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CRACK TIP MECHANICS PROBE OF MULTISCALE CHANGES 

GEORGE SIH1 

Abstract. Singularity representation at the crack tip and/or smaller region will be 
considered using six scale transitional physical parameters: three assigned for the 

nano/micro range (*
na/mi, *

na/mi, d*
na/mi) and three assigned for the micro/macro range 

(*
mi/ma, *

mi/ma, d*
mi/ma). The subscripts nano, micro, and macro are self-evident. Only 

the ratio of two successive scale sensitive parameters are needed. Although time 
dependent physical parameters at the lower scale can be found analytical, they 
regarded as fictitious, mainly because they are not conducible to measurements. The 
transitional character of multiscale changes according to nano→micro→macro with 

the respective singularity strength of  are given by 1.00/0.75/0.50. Since =0.5 

corresponds to the inverse square root -0.5r , where r is the distance from the macro 
singular point. The micro and nano singular point possess the singularities -0.75r  and 

-1.00r , respectively. For example, a critical device component may be designed to 

operate at the nano/micro/macro scale with a life distribution of + + +2.5 / 3.5 / 5.5  and 

total life of +11.5  years. Progressive changes are assumed to occur in the direction of 

nano→micro→macro. 

Key words: crack, singular point. 

1. INTRODUCTION 

Within the context of multi-scaling in time and size [1, 2] and the probing of 
multi-scale changes, a new paradigm overed not by classical concepts is 
considered. 

 
1.1. Unit volume energy  

The energy in a unit volume of matter W/V or W  can be written as 

( ) ( ) ( ) ( ) ( ),t t t D t t= + W A D D , (1) 
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while ( )tD  is dissipative in character and its rate of change with time remains 

positive. 

 

1.2. Iso-energy density space  

Iso-energy density theory [3] makes use of iso-stress and iso-strain (, e) for 

describing multi-scale changes of multi-dimensions [4, 5]. Measurements of D  

have been made by the US Naval Research Laboratory [6].  

The nature of the dissipation energy density D  has been discussed and 

evaluated for many non-equilibrium physical problems [7] and observed to satisfy 

the condition d d 0t D / . That is the slope of the ( )tD  versus time t curve 

remains positive definite. Moreover, the work in [3] has also revealed that the 

difference of the local behavior of ( )tD in contrast to that of the global behavior. 

The time rise in the former case is more rapid than that of the latter, especially near 
a sharp geometric discontinuity. These different variations should be noted.  

 
1.3. Scale transitional behavior  

The scale transitional behavior involving macro-micro, micro-nano and nano-
pico and so on follows the dual-scale [8−11] transition scheme. 

Table 1 

Hierarchy of singularities and progressive for multiscale changes  

Crack tip mechanics 

Scale segmentation pico/nano/micro nano/micro/macro micro/macro/structure 

Singularities (order) 1.25/1.00/0.75 1.00/0.75/0.50 0.75/0.50/0.25 

Time of arrow (yrs) 1.5 / 2.5 / 3.5+ + +
 2.5 / 3.5 / 5.5+ + +

 3.5 / 5.5 / 7.0+ + +
 

 

Table 1 describes the underlying idea of “crack tip mechanics” that considers 
the combine use of scale segmentation, singularity strength and time of arrow. 

Illustrated are the four scales: pico, nano. micro, macro and structure. They are 
associated with the three groups: pico/nano/micro, nano/micro/macro and 

micro/macro/structure. Their respective singularities 1.25/1.00/0.75, 1.00/0.75/0.50 
and 0.75/0.50/0.25 are representative of the severity of changes and the direction to 

which they decrease or increase in strength order  referred to r−  with r being the 

distance from the singular front. A micro-crack with asymmetry possesses a 

stronger singular front with 0.75r−  while the nano-crack with 1.0r−  pertains to a 

dislocation type of singularity. A weak singularity 0.25r−  can be associated with a 
geometrical defect. The order pico→nano→micro→macro→structure is assumed 

to be in the direction of decreasing singularity strength. A schematic of singularity 
strength versus distance r can be found in Fig. 1. The time of arrow in years will 

depend on the problem definition. An electronic device operating at the 
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pico/nano/micro scale may be designed to have a life distribution of 

1.5 / 2.5 / 3.5+ + +  for a total life of 7.5+  years. Similarly, a component of an 

instrument may be expected to last for 11.5+  years with progressive damage in the 

order of nano/micro/macro. The same philosophy applies to a critical sub-assembly 
of a large structure or a component of a high performance device or system. The 

multiscale internal structure or its components will work in principle by enforcing 
the pico/nano/micro/macro/structure life time specification followed by 

manufacturing. However, it suffices to illustrate the principle with a triple scale 

scheme of nano/micro/macro.  

 

Fig. 1 – Actual time elapsed 1.5 / 4.0 / 7.5+  give intervals for pico/nano/micro as 1.5 / 2.5 / 3.5+ + . 

Similar representation of diagram from Fig. 1 with actual elapsed time 

4.0 / 7.5 /13+ + +  can be used for nano/micro/macro as 2.5 / 3.5 / 5.5+ + + , respectively 

with actual elapsed time 7.5 /13 / 20+ + +  for interval years for 

micro/macro/structures 3.5 / 5.5 / 7.0+ + + .  

So (micro/macro/structure) could be obtained for ( 0.75 / 0.50 / 0.25 ), 

(nano/micro/macro) for (1.00 / 0.75 / 0.50 ) and (pico/nano/micro) for 

(1.25/1.00/0.75). 

 

 

Fig. 2 – Hierarchy of singular behavior (micro/macro/structure) with 0.75/0.50/0.25. 
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Fig. 3 – Hierarchy of singular behavior (nano/micro/macro) with 1.00/0.75/0.50. 

 

Fig. 4 – Scale transitional behavior of progressive crack growth of arrow Damage by crack growth is 

assumed to occur progressively in the scale direction of pico→nano→micro→macro coined as the 

scale direction of arrow. 

Figure 4 presents cale transition behavior of progressive crack growth, while 

Figs. 5 – 12 crack at different scales.  

 

Fig. 5 – In stress corrosion, the cracks follow the interfaces of the crystal grains. The photo shows the 

intergranular cracks in a real material. 

 

Fig. 6 – Stress corrosion morphology of crack pattern. 
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Fig. 7 – Crack branching can be modeled by invoking fracture criterion based on the maximum stress 

or the minimum strain energy density criterion to determine the direction of crack branching. 

 

Fig. 8 – Crack would initiate from a void and stop shirt of obstacle and then continue to propagate 

along the interface. 

 

Fig. 9 – Tate Modern Gallery in London enter the galleries giant turbine hall, confronted are the 

disturbing sight of a giant crack. Starting as a small fissure, the 167 m fracture grows wider and 

deeper as it snakes the entire length of the hall. 
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Fig. 10 – A gap in rock strata could well represent the San Andreas fault in California. 

 

Fig. 11 – An opening magnified could also be mistaken as the San Andreas fault line. 

 

Fig. 12 – Computer simulation of row of atoms. 

In the micro/macro and nano/micro dual scale models, the energy density 

factors can be written as 
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macro macro
micro microS r =  W  (2) 

and  

macro macro
micro nanoS r =  W  (3) 

One may choose 1mmr =  for Eq. (2) and 310 mmr − =  or Eq. (3). Note 

that 

( )
2

* * *
/ / /1

macro
micromacro

micro a m mi ma mi ma mi ma

d
S a d

r
 =    −  (4) 

and  

( )
2

* * *
/ / /1

nano
micromicro

nano a m na mi na mi na mi

d
S a d

r
 =    − , (5) 

where r for micro/macro and nano/micro are selected. macro
microS  and micro

nanoS  can 

be calculated from Eqs. (4) and (5) so that macro
microW  and micro

nanoW  can be found from 

Eqs. (2) and (3). 

When macro
microW  and micro

nanoW  for times 1 2, ,...t t   are known, we can calculate 

that  

1 , 1,2,3i i i i+= − =D W W . (6) 

This leads to know ( )tD  as a function of time for the micro/macro and 

nano/micro cases. Now assume the dissipation density macro
microD  is given by 

 

2
d

d
macro macro
micro micro

a

t

 
=   

 
D , (7) 

where ( )macro
micro t  is a micro/macro transitional time dependent dissipation 

coefficient. 

For macro
microD  of the nano/micro transition with the assumption. 

2
d

d
micro micro
nano nano

a

t

 
=   

 
D , (8) 

where ( )micro
nano t  is a nano/micro transitional time dependent dissipation 

coefficient. Note that we have already known the crack growth rates for both cases. 
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d

d
macro macro
micro micro

a
S

t


 =     (9) 

and  

d

d
micro micro
nano nano

a
S

t


 =    . (10) 

Hence, ( )macro
micro t  and ( )micro

nano t  can be found and plotted as a function of 

time t. Also keep in mind that the energy dissipated may be quantified with more 

consistency in terms of time/size scale such as nano, micro, macro, etc. 

2. MICRO/MACRO CRACK GROWTH 

Cross linking dual scale cyclic crack growth models have been discussed in 

[7] where nano micro macroa a a→ →  were predicted from a knowledge of macro
microS  

and micro
nanoS . 

 

Fig. 13 – Fatigue in fracture mechanics as practiced. 

 

Fig. 14 – Two dual stage nano-, micro- and macro-cracking in fatigue. 
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2.1. Dual scale micro/macro crack velocity 

The two-parameter micro/macro fatigue crack growth model is given by Eq. 

(9), in which macro
micro  accounts for the scale transitional behavior while  

represents the slope of the da/dt versus macro
microS  curve when referred to a log-log 

plot. The specific form of macro
microS is 

2

01
micro

micro micromacro
micro a m macro

macro

d
S a

r

 
 =   −    

. (11) 

Define  

0* * *
/ / /, ,

micro
micro micro

mi ma mi ma mi mamacro micro
macro macro

d
d

d


 =  = =

 
, (12) 

The fatigue crack growth velocity coefficient macro
micro  depends on the macro/micro 

material property. Also, it is time-dependent. So, Eq. (2) can be written as 

( ) ( )
2

* * *
/ / /

d
1

d

micro
macromacro

micro a m mi ma mi ma mi ma

da
t a d

t r


 

=     − 
  

 (13) 

The form of Eq. (13) in the numerical computation is  

 

(14) 

and  

1i i ia a a−= + . (15) 

2.2. Micro/macro transitional physical pameters  

Three basic parameters *
/mi ma , *

/mi ma  and *
/mi mad  are time-dependent. A 

convex parabola function is assumed. 

( )* 2
/ 0.002 0.01 3, 0 20 years,micro

mi ma
macro

t t t t


 = = − − +  


 (16) 

with *
/ 3mi ma =  for 0t = , *

/ 2.7mi ma =  for 10t =  and *
/ 2mi ma =  for 20t =  

years. 
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( ) 0* 2
/ 0.001 0.5, 0 20 years,

micro

mi ma macro
t t t




 = = − +  


 (17) 

with *
/ 0.5mi ma =  for 0t = , *

/ 0.4mi ma =  for 10t =  and *
/ 0.1mi ma =  for 20t =  

years. 

( )* 2
/ 0.001 5, 0 20 years,micro

mi ma micro
macro

d
d t t t

d
= = − +    (18) 

with *
/ 0mi mad =  for 0t = , *

/ 4mi mad =  for 10t =  and *
/ 1mi mad =  for 20t =  years. 

Needed are only the static mechanical properties of 2024-T3 aluminum alloys 

which are referred to as those at t=0 such as 0 27.56 =  (GPa) for the shear 

modulus or the equivalent of the Young’s modulus. It suffices to consider only one 

material related parameter as in the inter-atomic force model considered. 
 

 

Fig. 15 – Transitional modulus ( )*
/mi ma t  versus time for 2024-T3. 

 

Fig. 16 – Transitional restrain parameter *
/mi ma  versus time t for 2024-T3. 
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Fig. 17 – Transitional characteristic length ( )*
/mi mad t  for 2024-T3. 

 

2.3. Micro/macro transitional physical parameters 

A specific form of function ( )macro
micro t  can be taken as 

( ) ( )3 2
/ , 0 20 years,macro

micro mi mat t At Bt C t = + + +    (19) 

where unit of macro
micro  is ( )7 4mm / yearN . For 2024-T3: 2 = , 

13
/ 2.3602 10mi ma

− =  , 2.3810A= , 77.7871B = , 11966.25C = , / 1micro
macrod r = . 

 

Fig. 18 – Macro/micro cyclic crack velocity macro
micro  vs time t for 2024-T3. 
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2.4. Crack growth in the micro/macro scale range 

 

Fig. 19 – Crack length vs t for 2024-T3. Critical point at 26mmcra  . 

 

2.5. Crack growth rate in the micro/macro scale range  

 

Fig. 20 – Crack growth rate da/dt vs t for aluminum 2024-T3. 
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3. NANO/MICRO CRACK GROWTH 

3.1. Dual scale nano/micro crack velocity 

Suppose that a nano/micro fatigue crack growth model were constructed as 

d

d
micro micro
nano nano

a
S

t


 =    , (20) 

where 

( )
2

* * *
/ / /1

nano
micromicro

nano a m na mi na mi na mi

d
S a d

r
 =    −  (21) 

and  

0* * *
/ / /, ,

nano
nano nano

na mi na mi na mimicro nano
micro micro

d
d

d


 =  = =

 
, (22) 

such that  

( )
2

* * *
/ / /

d
1

d

nano
micromicro

nano a m na mi na mi na mi

da
a d

t r


 

=     − 
 

 (23) 

or  

( )
2

* * *
/ / /

1

1
nano
micromicro

i nano a m na mi na mi na mi

i

d
a d

r

a t




−

 
 =     −  

  

 

 (24) 

where 1i i ia a a−= + . 

 

3.2. Nano/micro transitional physical parameters 

( ) ( )* 2 3
/ 0.012 0.06 18 10 , 0 8 year,na mi t t t t = − − +     (25) 

( ) 0* 2
/ 0.001 0.5, 0 8 year,

nano

na mi micro
t t t




 = = − +  


 (26) 

( )* 2
/

0

0.001 5, 0 8 year.nano
na mi nano

d
d t t t

d
= = − +    (27) 
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Fig. 21 – Transition modulus ( )*
/na mi t  versus time t for 2024-T3. 

 

Fig. 22 – Transitional restrain parameter ( )*
/na mi t  versus time t for 2024. 

 

Fig. 23 – Transitional characteristic length ( )*
/na mid t  versus time t for 2024. 
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3.3. Nano/micro transitional crack velocity 

A specific form of function ( )macro
micro t  can be taken as 

( ) ( )/ , 0 8 year.micro
nano na mit t D t = +    (28) 

where unit of micro
nano  is ( )4 2mm / yearN  for 2024-T3: 1 = , 

9
/ 6.658047 10na mi

− =  , 9.6588D = . 

 

Fig. 24 – Micro/nano cyclic crack speed ( )micro
nano t  versus time t for 2024-T3 

3.4. Crack growth in the nano/micro scale range 

 

Fig. 25 – Crack growth from nano to micro versus time t for 2024-T3. 
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Fig. 26 – Enlarge view of Fig. 16. 

3.5. Crack growth rate in the nano/micro scale range  

 

Fig. 27 – Crack growth rate da/dt from nano to micro versus time t for 2024-T3. 

 

Fig. 28 – Enlarge view of Fig. 18. 
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4. SCALE TRANSITIONAL BEHAVIOR OF ENERGY DISSIPATION 

In the micro/macro and nano/micro dual scale models, the energy density 

factors can be written as 

macro

macro
micro

micro

W
S r

V

 
 =   

 
 (29) 

and  

micro

micro
nano

nano

W
S r

V

 
 =   

 
. (30) 

One may choose 1mmr =  for Eq. (2) and 310 mmr − =  for Eq. (3). Note 

that using Eq. (4) and (5) where r  for micro/macro and nano/micro are selected. 

macro
microS  and micro

nanoS  can be calculated from Eqs. (4) and (5) so that 

macro

micro

W

V

 
 
 

 

and 

micro

nano

W

V

 
 
 

 can be found from Eqs. (1) and (2). When 

macro

micro

W

V

 
 
 

 and 

micro

nano

W

V

 
 
 

 for times 1 2, ,...t t  are known, we can calculate that: 

1

, 1,2,3,...
i i i

D W W
i

V V V+

       
= − =     

       
. (31) 

This leads to know ( )
D

t
V

 
 
 

 as a function of time for the micro/macro and 

nano/micro cases. Now assume the dissipation density 

macro

micro

D

V

 
 
 

 is given by 

2
d

d

macro

macro
micro

micro

D a

V t

   
=    

   
,  (32) 

where ( )macro
micro t is a micro/macro transitional time dependent dissipation 

coefficient. The same applies to the nano/micro transition with the assumption: 

2
d

d

micro

micro
nano

nano

D a

V t

   
=    

   
,  (33) 
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where ( )micro
nano t  is a nano/micro transitional time dependent dissipation 

coefficient. Note that we have already know the crack growth rates for both cases 

given by Eq. (9) and (10). 

Hence, ( )macro
micro t  and ( )micro

nano t can be found and plotted as a function of 

time t. 

 

Fig. 29 – Macro/micro energy dissipation coefficient ( )macro
micro t  versus time t for 2024-T3 with 

44.1MPam = , 31.36MPaa = , R = 0.169. 

 

Fig. 30 – Micro/nano energy dissipation coefficient ( )micro
nano t  versus time t for 2024-T3 with 

44.1MPam = , 31.36MPaa = , R = 0.169. 
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Fig. 31 – Macro/micro dissipation energy density ( )/
macro

micro
D V   versus time t for 2024-T3 with 

44.1MPam = , 31.36MPaa = , R = 0.169. 

 

Fig. 32 – Micro/nano dissipation energy density ( )/
micro

nano
D V   versus time t for 2024-T3 with 

44.1MPam = , 31.36MPaa = , R = 0.169. 

5. CONNECTION BETWEEN MACRO/MICRO AND MICRO/NANO 

The curves in Fig. 16 are cut at the time t = 7.5 year to form Fig. 33. 
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Fig. 33 – Curves in Fig. 18 are cut at t = 7.5 year. 

The curves in Fig. 4 are cut at the time t = 7.5 year to form Fig. 34. 
 

 

Fig. 34 – Curves in Fig. 6 are cut at t = 7.5 year. 

Put Figs. 33 and 34 into one figure to form Fig. 35. 
 

 

Fig. 35 – Putting Figs. 33 and 34 into one figure. 
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Fig. 36 – An enlarged view of Fig. 35. 

Obtain Fig. 37 from Fig. 36 by delete some curves. 

 

 

Fig. 37 – Connection between nano to micro and micro to macro. 

From Fig. 1 could be obtained the connection between two segments for 

actual time elapsed  1.5 / 4.0 / 7.5+  and interval years of pico/nano/micro as 

1.5 / 2.5 / 3.5+ +
, respectively for actual time elapsed 4.0 / 7.5 /13+ + +

 and interval 

years of nano/micro/macro as 2.5 / 3.5 / 5.5+ + +
and for actual time elapsed 

7.5 /13 /18+ + +
and interval years of micro/macro/structure as 3.5 / 5.5 / 5.0+ + +

. 

 

Received on  August 04, 2023 
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