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ON THE TAILORING OF RADIALLY FGM HOLLOW SPHERES, 

CYLINDERS AND DISKS 

STEFAN SOROHAN , DAN MIHAI CONSTANTINESCU*, DRAGOS ALEXANDRU APOSTOL 

Abstract. Homogeneous and isotropic thick spheres, cylinders, and thin disks 
subjected to constant internal and/or external pressures are not easily designed in an 
economical way due to the localized occurrence of maximum equivalent stress. It has 
been analytically shown that using a radial functionally graded material (FGM) can 
enhance the design process by ensuring that the maximum shear stress or the 
circumferential stress component remains constant along the radius of the body. This 
problem is an inverse one. An isotropic FGM in linear static analysis can be defined 
by two elastic constants: Young's modulus E(r) and Poisson's ratio ν(r). In this study, 
focusing on mechanical loading, the conditions for the existence of a solution for E(r) 
in the inverse problem are derived, assuming a constant Poisson's ratio and using two 
commonly applied stress criteria in design. Additionally, the advantages of employing 
FGMs over homogeneous materials are demonstrated by comparing the maximum 
equivalent stresses in both cases. 

Keywords: thick-walled shell, functionally graded material (FGM), material tailoring, 
equal stress structure. 

1. INTRODUCTION 

In the current literature, for simple symmetrically loaded functionally graded 
material (FGM) structures, such as spheres, thick-walled tubes, or thin disks, stress 
conditions have been established under which certain stress components – such as 
in-plane shear stress or circumferential stress – reach constant values throughout 
the entire geometry. In some specific cases, these stress conditions are equivalent 
to the maximum equivalent stress criterion. The necessary distributions of Young's 
modulus E(r), assuming an isotropic FGM and a constant Poisson's ratio  
ν(r) = const., have been derived in studies such as those by Guven and Baykara [1] 
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and Nie et al. [2]. In the case of orthotropic FGMs, where the Young's moduli are 
assumed to be proportional to each other, the distributions of E(r) have been 
obtained by Leissa and Vagins [3] and Nie et al. [4]. These approaches are based 
on the solutions to inverse problems in the elastic theory of inhomogeneous bodies. 
Other stress conditions, related to classical strength theories and used in solving 
inverse problems, are presented in works by Andreev [5, 6], Andreev et al. [7], and 
Andreev and Potekhin [8]. 

In practice, for an isotropic FGM, most problems involve both E(r) and ν(r) 

as variables, and these properties are not always well-known or easily defined. To 
address such relatively complex problems, common approaches assume specific 

forms of variation for E(r) such as power law, exponential law, or parabolic 
variation – while typically keeping ν(r) = const. Analytical closed-form solutions 

are often obtained for certain loading cases, primarily focusing on mechanical 
loads, though some also incorporate thermal effects. These solutions are typically 

presented as direct problems in the current literature. Most studies focus on the 
sensitivity analysis of the parameters defining the chosen variation laws for E(r) 

and ν(r). However, only a few papers investigate cases close to the condition of 
constant circumferential stress, and none address situations approaching constant 

in-plane shear stress. This paper seeks to explain this apparent gap by discussing 
the existence of such solutions and provides observations on how effectively the 

optimized E(r) function can be described using the selected variation law. 

Analytical closed-form solutions for thick-walled spheres with a constant 
Poisson's ratio (ν(r) = const.) have been presented by several researchers, including 

Eslami et al. [9], Nayak et al. [10], Zamani Nejad et al. [11], Bayat et al. [12], and 
Karami et al. [13]. Additionally, numerical solutions assuming ν(r) = const. were 

provided by Hadi et al. [14], while Li et al. [15] derived solutions for cases where 
both E(r) and ν(r) vary arbitrarily, either continuously or piecewise. 

For thick-walled cylinders, analytical closed-form solutions are also available 
under the assumption that ν(r) = const., as discussed in references [16‒19]. A 

unified approach for analytical and numerical solutions for both cylinders and 
spheres is presented in Xie et al. [20]. Furthermore, numerical solutions for the 

case of constant Poisson’s ratio can be found in [21‒24]. For cases involving 
arbitrarily varying material properties in graded hollow cylinders, both numerical 

and analytical solutions are available in [25, 26]. Finally, for thin disks, most 
analytical or numerical solutions consider factors such as rotating loads and 

uniform or variable thickness, with results obtained for a constant Poisson’s ratio in 
studies [27‒29]. 

For functionally graded hollow spheres, cylinders, and disks subjected to 

uniform internal pressure, where the material properties vary in the radial direction, 
general numerical solutions have been obtained by Tutuncu and Temel [30]. They 

used the fifth-order Runge–Kutta method to solve the problem, considering both 
Young's modulus and Poisson's ratio as arbitrary functions of the radial coordinate. 
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Closed-form solutions for functionally graded circular hollow cylinders and 

spheres subjected to internal and external pressures, where the material is assumed 

to be incompressible and linearly elastic with ν(r) = const. = 0.5, were derived by 

Batra [31, 32]. These studies revealed that the optimal circumferential stress in 

both the cylinder and the sphere is constant when the shear modulus varies linearly 

with the radial direction. To achieve constant in-plane shear stress throughout the 

thickness of the cylinder and sphere, the shear modulus must vary as r2 for the 

cylinder and r3 for the sphere. Further investigations on functionally graded 

isotropic and incompressible elastic hollow spheres were conducted by Iaccarino 

and Batra [33] and Benslimane [34]. 

This work focuses on the design optimization of functionally graded spheres, 

cylinders, and disks by uniformizing two of the most used stress conditions found 

in the literature. The goal is to tailor these structures to achieve desired stress 

distributions, enhancing their performance under mechanical loading. 

 The paper is organized in five sections, as follows. In section two, the paper 

briefly presents the analytical solutions of tailoring pressurized FGM spheres, cylinders 

and disks for the two most used stress conditions in literature: in-plane shear stress and 

circumferential stress to be constant. Then, in section three, the conditions for the 

existence of practical solutions obtained in section two, are presented. In section four, 

the efficiency of the use of a FGM axi-symmetrical body instead of the homogeneous 

one is discussed. Comments on the obtained results are also presented. The paper 

concludes with some general conclusions in the last section. 

2. ANALYTICAL OPTIMAL SOLUTIONS 

We consider a sphere, cylinder, or disk with an inner radius a and an outer 

radius b, subjected to internal pressure pa and external pressure pb (Fig. 1). The 

material of the structure is assumed to be a functionally graded material (FGM) 

with radial symmetry, meaning the material properties vary only in the radial 

direction from the center to the outer surface.  
 

 
Fig. 1 – Isotropic inhomogeneous FGM sphere/cylinder/disk. 
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 In the spherical and cylindrical symmetric case, the radial and 

circumferential stresses are ( )r r  and ( )r  and neglecting the body forces, the 

equilibrium equation must be satisfied as [35] 

( )
d

0
d



 
+  −  =r

r
r r

, (1) 

where the shape factor χ = 2 for spherical bodies and χ = 1 for cylindrical bodies. 

For the sake of a simple notation, here and below the radial dependence of 

variables ( )r r  and ( )r  is omitted in the formal notation. 

 For radially symmetric deformation, the only nonzero component of the 

displacement vector is ur = u (r). The strain-displacement equations are 

d
; ,

d
 =  =r

u u

r r
 (2,a,b) 

and corresponding strains, r  and  , must satisfy the compatibility equation 

( )
d

.
d

 = r r
r

 (3) 

 The first two stress-strain relations may be written in matrix form 

11 12

21 22

1

 

     
=    

     

r rc c

c cE
, (4,a,b) 

where Hookean coefficients are given in Table 1. Supplementary, the equation 

( )
1

,  =  −   +  z z r
E

 (5) 

is used for cylinders and disks, assuming plane strain ( )0z =  or plane stress 

( )0z = , respectively. 

Table 1 

Coefficients in Eq. (4) for particular axi-symmetrical bodies 

Hookean coefficients  

in Eqs. (4) 

Sphere Cylinder 

plane strain  

( )0z =   

Disk 

plane stress  

( )0z =   

c11 1 1–ν2 1 

c12 –2ν –ν (1+ν) –ν 

c21 –ν –ν (1+ν) –ν 

c22 1–ν 1–ν2 1 
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 It is to be noticed that for all the three geometries from Table 1 is fulfilled 

the condition 
11 12 21 22 0+ − − =c c c c , which is further used in solving equation (9). 

In designing FGM bodies in current literature, the most used stress conditions, i.e. 

const.r  − =  and const. = are named in this work as Opt 1 and Opt 2, 

respectively. 

2. 1. Stress condition Opt 1 

 Substituting the stress condition 

0 const. − = =r C , (6) 

in the equilibrium equation (1) and by using boundary conditions ( )r aa p = −  and 

( )r bb p = − , the radial and circumferential stresses are obtained as: 

( )
log log

,

log

−

 =
a b

r

b a
p p

r rr
a

b

 (7) 

( )
log 1 log 1

log


   
 − −  −   

   
 =



a b

b a
p p

r r
r

a

b

. (8) 

 The radial stress obtained only from the equation of equilibrium (1) and 

which satisfies relation (6), has the same expression for all the analyzed bodies 

(sphere, cylinder, disk). It is to be underlined that the stress distributions depend 

only on the geometry and loading, being independent of the material properties. 

For cylinder (plane strain), the axial stresses are obtained from relation (5), that is 

( )z r  =   +  . 

 If the constitutive equations for a material as (4) are introduced in (3), results 

the differential equation  

  ( )21 22 11 12

d 1 1
.

d
 

 
 +  =  +  

 
r rr c c c c

r E E
 (9) 

 By introducing (7) and (8) in (9) and solving for E(r), with the notations 

( )
21 11 22 12 21

1 2 2
22 21 22

1 , 1 ,
  −

=  + = + 
 + 

c c c c c
n n

c c c
 (10) 

results the expression which describes the variation of the modulus of elasticity as 

a function of geometry, loading, and Poisson’s ratio. 
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( )
2

1 1 11 log 1 log .
       

= + − +       
       

n

a b

r r
E r C p n p n

b a
 (11) 

 In expression (11), C1 is a constant of integration, which can be usually 

established by imposing/choosing a value for E in the interval  a r b , in most of 

the cases at one of the two extremes of r variation. 

 The values of the parameters n1 and n2 can be estimated by using notations 

(10) and Table 1, and are presented in Table 2. 

 By introducing (7) and (8) in (6) results 

0 cont.

log


−
 −  = = =



a b
r

p p
C

a

b

 
(12) 

 The displacements field results from relation (2,b), that is u r=   in which 

εθ is obtained from (4,b) by replacing the stresses from equations (7) and (8) and 

Young’s modulus expression from equation (11). 

Table 2 

Coefficients in Eq. (11) for particular axi-symmetrical bodies if the stress condition (6) i.e. Opt 1, is 

enforced 

Coefficients Sphere (χ = 2) Cylinder (χ = 1) Disk (χ = 1) 

n1 ( )2 1 2

1





−

−
 

1 2

1





−

−
 

1 −  

n2 ( )

( )

3 1

2 1 2





−

−
 

( )2 1

1 2





−

−
 

2

1 −
 

. 

2. 2. Stress condition Opt 2 

 Similarly as described in the previous section, for the condition  

0 const., = =D  (13) 

it results the stress distributions: 

( ) 1 1 ,

  

   

      
 = − − −      

− −         
r a b

a b b a
r p p

r rb a b a
 (14) 

( ) .
 

  

−
 =

−

a bp a p b
r

b a
 (15) 
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 It is noticed that the radial stress from equation (14), obtained only from the 

condition of equilibrium (1) and by imposing relation (13), has different variations 

for the sphere, where χ =2 and for cylinder, respectively disk, where χ = 1. Again, 

for this case also, the distribution of stress depends only on the geometry and 

loading.  

The expression which describes the variation of the modulus of elasticity as a 

function of geometry, loading, and Poisson’s ratio results 

( )

2

2 1 11 1 ,

            
= + − +         

             

n

a b

a b a
E r C p n p n

b r r
 (16) 

where C2 is an integration constant and n1 and n2 are different from the previous 

case and are given in Table 3. 

Table 3 

Coefficients in Eq. (16) for particular axi-symmetrical bodies if the stress condition (13), i.e. Opt 2, is 

enforced 

Coefficients Sphere (χ = 2) Cylinder (χ = 1) Disk (χ = 1) 

n1 
1 2



−
 

1 2



−
 

1



−
 

n2 
1

2





−
 

1



−
 

1


−  

3. CONDITIONS FOR THE EXISTENCE OF SOLUTIONS 

The distribution of the Young's modulus obtained in relation (11) for the 

condition of optimization Opt 1 and, respectively, in relation (16) for Opt 2 must 

describe variations which fit in a relatively small interval because, practically, the 

variations obtained for a FGM material are of the order of units [36]. The 

variations of E(r) are dependent of: i) geometry: a, b and χ; ii) boundary 

conditions, that is considered loading, in this paper only pressures pa and pb; and 

respectively iii) Poisson’s ratio ν(r) which intervenes in calculating n1 and n2. If 

Poisson’s ratio is considered constant then E(r) > 0 is a function defined only by 

the geometry and loading.  

It is known that for the two conditions of optimization with the bodies and 

loading considered in this paper E(r) lead to an uniform increasing variations as a 

function of r. That is, the minimum value is E(r=a) = Ea and, respectively the 

maximum value is E(r=b) = Eb .  
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3. 1. Case of Opt 1 

For the beginning we consider relation (11) which corresponds to the condition 

of optimization (6). If E(r = a) = Ea is imposed, then from (11) we obtain C1 as 

2
1

1

,

1 log

=
   

+ −   
   

a

n

a b

E
C

a
p n p

b

 
(17) 

which introduced in (11) gives as a result 

( )

2

1 1

1

1 log 1 log

.

1 log

       
+ − +       

       
=  

   + −      

n

a b

a

a b

r r
p n p n

b a
E r E

a
p n p

b

 (11') 

If we consider ν = const., and a uniform variation of E(r), then E(r = b) = Eb 

and from (11') we obtain 

2

1

1

1 log

1 log

   
− +   

   
=  

   − −      

n

a b
b

a
a b

b
p p n

aE

E b
p n p

a

. (18) 

For pa ≠ 0, equation (18) is rewritten in the form 

2

1

1

1 1 log

1 log

n

b

ab

a b

a

p b
n

p aE

E pb
n

a p

     
− +     

    
=  

    − −          

. (18') 

Similarly, for pb ≠ 0, equation (18) becomes 

2

1

1

1 log

.

1 log 1

     
− +     

    
=  

     − −         

n

a

bb

a a

b

p b
n

p aE

E p b
n

p a

 (18'') 
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Equations (18') and (18'') can be used as to estimate the ratio Eb / Ea (a 

measure of the variation range of the Young's modulus), function of the ratio of the 

two radii b / a (a measure of the relative thickness of the walls) in the condition of 

choosing constant values of the pressure loadings pb / pa or pa / pb, and respectively 

the Poisson’s ratio ν. In practice, if Eb > Ea, the value of the ratio of the two moduli 

is in the order of units as is also the ratio b / a, for which, in most cases found in 

the literature, b / a = 10 is not exceeded. 

Relations (18), (18') and (18'') are valid for sphere, cylinder and disk when 

imposing the condition 
0 const.r C − = =   

3. 2. Case of Opt 2 

We consider relation (16) which corresponds to the condition of optimization 

(13), notated as Opt 2. Similarly, as above, is imposed E(r = a) = Ea, and then from 

(16) is obtained C2 which being introduced in (16) leads to 

( )

( )

2

1 1

1 1

1 1

1 1

  

 

         
 + − +        

            
=  

     
+ − +     

      

n

a b

a

a b

a b a
p n p n

b r r
E r E

a b
p n p n

b a

. (16') 

If ν = const., and a uniform variation of E(r), than the value E(r = b) = Eb 

results from (16') and we obtain 

( )

( )

2

1 1

1 1

1 1

.

1 1

 

 

     
 + − +    

      
=  

     
+ − +     

      

n

a b

b

a

a b

a a
p n p n

b bE

E a b
p n p n

b a

 (19) 

For pa ≠ 0 equation (19) can be rewritten and a function of the ratios pb / pa 

and b / a, respectively ν which intervenes in n1 and n2 from Table 3. If it is 

necessary, the case pb ≠ 0 can be also considered. 

The variation range of the Young's modulus, given by the ratio Eb / Ea as a 

function of the relative thickness of the body walls, specified through the radii ratio 

b / a, in the condition of choosing pb / pa = 0 and pa / pb = 0, with constant 

Poisson’s ratio value from 0.01 to 0.49, is presented in the following figures as 

design curves. In Fig. 2 the variations are obtained for a sphere loaded with internal 

pressure pa for the two stress conditions Opt 1 and Opt 2. 
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Fig. 2 – Practical design curves of the optimized solutions for an internally pressurized sphere at 

different Poisson’s ratios: a) for σr – σθ = const.; b) for σθ = const. 

From Fig. 2a. it is noticed that an internally pressurized sphere can be 

designed as a FGM with a variation range E(r) relatively reduced, that is bellow 

Eb / Ea < 10 in the condition Opt 1, only for spheres for which b / a is relatively 

small (that is maximum around 2), as compared to the use of condition Opt 2  

(Fig. 2b), where the design can be done for much thicker spheres, as b/a can exceed 

a value of 5, or even more, for quasi-incompressible materials. More than that it is 

noticed that a constant value of Poisson’s ratio has a significant influence on the 

domain of existence of the solution, as the ratios b/a increase together with the 

increase of ν.  

If a pressurized cylinder or a disk is considered, the shape of Fig. 2 is similar. 

As compared to the sphere the design domain for b/a increases for the cylinder 

with above 30% but bellow about 50% for Opt 1, and for the case Opt 2, the 

increase of the design domain given by b/a is more pronounced for low contraction 

coefficients, and can increase with maximum 40%. For the disk, as compared to  

the cylinder the ratio b/a decreases slightly, being more pronounced for greater 

contraction coefficients. As an example, for the case Opt 1 with ν = 0.3 and  

Eb / Ea =10, b/a for an internally pressurized sphere is 1.67, for the pressurized 

cylinder becomes 2.32, and for a disk is 2.20. 

In Fig. 3 the variations of the design curves are presented for a sphere loaded 

with external pressure pb for the two stress conditions Opt 1 and Opt 2. 

In Fig. 3a it is observed that an externally pressurized sphere can be designed 

as a FGM with a variation range for E(r) (ratio Eb / Ea up to 10) in the condition 

Opt 1, for spheres with b/a greater than for the sphere with internal pressure, that is 

around 5 for small contraction coefficients. In the condition Opt 2 the design can 

be done without any restrictions in wall thickness as b/a can exceed without any 

problems the value of 10. Additionally, also for this load case, it is noticed that the 
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constant value chosen for the Poisson’s ratio has a great influence on the domain of 

existence of the solution, especially for Opt 1, as contrary to the case of internal 

pressure, the b/a values increase with the decrease of ν. 

 

 

Fig. 3 – Practical design curves of the optimized solutions for an externally pressurized sphere at 

different Poisson’s ratios: a) for σr – σθ = const.; b) for σθ = const. 

If it is considered an externally pressurized cylinder or disk the shape of the 

curves from Fig. 3 is similar. Compared to the sphere, the design domain for b/a 

for a cylinder increases with over 40% but less than about 50% for the case Opt 1. 

If condition Opt 2 is considered, comparing to the sphere, the range of variation of 

Eb / Ea for the cylinder increases with about 60% for coefficients of contraction 

close to 0.3, but even so, the design of cylinders as to uniformize the 

circumferential stress can be done in a very large design domain of b/a. The curves 

of the existing solutions for the disk, compared to the cylinder, are very close for 

both conditions of optimization, with the exception of case Opt 2 for quasi-

incompressible materials. Just as an example of comparison, for the case Opt 1 

with ν = 0.3 and b/a =3 for the externally pressurized sphere, the ratio Eb / Ea is 

8.46, for the cylinder 5.50, and for the disk 5.10. For Opt 2 with ν = 0.3 and b/a = 6 

for external pressure on a sphere ratio Eb / Ea is 1.87, for the cylinder 2.81, and for 

the disk 2.61. 

If the ratio of the external towards the internal pressure is pb / pa = 2 and ν 

is constant through the wall thickness, in Fig. 4 are presented for a cylinder and 

the two stress conditions the obtained design curves from which are extracted 

the particular conditions for the existence of the solutions. For this loading case 

and ν < 0.4 solutions are valid for very large values b / a, that is very thick 

cylinders.  

If the ratio becomes pb / pa = −2, then the design curves for a valid solution 

are presented in Fig. 5, drawing the conclusion that for some loading cases the 
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influence of Poisson’s ratio is much weaker. Similar curves, but differently 

positioned, are to be obtained for the sphere and the disk. 

 

 

Fig. 4 – Practical design curves of the optimized solutions for a pressurized cylinder with pb / pa = 2 at 

different Poisson’s coefficient values: a) for σr – σθ = const.; b) for σθ = const. 

 

Fig. 5 – Practical design curves of the optimized solutions for a pressurized cylinder with pb / pa = -2 

at different Poisson’s coefficient values: a) for σr – σθ = const.; b) for σθ = const. 

When using Opt 2, if the material is incompressible, that is ν → 0.5, for the 

sphere and the cylinder the first bisector is obtained, that is an affine variation, 

result which is confirmed and presented by Batra [31]. Similarly, for Opt 1, for 

cylinders and spheres, the shear modulus (here Young's modulus), must be 

proportional to r2 and r3, respectively [32]. These statements are not valid for the 

disk. 

As to show that the loading, given by pb / pa, is influencing significantly the 

curves for the existence of the solution, in Fig. 6 are presented the design curves 

showing the existence of the solution if ν = 0.3 = const. and different loading cases 

given by pb / pa . 



13 On the tailoring of radially FGM hollow spheres, cylinders and disks 179 

  

 
Fig. 6 – Practical design curves of the optimized solutions as a function of the loading pb / pa for a 

cylinder with ν = 0.3 = const.: a) for σr – σθ = const.; b) for σθ = const. 

 

Fig. 7 – Curves for the existence of a particular solution for a sphere and the condition of optimization 

Opt 2 in which the right curve does not lead to a monotonic solution for E(r). 

 

As in this paper it is not possible to present all loading cases, it is 

recommended to use relations (18) and (19) as to obtain the curves for a particular 

design. It is to be mentioned that the use of these relations is not always sufficient 

because one has to verify that the relations obtained for E(r) lead to monotonic and 

continuous functions. So, the uniform variation of E(r) has to be validated by 

representing equations (11') or (16'), after establishing the geometry, the loading, and 

respectively choosing the constant value of Poisson’s ratio. There are situations when 

for certain input data the ratio Eb / Ea remains in a relatively narrow domain, but the 

variation of E(r) may give significant variations between a and b. As an example, in 

Fig. 7 is represented a particular case for the condition of optimization Opt 2, for a 

loading with pb / pa = 0.3 and ν = 0.2. The left plot is correct as function E(r) shows 

an increasing trend, but the right plot obtained by using the theoretical solution for 

E(r) is not a monotonic function, as having a vertical asymptote, E(r) → ∞ between a 
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and b; although Eb / Ea has apparently a value of units in most of the shown interval 

(Fig. 7), the E(r) tends to infinity towards its middle. 

4. THE EFFICIENCY OF USING FGM 

The use of a FGM instead of homogeneous material with E(r) = const. is 

usually justified due to the reduction of the stress components in bodies made from 

such a material. As to justify this assertion, in this paper are presented some results 

based on the relations of calculus presented previously. As for making a 

comparison, the relations for calculating the stresses in a homogeneous material are 

needed, and these are presented hereby in a condensed form. 

4. 1. Homogeneous and isotropic material 

From the classical textbooks on strength of materials or theory of elasticity 

[35], or from equations (1) ‒ (5), the stresses distribution in a homogeneous and 

isotropic material are resulting as 

( ) ( )

1 1 1 1

1 11 1 1 1
1 1 ,

+ + + +

+ ++ + + +

   
 = − − −   

− −   
r a b

a b b a
p p

r rb a b a
 (20) 

( ) ( )

1 1 1 1

1 11 1 1 1

1 1
1 1 ,

+ + + +

 + ++ + + +

   
 = + − +   

 − −   
a b

a b b a
p p

r rb a b a

 

(21) 

mentioning that for a sphere χ = 2 and   =  , for a cylinder χ = 1 and 

( ) =   + z r , and for a disk χ = 1 and 0 =z
. 

As based on the stresses distribution the displacements u(r) or strains by 

using equations (1) ‒ (5) can be obtained. 

4. 2. Equivalent stresses 

Up to now, in this work were established the conditions of existence for a 

FGM for particular conditions of distribution of the stresses, named Opt 1 and 

Opt 2. However, usually in practice is important the distribution of the 

equivalent stresses. As follows, there are presented the calculus relat ions of the 

equivalent stresses based on the classical strength theories used for isotropic 

materials.  
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The normal stresses in a body (radial, circumferential, axial) are sorted as 

principal stresses 
1 2 3     . According to Timoshenko [37] and Yu [38], if we 

assume that the allowable stresses in tension and compression are the same in 

absolute value, then the classical strength theories are: 

I. according to maximum stress theory (Rankine) 

( )1 3max , =  I

eqv ; (22) 

where symbol | | was used for absolute value. 

II. according to maximum strain theory (Saint Venant) 

( ) ( )( )1 2 3 3 1 2max , =  −   +   −   + II

eqv
; (23) 

III. according to maximum shear theory (Tresca) 

1 3 =  − III

eqv
; (24) 

V. according to maximum distortion strain energy theory (von Mises) 

( ) ( ) ( )
2 2 2

1 2 2 3 3 1

1

2
 =  −  +  −  +  − V

eqv . (25) 

For a sphere, because the two of three principal stresses are always equals, it 

results 
 =  =  − III V

eqv eqv r
. So, for a sphere, the design according to condition 

(6) or Opt 1 is the same in obtaining constant equivalent stresses according to (24) 

and (25). If   r , then using (22) it results 
 = I

eqv
 and the condition (13) 

or Opt 2 is the same as (22). 

It has to be underlined that in general, for axi-symmetrical FGM bodies, it 

is difficult to identify the stress components , ,r z    as being principal 

stresses and the correct use of relations (22) ‒ (25) in the theoretical analyses. 

Because in a FGM body the stress   may change the sign along the radius, the 

calculus relations of the equivalent stresses may become complicated and do 

not correspond anymore to the homogeneous isotropic one. In Table 4 is 

presented only a simple load case (internally presurized axi-symmetrical bodies 

discussed in this paper) as to show that the apparently simple statement "or" 

mentioned there leads to significant complications in the analytical approach. It 

is also possible to obtain relations for bodies of large dimensions, as b / a can 

reach high values. A complex loading case is presented [5] for a FGM cylinder 

which needs establishing three options during the calculations. 
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Table 4 

Principal and equivalent stresses for an internal pressurized FGM body (pa > 0 and pb = 0) 

Body Principal stresses 

1 2 3      

Maximum 

stress  
I

eqv  

Maximum 

shear stress 
III

eqv  

Maximum distortion 

strain energy (von Mises) 
V

eqv  

Sphere 
1  =   

2   =  =   

3 r =   

abs ( )  

or 

abs ( )r  

r −   r −    

Infinite 

long 

cylinder 

1  =   

2 2orz r =   =   

3 3orr z =   =   

 

abs ( )  

or 

abs ( )r  

r −   

or 

z −   

( )

( )

( )

2

2

2

1

2

z

z r

r





  − 
 
 +  − 
 
 +  − 
 

 

Hollow 

disk 
1 1or 0 =   =  

2 20 or  =  =   

3 r =   

abs ( )  

or 

abs ( )r  

r −   

or 

r−  

2 2

r r  +  −    

4. 3. Comparison of the results obtained for fgm versus homogeneous 

Based on the relations (7), (8), (11), (14−16) and (20−25) which describe the 
distribution of the radial and circumferential stresses as well as the distribution of 

E(r) for the two stress conditions Opt 1 and Opt 2 in FGM bodies but also in 

homogeneous bodies, it is possible to obtain graphical representations which can 
highlight the advantages of using FGMs. Other variables, as deformations were 

calculated based on the general relations (1) ‒ (5). 
For two identical bodies (spheres, cylinders, disks) one from FGM and the 

other homogeneous, with EHom = Emax,Inh , both with ν = const., are presented in 
parallel the distributions of relative measures (Young's modulus, displacements, 

stresses) in the same loading conditions for the two variants of optimization Opt 1 
and Opt 2, of the E(r) distributions in FGM. It is to be mentioned that it is 

considered that max(abs( ),abs( ))= a bp p p  and ν = 0.3, and that for the three types 

of bodies different b / a values were chosen as to fulfill the conditions of the 

existence of the solution, as presented in section 3. 

4. 3. 1. Internally pressurized sphere 

For spheres loaded with interior pressure, in Fig. 8 are presented the radial 
variations of the normalized Young’s modulus E / EHom; normalized deformation 

u∙EHom / (a∙p); normalized radial stress /r p  ; normalized circumferential stress 
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/ p  and normalized equivalent stresses according to maximum stress and 

maximum shear stress if the design is based on the Opt 1 stress condition. The 

similar curves are also presented for the second design condition of the stress 

distribution Opt 2 in Fig. 9. 
 

 
Fig. 8 – Distributions of normalized quantities for a series of three homogeneous and FGM internally 

pressurized spheres if the stress distribution in FGM is enforced to be according to Opt 1 and 

Poisson's ratio ν = 0.3 = const.  

As the FGM spheres are less rigid at the interior than those made from a 

homogeneous material (Fig. 8a) their displacements are a little bit greater (Fig. 8b) 

than those corresponding to the homogeneous material. The radial stresses are a 

little bit greater in the central part of the wall (Fig. 8c) and the circumferential ones 

are greater at the exterior of the sphere (Fig. 8d). For the homogeneous material the 

circumferential stresses are always greater at the interior of the sphere and always 

positive. For FGM the circumferential stresses can be negative at the interior of the 

sphere if b/a > e ≈1.649. Also for FGM, the maximum circumferential stresses 

are greater than the maximum radial ones, if b/a < 4 e ≈1.284. Using the Ist 

maximum stress theory, the FGM sphere does not lead to smaller stresses 

compared with the homogeneous sphere (Fig. 8e), while for the IIIrd and Vth 

strength theories the FGM leads to smaller stresses (Fig. 8f). To determine the 

effect of the optimized model of the inhomogeneous equal-stress structure, 

Andreev (2012) introduced the efficiency ratio  
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,maxmax

max ,max

,

HomInh
eqv

Hom Inh
eqv

p

p


 = =


 (26) 

which shows how many times the external loads on the body can be increased, in 

comparison with the homogeneous analogue. The efficiency ratio for b / a = 1.1 in 

this case (Fig. 8f) is 1.15, whereas for b / a = 1.7 it is around 2.00, but in this last 

case Eb / Ea = 11.56, which is a very high value from practical point of view (Fig. 

8a). The conclusion is that only for very thick spheres the efficiency ratio is high. 

Unfortunately, in this particular load case and if ν = 0.3, the maximum practical 

ratio b/a is limited to around 1.7. This limit may be increased to around 2.1 (Fig. 

2a) if the material is incompressible. 

By analyzing Fig. 9a it is to be observed that the design domain b / a in the 

condition Opt 2 has increased compared to optimization condition Opt 1. There are 

feasible solutions for b/a < 3.5 − 4 if ν = 0.3, but this domain can be enlarged if an 

incompressible material is used, as it is to be noticed from Fig. 2b. Qualitatively, 

the resulting displacement and radial stress distributions are similar to the ones 

obtained with condition Opt 1. 
 

 

Fig. 9 – Distributions of normalized quantities for a series of three homogeneous and FGM internally 

pressurized spheres if the stress distribution in FGM is enforced to be according to Opt 2 and 

Poisson's ratio ν = 0.3 = const.  
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For a FGM the circumferential stresses are constant and positive and greater 

in absolute value than the radial ones if b/a < 2 ≈1.414 (Fig. 9d). Using Ist 

strength theory, the FGM sphere leads to smaller stresses than the homogeneous 

one (Fig. 9e), only if b / a < 1.414, where the efficiency ratio is maximum 1.32. 

With the IIIrd and the Vth strength theories, the FGM sphere leads to smaller 

stresses (Fig. 9f) for any b/a, but the efficiency ratio β is maximum 1.41  

if b/a = 3.5, and for ν = 0.3 = const. it results Eb / Ea = 7.8. If we accept a ratio  

Eb / Ea = 10, for an incompressible material it results, at the limit, 1.5 = .  

This conclusion is very important: for thick spheres, which are internally 

pressurized and designed in stress condition Opt 2 with ν = const., the efficiency 

ratio never results greater than 1.5, although the circumferential stresses can be 

reduced for more than 6 times, see for example Fig. 9d, for b/a = 3.5, or even for 

about 50 times if ν → 0.5. 

4. 3. 2. Externally pressurized sphere 

 

Fig. 10 – Distributions of normalized quantities for a series of three homogeneous and FGM 

externally pressurized spheres if the stress distribution in FGM is enforced according to Opt 1 and 

Poisson's ratio ν = 0.3 = const.  
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For spheres loaded only with an external pressure, in Fig. 10 are shown the 

variations of the same variables as in the previous subchapter, if the design is based 

on the Opt 1 stress condition, and in Fig. 11 if the design is based on the Opt 2 

stress condition. In these plots, the external pressure is considered negative. 

If we consider the loading as being external pressure (Fig. 3a and Fig. 10a), 

for the design condition Opt 1 and ν = 0.3 = const., for b/a = 3.5 results Eb / Ea = 10.3 

and   = 3.85 for the IIIrd and Vth theories, and for the Ist strength theory, the 

efficiency ratio is only β = 1.1. When ν → 0, for b/a = 6.5, results Eb / Ea = 10.3 

and β = 5.63 for theories III and V, and for theory I, we obtain only β = 1.19. 

From Fig. 11 it is noticed that for wide design ranges of b / a (very thick 

spheres), Eb / Ea is surprisingly reduced (about 1.88 for b/a = 6.0) as compared to 

the condition Opt 1, but also the efficiencies β are significantly reduced, as about 

1.09; 1.16 and 1.47 for the strength theories and the ratios considered in this figure 

as b/a = 1.2; 1.4 and 6.0. 

Also for external pressure, but for the design condition Opt 2 and ν = 0.3 = const. 

(Fig. 3b), for b/a = 10, results Eb / Ea = 1.9 and β = 1.49 for all strength theories. 

When ν → 0 or ν → 0.5, regardless the ratio b/a, and the used strength theory, it is 

obtained that the efficiency ratio never results larger than 1.5. 

 

 

Fig. 11 – Distributions of normalized quantities for a series of three homogeneous and FGM 

externally pressurized spheres if the stress distribution in FGM is enforced according to Opt 2 and 

Poisson's ratio ν = 0.3 = const.  
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4. 3. 3. Cylinder and disk 

For a cylinder or a disk loaded only with internal pressure the results are 

similar with those obtained for a sphere, but the design domain may be extended 

and the presence or absence of the axial (longitudinal) stresses 
z  can complicate 

the analytical analysis. 

For example, for a cylinder, if b/a = 2.2, stress distribution according to Opt 1 

and ν = 0.3 it results Eb / Ea = 8.13 and the efficiency ratio results β = 1.20 for Ist 

strength theory,   = 1.99 for the IIIrd theory and β = 1.94 for the Vth theory. For a 

disk, if b/a = 2.2, stress distribution according to Opt 1 and ν = 0.3, results Eb / Ea = 

9.91 and the efficiency ratio β = 1.20 for Ist strength theory, β = 1.99 for IIIrd 

theory, and β = 1.73 for Vth strength theory. 

These discussions can be extended to different scenarios, and if the goal is to 

achieve a practical design with an increased value of β\betaβ, it is recommended to 

plot the relevant variables using the relations established earlier. 

Most studies in the open literature focus on the material tailoring problem to 

achieve a desired distribution of a specific stress component across the cross-

section. However, in practice, damage typically occurs due to the combined effects 

of all components of the stress tensor, according to a given strength theory. 

Therefore, it is essential to tailor the design based on an appropriate strength 

criterion, rather than focusing solely on a particular stress condition. 

5. CONCLUSIONS 

For the three types of analyzed bodies – spheres, thick-walled cylinders, and 

thin disks – subjected only to internal and external pressures, and for the design 

conditions of const.r  −  =  and const. =  with ν(r) = const. analytical 

expressions for the variation of E(r) were derived in a unified form. Specifically, 

for the condition const.r  −  = , the relation (11) was obtained, and for 

const. = , the relation (16) was derived. 

Given that, for a fixed geometry and loading conditions, and assuming ν(r) = 

const., the ratio Eb / Ea remains constant and E(r) increases uniformly with r, it was 

possible to analyze the conditions under which solutions exist using the ratios  

Eb / Ea and b/a. From a practical perspective, it was found that these design 

conditions are applicable primarily for geometries where the ratio b/a is relatively 

small. The influence of assuming a constant Poisson’s ratio on the range of 

variation of Eb / Ea was also examined. It was observed that, in certain loading 

cases and stress conditions, the effect of Poisson's ratio can be negligible (for 
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example Fig. 5a), but in most cases, the variation of ν has a significant impact and 

should be considered in the design process. 

The analytical solutions for both homogeneous and FGM bodies allowed for 

a direct comparison, in dimensionless form, of the efficiency of using FGMs in 

design, under the assumptions of constant Poisson’s ratio and the two uniform 

stress conditions. This comparison revealed graphical representations 

demonstrating the enhanced loading capacity of FGM structures relative to 

homogeneous ones, assuming that the strength of the FGM is comparable to that of 

the homogeneous material. It was also shown that, depending on the strength 

theory applied, the FGM structure does not always outperform the homogeneous 

structure in terms of performance. 
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