure with many vacancy defects and a glass transition 

temperature of around 100°C [1]. GeSbTe has two stable states, crystalline and 

amorphous. The phase change mechanism from high resistance amorphous phase 

to low resistance crystalline phase in nano-timescale is the most important 

characteristic of GeSbTe. 

Because Te has an extra lone pair of electrons, the Urbach energy presents a 

tail in its band structure. Chalcogenide glasses display interest properties such as 

the photodarkening, photodissolution of metals, photoinduced anisotropy, 

photocrystallisation [1], photobleaching [2], photopolymerization and strong self-

phase modulation [3] and photocompaction [4]. Chalcogenide materials transmit 
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long wavelengths in the IR to around 10, 15 and 20 μm, that make them very 

important to the thermal imaging, night vision, CO and CO2 laser power delivery, 

radiometry and remote chemical analysis [5]. Their long wavelength transparency 

allows them to have important applications such as the chemical sensing (because 

the chalcogenides vibrate in the IR region), the detecting of the contaminants in 

soil and various human tissues [6] (the low phonon energy of chalcogenide4swhich 

are due to the interaction between the large mass of their constituent atoms and the 

relatively weak bonds between them). We note that the chalcogenide glasses are 

suitable for ultra-fast switching in various telecommunication systems due to the 

refractive index around two orders of magnitude higher than silica.  

In this paper, the damping is studied for a Euler-Bernoulli beam with external 

patches made from crystalline GeSbTe chalcogenide. The chalcogenide alloy 

GeSbTe is chosen since this material can be switched electrically in a reversible 

way from the crystalline to the amorphous phase. In addition, the theory of 

damping can be applied especially to robotics because the robot's vibrational 

behavior is a growing field with relatively low operating costs, compared to other 

disciplines.  

2. THEORY OF DAMPING 

The Euler-Bernoulli motion equation is expressed as [1, 7]  

2
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where x  is the spatial variable, t  is time, L  is the length of the beam, and the 

kernel ( , , )C x t −   is defibned as [7]  
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Equation (1) is subjected to the initial conditions 

0 0 0( ,0) ( ), ( , ) | ( ).tw x w x w x t v x
t

=


= =


 (3) 

We can add appropriate boundary conditions.   

In the following, we consider that the kernel function can be written in the 

general form of a viscoelastic damping model, in which the Heaviside function 

denotes the presence of the damping [1, 7] 
 

( , , ) ( ) ( ) ( ).C x t H x c x g t −  = − −   (4) 
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We have 
0( )H x H= (constant) if x  is within the patch, and ( ) 0H x =  

otherwise. The term nonlocal refers to the fact that the damping of the beam 

depends on all points in the beam. In such cases, ( , , )C x t −   depends on  

( ) ( ),g t t−  =  −   (5) 

and 

( , , ) ( ) ( ) ( ), ( )d 1.C x t H x c x t c x x



−

 −  = −   −  =  (6) 

We see that from (6) that the velocities at different locations of the beam can 

change the value of the damping force at a given point [8‒10]. The variation of the 

energy loss per unit volume with respect to the number of compressive cyclic 

loadings is considered. We see that this variation is the closest to the experimental 

data [11, 12].  

The Poisson’s ratio versus compressive strain for chalcogenide beam is 

presented in Fig. 1 [13]. It is interesting to see that the chalcogenide films exhibit a 

negative Poisson’s ratio of − 0.183 at compressive strain from 10 to 25%, showing 

a sharp increase for rising compressive strain, reaching then the zero value at 55% 

of compressive strain and a positive Poisson’s ratio of 0.081 at 70%. 

For any given loading cycle, the dissipated energy is 
max

min

d





  , with 
min  and 

max  the minimum and maximum strains, respectively, and 
w

E
x


 =


.  

Four spatial kernels are chosen to study the damping properties: the 

exponential decay function exp( | |),
2

x


− −   the error function 
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, the hat function 

0

1
for

l
 0| | ,

2

l
x −    and 0 otherwise, and 
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 0| | ,x l−    and 0 otherwise, respectively. 

In all these representations,   and   are characteristic constants of the 

damping material and 
0l is the influence distance parameter. The numerical results 

are quite satisfying.  

The following conclusions can be drawn from this analysis:  

(1) all functions show a good correlation of the energy loss per unit volume 

with experimental data;  

(2) the hat and triangular functions yield to similar values of energy loss per 

unit volume ( 20 mJ/cm
3
) after 20 000 cycles, 
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(3) the error function and the exponential decay function are closer to an 

average value of 25 mJ/cm
3
, and respectively, 27mJ/cm

3
. 

One feature of all results is the high energy dissipated by the chalcogenide 

patches compared to other materials for the same loading level.  

Therefore, we choose for the spatial kernel function the exponential decay 

with 
1

E

+ 
 =   and 0.22 =  

1
( ) exp | |

2
c x x

E

 +  
−  = − −  

 
. (7) 

 

 

Fig. 1 – Poisson’s ratio versus compressive strain for chalcogenide beam (from [13]). 

 

Fig. 2 – Damping capacity of the beam with an external chalcogenide path (local, nonlocal and 

experimental). 
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In Fig. 2 we present the energy loss per unit volume (mJ/cm) versus the 

number of compressive cyclic loading for the beam, obtained by the local theory, 

nonlocal theory with spatial kernel function given by (7) and experiments [1, 11, 

12]. A minimum value around 50 000 cycles is observed denoting the energy 

increase. While the nonlocal and experimental values of the energy have similar 

values after 20 000 cycles, the local values are lower with a decrease by 35.5%. 

3. EQUATION OF MOTION 

The external patches are attached at 
1 1 1( , ),x x x+   

2 2 2( , ).....x x x+  ( , ),k k kx x x+   

2 1 1,x x x +  1 1,i i ix x x− − +   2,..., ,i k=  as shown in Fig. 3 [14]. The parameters 

jx  and jx , 1,2,..., ,pj k=  are subjected to the conditions 
2 1 1,x x x +   

1 1,i i ix x x− − +   2,..., .pi k=  The equation of motion is given by [1] 
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The term ( , )x t  is a nonlocal function that expresses the external damping 

defined [14, 20] over ( , )i i ix x x+  , 1,2,...,i k= , as 

( , )
( , ) ( , , ) d d

i i

i

x x t

x

w
x t C x t

t

+

−

  
 =  −   

  . (9) 

The damping kernel ( , , )C x t −  is defined by (7) and (9). We write the 

initial conditions (3) under the form 

0 0 0( ,0) ( ), ( , ) | ( ).tw x w x w x t v x
t

=


= =


 (10) 

For a cantilever beam, the boundary conditions are 

2 3

2 3

( , )
( , ) 0, 0 for 0,

( , ) ( , )
0, 0 for .

w x t
w x t x

x

w x t w x t
x L

x x


= = =



 
= = =
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 (11) 

The eigenfrequency problem (8)‒(11) can be analytically solved by using the 

cnoidal method [15, 16]. 



46 Nicoleta Stan, Marius Ionescu, Ligia Munteanu, Valerica Mosnegutu, Veturia Chiroiu 6 

 
Fig. 3 – The beam with external chalcogenide patches. 

The solutions of (8) can be write generally as a sum of Jacobian elliptic 

functions (cnoidal functions) [1] 
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with N  the number of  functions, jA  are unknown constants, k  is the wave 

number,   is the frequency and   is the phase. Writing | j jm =   and 

substituting (12) into (8) we have 
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By solving the eigenvalue problem (13) and (14), the eigenvalues are found 

along with the associated conditions (10). 

4. THE FORWARD PROBLEM 

Equations (13) and (14) are reduced to the eigenvalue equation 

2

1

( ) 0
N

j j j j

j

P Q R

=

+  +  +  = , (15) 

where , ,P Q R  are polynomials in functions cn, sn and dn. The functions j , 

1,2,...,i N= , are  



7 On the application to robotics of the Euler-Bernoulli beams with external patches 47 
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The equation (15) is solved by using the cnoidal method and equating the 

terms with the same power in the functions cn, sn and dn. From (15) we have 

K equations 1 1( , , , )j jA m k  =  , 

2 2( , , , ) , ( , , , ) .j j K j j KA m k A m k  =    =   (17) 

The number of unknowns of the problem are 

{ , , , , , 1,2..., }M j jp A m k j k=   = , 2 3M k= + . Because, the number of unknowns 

is greater than the number of equations K M , we introduce a restrictive approach 

for solving (15) by using the residual functions 
Kr  expressed as 

( , , , ) , 1,2,..., .l j j l lA m k r l K  −  = =  (18) 

The minimization problem is solved by combining the residuals in order to 

compute the 
Mp . The eigenfrequency problem is solved by a least-squares 

algorithm with the objective function 
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with ( ), 1,2in jp i = , 
11,2,...,n N= , the control indicators that verify the 

satisfaction of the initial conditions (10) at 
1, 1,2,...,nx n N=  

1 0 2 0( ,0) ( ), ( ,0) ( ).n n n n n nw x w x w x v x
t


 = −  = −


 (20) 

The boundary conditions (11) introduce six control indicators to verify the 

conditions for a clamped beam 
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for a simply supported beam 
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or a free end beam 
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The unknowns { , , , , , 1,2..., }M j jp A m k j k=   = , 2 3M k= + , are determined 

by using a genetic algorithm.  

5. THE INVERSE APPROACH 

In the formulation of the inverse problem, the bound optimization 

formulation presented in [32‒35] is used. The unknown parameters are the 

positions of the patches jx  and their lengths jx , 1,2,..., ,pj k=  under the 

conditions 
2 1 1,x x x +   

1 1,i i ix x x− − +   2,..., pi k= .   

The inverse problem consists of determining jx , jx , 1,2,..., ,pj k=  so that 

(16) and (17) are satisfied, and all eigenvalues to stay above a given complex 

constant 
1 2iC C+ . The formulation of the optimization problem is: 

Find jx , jx , 1,2,..., ,pj k=  from the maximization approach [1] 
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1| |C , 
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(24) 

with , ,P Q R  are polynomials in cn, sn and dn.  

Another approach is to maximize the difference between two consecutive 

eigenvalues, say i  and 1i+ , the problem can be formulated as:  

Find jx , jx , 1,2,..., ,pj k=  from the maximization approach: 

maximize 3 4Re | |C C− , 3 4Im | |C C−  

subject to : 4Re | | Re | |i C  , 1 3Re | | Re | |i C+  , 

3Im | | Im | |i C  , 1 4Im | | Im | |i C+   

2

1

( ) 0
N

j j j j

j

P Q R
=

+  +  +  = , 

(25) 
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1

2 ( , , )(cn sn dn )d d .
i i
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x x tk

j j j j j
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We can manipulate the eigenvalues of a structure by varying the positions of 

the patches within given limits dictated by the specific demands of each problem.  

6. APPLICATIONS 

Let us apply the theory to a cantilever beam with a patch made of the 

chalcogenide material GeSbTe. The properties of the beam are reported in [20] 

with 5 = .  

In the case of a chalcogenide patch, the negative Poisson’s ratio is 0.35 = −  

and 0.22 = .  

In [20], the approximate solutions for the complex eigenvalues and modes 

with nonlocal damping are obtained by using the Galerkin method. Our numerical 

results are similar to those obtained by applying the Galerkin method [20]. The 

effect of the chalcogenide patch on the mode shapes isa discussed next. Figure 4 

shows the real and imaginary parts of the first four mode shapes for a cantilever 

beam with the chalcogenide material (the solid line) and viscous patches (dashed 

line), respectively. In the case of the chalcogenide patch, we see that the mode 

shapes are different from those corresponding to the traditional viscous patch. 

  

 
Fig. 4 – Real parts of the first four mode shapes of a cantilever beam with chalcogenide patch (solid 

line) and viscous patch (dashed line). 

We restrict our attention on a cantilever aluminum beam of L = 2 m, of 

circular cross section diameter d = 0.005m, Young’s modulus E = 70 GPa, 

 = 2 700 3kg/m , Poisson’s ratio 0.35 = , with pk = 0,1,2 and 3, and 0.22 = . 
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The chalcogenide material has a negative Poisson’s ratio, 0.32 = − . The number N 

of cnoidal functions is 4. For 4N   the increase in the accuracy of the results 

obtained using the genetic algorithm is not significant.  

Firstly, we compare the frequency responses of the beam with 0, 1, 2 and 3 

patches (symmetrically located with respect to the beam ends). Figure 5 displays 

the frequency response of the beam for 0 and 1 patch, respectively, and Fig. 6 for 2 

and 3 patches, respectively. It can be seen from these figures that the amplitude of 

the vibration is diminished as the number of patches increases. 

 

 

Fig. 5 – Frequency response for 0 (solid line) and 1 auxetic (dashed line) patches. 

 

 

Fig. 6 – Frequency response for 2 (solid line), and 3 (dashed line) auxetic patches. 

So far, we have considered the forward problem, where the number and 

location of the patches are known. Recall that the inverse problem determines the 

location of the patches by maximizing the eigenvalues or the gap between them in 

order to avoid resonance. Table 1 shows the five eigenfrequencies for non-optimized 

cantilever beam with 0, 1, 2 and 3 auxetic patches, located symmetrically with 

respect to the ends of the beam. 
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Table 1 

The first five eigenvalues for a cantilever beam with chalcogenide patches 

Number 

patches 

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 

0 -2.17  12.51i -1.48  60.62 -1.31  136.59i -0.72  280.71i -0.052  445.60i 

1 -4.74  19.34i -0.30  7.56i -0.351  151.53i -0.031  229.76i -0.0031  457.71i 

2 -5.07  20.87i -1.11  72.72i -0.129  130.49i -0.076  297.91i -0.0173  448.52i 

3 -4.39  17.75i -1.79  70.78i -0.196  130.63i -.0432  280.56i -0.079  445.34i 

 

The inverse problem is solved for 3 chalcogenide patches (symmetrically 

located with respect to the beam ends). The unknowns are 
1 2,x x ,

3x , 
1 2,x x  ,

3x , 

while the known quantity is ph = 0.003 m. The inverse problem (23) is solved for 

1 2iC C+ = − 0.005 + 681.4i, and the problem (24) and (25) for 

3C = − 0.0066 + 681.43i, and 
4C = − 0.0025 + 233.13i.  

Tables 2 and 3 present the estimates of (23) and respectively (24, 25), we 

mean the location and dimensions of the patches and the first six eigenvalues of the 

beam. Due to the symmetry of the problem, the results are reported only for
1x , 

1x  

and 
2x  since all simulations give 

2 1x =  and the patch 
3x  is symmetric with 

1x , 

with respect to the middle of the beam, and 1 3x x =  . It can be seen from these 

tables that all eigenvalues stay above the complex constant 
1 2iC C+  for (23) and 

the difference between two consecutive eigenvalues are maximized for (24), 

respectively. It is observed that 
1x  is moving towards the middle of the beam when 

the mode increases, and the length of the patches decreases for superior modes. 

The optimization problem (24) (Table 3)gives lower values for all estimates in 

comparison with problem (23) (Table 2).  

Table 2 

Problem (23): Location and dimensions of the patches and the first six eigenvalues 

 Mode 1 Mode 2 Mode 3 

  -4.39  17.75i  -1.79  70.58i  -0.196  130.63i 

1x  0.034  0.040  0.058   

1x  0.190 0.180  0.176    

2x  0.175 0.167  0.168    

 Mode 4 Mode 5 Mode 6 

 -.0432   280.56i -0.079  445.34i -0.84  3455.25i 

1x  0.056 0.072 0.070 

1x  0.166 0.176 0.183 

2x  0.155  0.141 0.144 



52 Nicoleta Stan, Marius Ionescu, Ligia Munteanu, Valerica Mosnegutu, Veturia Chiroiu 12 

Table 3 

Problem (24): Location and dimensions of the patches and the first six eigenvalues 

 Mode 1 Mode 2 Mode 3 

           -4.39   17.75i -1.79   70.58i -0.196   130.63i 

1x  0.056 0.044 0.047 

1x  0.179 0.158 0.141 

2x  0.164 0.133 0.139 

 Mode 4 Mode 5 Mode 6 

 -0.432  280.56i -0.079  445,34i -0.84  3455.25i 

1x  0.057 0.061 0.077 

1x  0.132 0.145 0.122 

2x  0.133 0.118 0.113 

7. CONCLUSIONS  

The paper describes a model of a beam with chalcogenide patches. The 

damping force is considered as a weighted average of the velocity over the spatial 

field. The kernel function is based on the distance measures. The spatial kernel 

function is constructed on the experimentally data of the energy loss per unit 

volume with respect to the number of compressive loadings. 

The design optimization of the beam with chalcogenide external patches 

avoid resonance through a carefully choose of the location of the patches through 

the maximization of the eigenfrequencies of the beam or the gap between them. 

The examples show that we can improve the damping capacity of the beam by 

choosing the external patches at the same time being possible to avoid resonance 

by manipulating the eigenfrequencies. 

The study of beams with chalcogenide patches promises to make more 

understandable the damping properties of the beams that use the chalcogenide 

material to add damping to them. On the other hand, it provides the fundaments for 

the fabrication of new composites with tailored properties and improved damping 

properties, opening the door to new applications. Materials with chalcogenide 

patches easily undergo volume changes and resist shape changes and may thus be 

viewed as the opposite of silicon and oxides. 
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