RICCI SOLITON EQUATION WITH APPLICATION TO A
COUPLED PENDULA
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Abstract. The Ricci equation and the soliton solutions are obtained in this paper for
two coupled pendula in order to optimise its locomotion and structure. The robot is
swinging repeatedly like a rope with successive movement steps along a mobile
support. The cnoidal theory and a genetic algorithm are used to solve the problem via
the Ricci solitons and the pseudospherical reduction of the rheological Zener
equations. The Backlund transform is applied to Ricci equation to generate pseudo-
spherical surfaces.
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1. INTRODUCTION

The motion of pendulum is discussed in many papers with emphasis to
design the controller’s structures [1-9]. The structure varies from the classical type
with or without feedback linearization to the hybrid neuro-fuzzy controllers. To
obtain an appropriate structure of the controller, the design method makes use of
tuning, trial and error procedures with various learning and evolutionary methods.
Searching for a satisfactory procedure follows the finding and tuning of the
multiple parameter characterization of the controllers.

The behavior of pendulum has attracted considerable attention in recent
years. The coupled oscillators are used to model physical, chemical and biological
systems such as coupled p-n junctions, Josephson-junction arrays, the charge-
density waves, chemical-reaction systems and biological oscillators [10-14].
Béacklund and Darboux transformations and the geometry and modern applications
in soliton theory are presented in [15-17].

Tzitzeica equation is a nonlinear partial differential equation derived by
Gheorghe Titeica in 1907 in describing surfaces of constant affine curvature.
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Tzitzeica equation has also been used in nonlinear physics, being an integrable 1+1
dimensional Lorentz invariant system. Tzitzeica equation is discussed in [18, 19].
In this paper we attach to the coupled pendula two sets of equations, namely
the exact equations and the simplified equations obtained from the first one by
simplification [20]. The cnoidal theory and a genetic algorithm are used to solve
the problem. The cnoidal method his new method uses the cnoidal wave as the
fundamental basis function [20]. We obtain the Q -function representation of the
solutions as a linear superposition of Jacobean elliptic functions (cnoidal
vibrations) and additional terms, which include nonlinear interactions among the
vibrations. The cnoidal vibrations are much richer than sine vibrations because the

modulus m of the cnoidal vibrations (0 <m<1) can vary to obtain a sine vibration
(m=0), a Stokes vibration (m=0.5) or a soliton vibration (m=1).

In this paper, the two coupled pendula is modeled as a forced oscillator
equation

ht)+eh(t) = g(t) , )
where g €[-1,1] and the function g(t) defined as

1
t)=——, a,beR, az0, e==1. 2
9(®) act+b < ¢ @

The equation (1) can be written as the Ricci equation [6]
h=Lg+2Ag, (3)

with Lg=g(@—2A)—¢h.
We recognize in (3) the Ricci equation [7]. The equation (1) can be rewritten

as
_t —(ast +Db) 4
ef (t)+ f (1) ' “)

By differentiating (4) with respect to time
sf(t)+ (1) ac, 5)

[ef @)+ (O]

we obtain a relation which is used to relate (1) to the Tzitzeica surface [18-20]

ah=hy,a, =ba"+h,b, +bb" =0,
b’h=h,,a"+aa"=0,bj +a"b=h, ©)
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where a, a’, a"... are the centro-affine invariant functions that defines the position
vector r(u,v) of asurface T in R®,

r(u,v) =x(u,v)i+y(u,v)j+z(u,v)k, (u,v) e D(t), ©)

where D(t) is a family of vector fields generated by {w,}={u(t), v(t)}.
The vector r(u,v), which satisfies the condition

(r,r, n)#0, (8)

can be considered the solution of the second-order partial differential equations
system that defines a surface leaving a centro-affinity aside

rw =ar, +br, +cr,r, =a’r, +b'r, +c'r, 1, =a'r, +b'r, +c'r, 9
which is completely integrable, that is
(ruu)v = (ruv)u' (ruv)v = (rw)u’ (10)

where a, a’, a"... are the centroaffine invariant functions of u and v. For

c=c"=0, the surface X is related to the asymptotic lines. Some applications such
as a nonlinear system with essential energy influx: the human cardiovascular
system, propagation of ultrasonic waves in nonlinear multilayered media and
cylindrical Tzitzeica curves with forced harmonic oscillators are discussed in
[20-26].

2. BASIC EQUATIONS

Figure 1 shows a coupled pendulum consisted from two straight rods O,Q,,
0,Q, of masses M,, M,, lengths O,Q, =0,Q, =a, and mass centres C,,C, with
OC, =1,0,C, =1, and 0,0, =1 . The rods are linked together by an elastic spring
QQ,,Q 0C,,Q,0,C, characterised by an elastic constant k. The elastic
force in the spring is given by k| 0,0, —-QQ, |.

The kinetic energy T of the system is

T=2(102+1:09) (1)

where 6, and 6, are the displacement angles in rapport to the verticals, |, is the
mass moment of inertia of 0,0, with respectto C, and I, is the mass moment of
inertia of O,0, with respectto C,.

The elastic potential is
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U = g(MlIl COSGl + M 2|2 COS@Z) —2(0102 _Q1Q2)2 y (12)

where
QQf =[0,0, +a(sin®, —sin®,)]* +a?(cosH, —cos6;)? = (13)
=0,02 +2a0,0,(sin6, —sin0,) + 2a%[1-cos(6, — 6,)].

From Lagrange equations we derive the motion equations of the pendulum

.. . k 0
|191 + Mlg|1SIn 91 +—_(Oloz _Q1Q2)2 = 0,
2 00,
K 2 (14)
|262 + Mzglz Sln 62 +——(0102 _Q1Q2)2 =0,
2 60,

with g the gravitational acceleration. Equations (14) are coupled and nonlinear.
By substituting (13) into (14) we have

1,6; + Mgl sin®, —kH[~al cos®, —a?sin(6, —0;)] =0, 5
1,0, +M,gl,sin6, —kH[al cos®, +a?sin(6, —6;)]=0, (19)
where

I —¥(6:,0,)

H(0,0,)=—""""—"7"7"~,
(61,0;) ¥(0,.0,) (16)

¥(61,0,) =QiQ; =

1,92)=QiQ; an

=[12% +2al(sin®, —sinB,) +2a%(1—cos (6, —0,)]V2.

I DAY,

Fig. 1 — Two coupled pendula.
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Defining the dimensionless variable t=t ,ML and introducing the notations
1

2
M{aly —w, M;M,al, _pw, @:E,
I,k I,k I
AM alM alM (18)
- T ?
I kl, I, I,
The equations (15) are reduced to the dimensionless equations
0, +wsin0; +7(0;,0,)a[cos6; +Esin(, —0;)] =0, (19)
0, +PBwsin0, —v(0;,0,)a[cos0, +Esin(0, —6,)] =0,
where """ means the differentiation with respect to t and
’Y(el’GZ):q)_llz _11 (20)
®(0,,0,) =1+ 2E(sinB, —sin ;) + 2&2(1-cos (0, — 0,)).
The associated initial conditions are
6,(0)=69, 6,(0)=09, 6,(0)=6%;, 6,(0)=6%,. (21)
By noting
61221, 62222,61223,62224 ’ (22)
the equations (19) become
1,=1,,
R . (23)
23 =—Wsinz, —v(z1,2,)0[coszy +&sin(z, — 24)],
2, =—Pwsinz, +y(z,,2,)afcosz, +&sin(z, — z;)],
with the initial conditions (21)
2,(0)=20, 7,(00=29, z5(0)=23, z,(0)=z]. (24)

. V4 . . . .
We now consider that | z, I< E and let approximate the trigonometric functions

by series expansions [24]
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23 7%
sinz=z-—+—+¢(2), l|e(z)|<2-107*,
3! 5!
2 g (25)
1 5 £ 10-4
cosz=1 T + 2l +¢(2), |e(2)|£9-107~
The system of equations (23) can be written as
Zl = 23,
1, =14,
2714 (26)

23 =-WP(z1) —0Qy(21,25)v(21, 25),
2, =—PWP(z,) +6Q,(21,25)v(21, 2),
with
P(z)=z+az% +bz5, Q(21,2,) =Ry(2) + Ry (21, 2,),
Q2(21,2,) = Ri(25) + Ry(21,2,), Ry(2) =1+ €22 +dz*,
1(21,25) =1+ Y2(z,2,),
R,(zy,2,) =—&z; + &2, + 8823 — 388232, +
+3d¢z,27 - a&z$ +bez3 -5bezdz, + (27)
+10b&z3z¢2 —~10b&z323 +5b&z, 27 —bEz?,
f(zy.2,)=1-28z; + 282, + 4CE22y27, — 2CE22{ -
~268225 - 28823 + 28823 - 2dg?z5 - 2de 2z +8dE2z3z, —
~12d&22327 +8d&%232, + 2bEz3 - 20827,

with a:-i, 6:1, c:—l, q-L.
3! 51 21 4

Next, we consider a particular case for that the equation of motion admits an
analytically solution represented by a sum of a linear superposition of cnoidal
vibrations and a nonlinear superposition of cnoidal vibrations [29].

We consider the uncoupled case (o.=d.)
0, +wsin®,; +ocosf; =0,
3 _ (28)
6, +pBwsin6, —acosd, =0
and associated initial conditions

0;(0) =649, 6;(0) =65, i —1,2. (29)
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Multiplying the first equation by 20,, and the second one by 26,, and
integrating we obtain

07 =2wcos0, —2a.sin0, +Cy, (30)
0% =2wBsin 0, +2asind, +C,,

with C,,i=12 integration constants. Approximating the trigonometric functions
by series of five-order we have

02 =P (0;), =12, (31)
where P; (6; ) are polynomials of fifth-order in 6;

Pi (el ) = aOi + aliei + a2|6|2 + a3|9|3 + a4|6|4 + a5i6;5, | =1,2 y (32)

with

agy =2W+Cy, agy =2PW+C,,

a1 =—20, ahA, =2a,

ay1 = 2WC, ay, =2BWC,

az; =—204d, ag, =204,

a4 =2wd, a,, =2wdp,

ag; =—2ab, as, = 2ab,
where, for sake of simplicity, we take —-2w=C, -2Bw=C, and
a,, =—a,, =20.# 0. The equations (3.4) are similar with the Weierstrass equation
[33]

02 = A0+ A,02 + As0° + A,0% + A5, (33)

where

1 3 5
A1=§al’ Ay =ay, Aszzasi A, =2ay, A5=§aS-

We know that the equation (33) admits a particular solution expressed as an
elliptic Weierstrass function that is reduced, in this case, to the cnoidal function cn
[20].

0=0(t:01,9,) =€, —(e; —e3)cn?(\fe; —estim), (34)

where e, e,,e; are the real roots of equation 4y®—g,y—g, =0 with e; >e, >e;
and g,,0,<R expressed in terms of the constants A,i=12,..,5, and
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satisfying the condition g?-27g2>0. The modulus m of the Jacobean

elliptic function is m=2"5
€ —€
For arbitrary initial conditions (29)
0(0) =05, 6(0) =00, (35)

the solution of (33) can be written as a linear superposition of cnoidal
vibrations of the form (34)

n
6|in =22akcn2[®kt;mk], (36)
k=0

where the moduli 0<m, <1, the frequencies ®, and the amplitudes o,
depend on 6,,6,, and A, .

To find the expression of the nonlinear superposition of cnoidal vibrations,
we adopt the solution under the form

_ et
T+pp(t)’ 37

where o(t) is the Weierstrass elliptic function given by (37), and A and p

arbitrary constants. Substituting (37) into (33) we obtain four equations for
A u, g, and g,. By solving this system of equation we have

-3/2

A= —30(15a26) ,a2b>0 (38)

~\V4
5b o =3/2
u:so[g] (15a20) . (39)
The constants g, and g, are obtained from the equations

6x+gxuzglz6A1u2 +3AM+ Agh2, (40)

Augy +2hpu2g, = At AL (41)

So, a particular solution of (33) is written as a nonlinear superposition
of cnoidal vibrations of the form (37), i.e.
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?{e2 (e, —e3)cn? (\/ﬁtﬂ

O nontin = . (42)

o = p[ez —(e, —e3)en? («/e1 - e3t)}

For arbitrary initial conditions (35) the nonlinear part of the solution of
(33) can be written as

n
D Bren?[oyt;my |
O nonlin = k=0 J (43)

n

k=0

where the moduli 0<m, <1, o, B, and y, dependon 6,, 6, and A, .

So, we can conclude that the solution of the equation (33) and the
arbitrary initial conditions (35) is given by

e:mm+GMMW M@

with 6,, and 6 given by (36) and (43).

Next, we see that the theta-function is used for deriving the multiphase
solutions of equations that can be reduced to Weierstrass equations with
polynomials of higher order.

Let us introduce the following dependent-variable transformation [20, 26]

nonlin

d2
0= Zdt—zlogG)n(t). (49)

Then, the equation (36) is rewritten in the form of a bilinear differential
equation
DZ(1+D2)®,-0,=0, (46)
where the operator D, is defined as
DP"a-b = (9 - )" a(t)b(t') [ - (47)
The function ®, is given in terms of an asymptotic expansion of the type (near-
identity)
0,=1+e00 +£20@ + ..., (48)

with
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of = Zn‘,exp(imit) : (49)
i=1

For n=1 we have
O; =1+exp(io gt + Byy) +exp(iom,t + By, ) + exp(iost + Byg) +

50
+exp(mqg + ®, + Bpp) +exp(o; + @3 + Byg) +exp(w, + w3+ Byg) + (50)
+exp(mg +my + @3+ By + By + Byg).
For an arbitrary n we have
n 1 n
Op= > exp(iZMimitJrEZBij MM ), (51)
M=01 i=1 i<j
where
2
Wi —0;j 2
expB;; = , eXpB;; = of , (52)
(Di +(DJ‘

where M =[M,,M,] is the vector of integer indices (0O and 1),
o=[0,,0,,..0,] the frequency vector, and n is the finite number of degrees of

freedom for a particular solution. This matrix B is written as a sum of a diagonal
matrix and an off-diagonal matrix B=D+0O . The solution (45) can be written
under the form [35]

d2 d2 d2 F(t)

0=2—1log®(t)=2—1logG(t)+2—log| 1+ —= |,

dt?2 2g6(t) dt? 0gG(t)+ dt? Og{ +G(t):| (53)
where
) 1
G(t)= Mot+=MTDM ,
(t) %exp(l ot+2 ) (54)
) 1

F(t)= MTOM -1 Mot+=MTDM |.

(t) %[exp ]exp(l ot +2 j (55)

Consequently, the general solution (53) may be written in the terms of the
theta function representation [20]
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2 d?
e(X,t)ZXdX—ZIOg®n(nl,nz,...,nn), (56)

where A=o./6f and ® is the theta function defined as

@n(nl,nz,...,nn)z Z eXpLizMini"‘%ZMiBiijJv (57)

M &(—o0,00) i=1 i, j=1

with n the number of degrees of freedom for a particular solution of the equation,
and

Here, k; are the wave numbers, the w;are the frequencies and the ¢, are the

phases. Let us introduce the vectors of wave numbers, frequencies and constant
phases

k:[kl’kzl'"'kn]’ (D=[(01,Q)2,...,(Dn],

(59)
0=[01,02,.0n], N=[N1.M2,my ]
The vector n can be written as
n=kx—ot+¢. (60)

Also, we can write
Mn=Kx-Qt+ O,
M :[Ml’MZ""’Mn]’
K =Mk, Q=Mo, ®=M4g.

The integer components in M are the integer indice and the matrix B can be
decomposed in a diagonal matrix D and an off-diagonal matrix O, that is

B=D+0O. (61)
Let us take
n n n
F, =Zaipep+ Z bipg® pOq + Z Cipgr® 0O +
=1 ,q=1 ,q,r=1
np p.q i p.q.r (62)
+ D 050400+ D ingm0 040,00 + ...,
p,q,r,I=1 p,q,r,I,m=1
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with i=12,.,n, and a,b,c,... constants. The system of equations has the
remarkable property that it can be reduced to Weierstrass equations, and the
function transformation

d2
e=2dt—2Iog®n(t), (63)
with © , (t) defined as (50) and
n 1 n
@n: Z exp IZM|m|t+_zBle|MJ , (64)
M &(—o0,00) i=1 2 i<j
((Di _(,Oj\z
exp Bj; :L . (65)
(OF "r‘(,Oj
In this way, the solution (63) becomes
32
9('[)=2F|09®n(11)=9nn () +8inc (M), (66)

for n=—ot+¢. The first term 6
waves, because we recognize in

represents a linear superposition of cnoidal

lin

Zn: o oo|: g2 ot 2

Oin =) o cos(2k +1)—- (67)
" Kyfmy | 1+ g 2K,

the expression [20]

e“n Zia|cn2[®|t;m|] y (68)
1=1

with

12
" du

q=exp[—n%’j, K=K(m)+ !—m
K'(my)=K(m), m+my =1

The second term 0.

. Tepresents a nonlinear superposition or interaction
among cnoidal waves
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2 F(t)}~ Bycn? (wt,my) ©9)

2d—log 1+
G(t)| L1+ycen?(ot,my)

dt?
If m, take the values 0 or 1, the relation (69) is directly verified. For
0<m, <1, the relation is numerically verified with an error of |e|<5x107.
Consequently,

n
> Ben?[n,m; ]
O nonlin = k:(:] : (70)

1+ aen?[n,my]
k=0

As a result, the cnoidal method yields to solutions consisting of a linear
superposition and a nonlinear superposition of cnoidal waves [20].

By differentiating (69) with respect to time we obtain a relation with
Tzitzeica surface [18, 19]

ah=h,,a, =ba"+h,b, +bb" =0,

b'h=h,,a"+aa"=0,b) +a"b=h, (71)

where a, a’, a"... are the centro-affine invariant functions that defines the position
vector r(u,v) of asurface X in R®

r(u,v) =x@u,v)i+y,v)j+z(u,v)k, (u,v)eD(t), (72)
where D(t) is a family of vector fields generated by {w,}={u(t), v(t)}.
We verified that the vector r(u,Vv) satisfies the condition
(r,r,n)=0, (73)

and this is the reason that it can be considered the solution of the second-order
partial differential equations system that defines a surface leaving a centro-affinity
aside

r, =ar, +br, +cr, r,, =a’r, +b'r, +c'r, r,, =a"r, +b"r, +c'r, (74)

(ruu)v = (ruv)u’ (ruv)v = (rw)u’ (75)

where a, a’, a"...are the centroaffine invariant functions of uand v. For
c=c"=0, the surface X is related to the asymptotic lines.
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3. THE OPTIMIZATION PROBLEM

The optimization problem considers the geometrical characteristics of the
robot represented in Fig. 2. We consider a 6 DOF parallel robot with 6 rotational,
universal spherical and open kinematic loops. The active joint is the rotational one.

The center of the mobile platform and the origin of the relative coordinate
system are represented together with the coordinates of the position vector p of the

point P with respect to the absolute frame OyX,Y,Z, are (p,, p,, P, ).

The p,, p,,p, are the rotation angles of the system PXYZ around X, Y,
andZ,. The points S, with the position vectors si(six, S siz) represent the
spherical joints, and U, are points with the position vectors u,(uy,, Uy, U, )
representing the universal joints. The points R, with the position vectors
ri(rix, Fys riz) represent the base rotational joints. The radii of the base and upper
circles are R and r. The length the of the first segment of the kinematic open loop
is I,. The length of the second segment of the kinematic loop is I,.The angle

between O,X, and OyR; is B, .The angle between PX and PS; is o, .

Fi(p)(i pyf pzr ‘pX' (Pyr ‘Pz)

Fig. 2 — The robot.

We chose the design vector X =[l;,l,,ratioy, ratio,,R,r [m where the
variable ratio, represents the ratio between two consecutive angles f; and B;,, ,
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i1=13,5, and ratio, is the ratio between two consecutive angles o; and o, ,
where i=1,3,5.

In Fig. 3 a representation of the fixed and mobile platform is illustrated and
the angles B, and o; where i =1, ..., 6. The rotational joints and the spherical
joints are symmetrically positioned around the center of the fixed and mobile
platform respectively. The values of the parameters ratio, and ratio, are

ratioy =B—————, (76)

. o
ratio, =——=—22=—>, (77)

Fixed platform Mobile platform
1

Spherical Joint
Rotational Joint

Fig. 3 — Fixed and the mobile platform.

We optimize the structure of the 6 DOF parallel robot for a prescribed
workspace. The workspace to the robot is a parallelepiped of known dimensions.

The optimization problem is to find x that minimizes f = f (x), subjected to the
constraints g, (x)<0, for h=0,1,2..,m and k,(x)=0, for h=0,12,..., p, and the
objective function

n n
objective function = %ZAiC :%Z\/(aic)z +(ac) +(aic") . (78)
i1 i1
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Here, X is the vector of the variables of the robot design (length of elements,
geometrical characteristics, and the value of the torques available in the active
joints), f is the objective function that has to be minimized (in this case the
function that evaluates the correlation of the workspace and the forces and
torques). The function f is also called fitness or cost function, gj(l) and

k; (I)=0 are the inequality and equality constraints.

In order to evaluate the optimization function, it is considered that the
imposed workspace is not included in the workspace of the parallel robots. In this
case, the relationship between the distances all (Distmin) < Distpoint ws iS not
respected anymore. Therefore, the objective function returns the infinite value
fit=+00. The constraints of the optimization define the minimum or maximum
values of the variables from the design vector. The constraints imposed to the
variables are

|, >0.001m, I,>0.001m,
I, -1, -1.1(r+R)<0, -, +1,-1.1(r +R) <0,

—h +1,-1.1(r+R)<0, I, -1, <Om,
ratio, >0.5, ratio, >0.5,

r>0.001m, R>0.001m.

There were no constraints related to the maximal values for the length of the
stroke arm and the linkage (I, and I,) and to the radiuses of the mobile and fixed

platform ( r and R). The constraints have to be transformed in a matric equation in
order to be inserted into the optimization algorithm.

The objective function of this optimization evaluates the correlation between
an imposed parallelepiped and the workspace of the parallel robot. Therefore, an
optimal structure of the parallel robot leads to a workspace that includes
completely parallelepiped and the remaining workspace has the volume as low as
possible. Since both of the workspaces are given as a scattered point cloud data, the
relation between the workspaces is given by the relation between all the points
from both of them.

4. RESULTS

The optimization problem leads to results represented in the Figs. 4-7. The
vibrations 6, (t) are shown in Fig. 4 for

0,(0)=1.5, 6,(0)=0.5, 6,(0)=0.05, §,(0)=0.05. (79)
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-6 L 1 1 L 1 1 1 L 1 t
0 20 40 60 80 100 120 140 160 180 200

Fig. 4 - The vibration 6, (t).
For
0,(0)=0,(0)=0.045, 6,(0)=6,(0)=0.02, (80)

the vibration are displayed in Figs. 6 and 7.
The appearance of the vibrations, although they seem arbitrary, tends towards
to a periodic arrangement.

3
0

2

2

-3 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200

Fig. 5 The vibration 6, (t).
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61
4
ol
ol
2L
o 100 40

0 2‘0 4‘0 6‘0 8 1é0 1EI!O t 200
Fig. 6 — The vibration 61('[) .

L
120 1

07

/\/\/\/\/\AWP
j:U J |

-6 I 1 1 I 1 I 1 1
0 20 40 60 80 100 120 140 160 180 t 200

Fig. 7 — The vibration 6, (t).

5. CONCLUSIONS

In this paper we analyse the equations that describe the motion of a system
composed from a coupled pendula. The optimization problem considers a 6 DOF
parallel robot with 6 rotational, universal spherical and open kinematic loops. The
active joint is the rotational one. The cnoidal theory and a genetic algorithm are
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used to solve the problem. In all cases we have assumed that the number of
populations is 25, ratio of reproduction is 1, number of multi-point crossovers is 1,
probability of mutation is 0.2 and maximum number of generations is 250. The
final parameters were obtained after 149 iterations.
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