ON THE MODELING OF NANOCONTACTS
Dan DUMITRIU, Veturia CHIROIU

This paper deals with the derivation of the nonlocal field equations for nanocontact
mechanics. The nonlocal theory is very appropriate to describe long-range interactions
among the particles in the material. To exemplify this approach, the problem of the
nonlocal elastic contact for an elastic layer loaded by a rigid indenter is studied here.
Classical and nonlocal solutions are compared. The nonlocal stress field is finite for all
points of the contact domain, and has a maximum that does not occur at the boundary
of the contact domain.

1. INTRODUCTION

The classical mechanics does not cover all the physical situations. For
example, the systems whose dimensions are comparable with a characteristic inner
length of the material imply long-range interactions of particles (Johnson [1],
Cimmeli and Starita [2], Keer and Miller [3], Sabin [4]). The nonlocal theory is the
best theory grounded for describing long-range interactions among the particles in
materials. In such theory the stress has an energetic and an entropic components,
both of them being intrinsically nonlocal. The stress at a location (atom, molecule,
grain) is determined by the interatomic interactions in the neighbours around that
location (Eringen [5-8], Artan [9]).

We are interested in the response of the body to external forces within an
experimentally possible length and time scale. The domain of applicability of

a continuum theory depends on the ratio(A/1,7/z,) or (A/1,w,/®), where A
is a characteristic length of the body (atomic distance, granular distance etc.),
[ is the external characteristic length associated with the external forces
(waves, distances over which load distribution change sharply, geometrical
and surface discontinuities), r the time scale (or frequency @) which is the
minimum transmission time of a signal (or a frequency), and z, is the external
characteristic time or frequency) associated with the external forces (Eringen
[8]). All classical theories assume A//<<1 and 7z/7,<<1, i.e. the external
forces excite large numbers of subbodies simultaneously, so that subbodies
interact and the result is a statistical average of the individual responses. For
A/l=1 and 7/7z,=1, the individual fields of subbodies (intermolecular and
atomic forces) are important.
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The balance laws of nonlocal continuum mechanics are identical to those of
classical continuum mechanics. So, the balance laws for a body of volume V
enclosed by a surface OV, state that the time rate of change of the field ¢ (mass,
momentum, moment of momentum, energy) in the body, excluding the points on
the discontinuity surface o, which moves into the body with a velocity v in the
direction of its unit normal n, is balanced by the surface flux T and the body
source g, namely (Eringen [5—-8])

%Vf pdv— [ t-da- | gdv=0. (1.1

oV-o oV-o

By using the Green-Gauss theorem, (1.1) becomes
[ [, +divigv—1) - g |dv+[[#(¥ - v)—7]-nda =0, (12)
V-o o

where comma means the differentiation with the respective variable, v is the
velocity vector, and the bracket is the jump of the mentioned quantity at o . In the
classical theory, (1.2) is valid for every part of the body, no matter how small it
may be, and the localization condition yields to the vanishing of integrants in the
integrals. In the nonlocal theory, this assumption is abandoned, but the localization
is still possible by using certain localization residuals, which must integrate to zero.

These residuals are the effects of all other points of the body on one point of
the body, that means the residuals are the long-range effects of all point x at which
the balance laws are localised.

So, the master balance laws of the nonlocal theory are

¢, +div(gv-1)-g=¢ in V-0, [p(¥-v)-1]-n=G on o, (1.3)
subject to

I ng+Iéda=0. (1‘4)

V-o

From (1.3) and (1.4), the nonlocal balance laws for mass, momentum,
moment of momentum and energy are

p,+div(pV)=p, (1.5)
divt, + p(f —v)= pv - pf , (1.6)
i xt, —p(xxf-1)=0, (1.7)

—pé+t,(-\7’k+V-q+ph—[)(8—%\7-\7)—pf-€'+p};:0, (1.8)
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l,bdv=0, !pfd\/:O,!pidv:O, !pﬁdv=0, (1.9)

where a superposed dot a material time derivative. Here, p is the mass density,
t, =t,; the stress tensor, i, the Cartesian unit vectors, & the internal energy
density, q the heat flow vector, /4 heat source per unit mass, p the mass residual,
f the body force residual, 1 the body couple residual, h the energy residual, all
residuals being the nonlocal production of these quantities per unit mass due to the

rest of the body.
The second law of thermodynamics is obtained from (1.3)

. h A .
pn—V-q—%—pb+p7720 nV-o, (1.10)
where 77 is the entropy density, & is the absolute temperature and b is entropy
residual subject to

4

2. THE NONLOCAL ELASTIC SOLIDS

THEOREM 2.1 (Eringen 1972). For the linear theory of nonlocal elastic
materials, whose natural state is free of nonlocal effects, the nonlocal body force

vanishes, i.e. f, =0.

THEOREM 2.2 (Eringen 1972). The constitutive equations of the nonlocal
linear homogeneous and isotropic elastic solids and residuals do not violate the
global entropy inequality (1.10) and (1.11) if and only if they are of the form

ty =Ae, 0, +2ue, + I (Ae,, 0 + 2, )dv", 2.1

V-o

1 1 ' ’ ' ' ' A 7
L=2,+ El(ekk ) + peyd, + _[ (Eﬂ'lekkell + pheye)dv', p=0, f, =0, 2.2)
V-o

where A, u are the classical Lamé elastic constants, and A' and ' are the
nonlocal Lamé elastic functions which depend on |x'—x|, X is a functional over
all argument functions of X' covering the entire body, defined by pyy =X(x',x/),
with y =& —06n the free energy functional, X, refers to the value in the natural
state, and p, the density in the natural state, o,, is the Kronecher delta, e, is the

strain tensor of the linear theory
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1
€y =§(uk,, +u,), (2.3)

and u, the components of the displacement vector.

A prime placed on quantities indicates that they depend on x' and ¢ <t,
where x' is any other point in the body and ¢’ any time at or prior to present time
t . The conditions p=0, fAk =0 means that we don’t have the mass and body force
nonlocal production in the body.

The nonlocal Lamé elastic functions A'(|x'—x|)and 4'(|x"—x]|)are
influence functions, which are positive decreasing functions of |x'—x|. Another

form of (2.1) and (2.2) is obtained by incorporating A and u into A" and '

ty = I [A(|x" = x]e,, (X)), +24'(|x" = x )¢, (xX)]dV'(X) 2.4)

V-o

2=+ [ AKX Deu () 41X - XDy (e (KNP 2.5)

o

3. THE NONLOCAL CONTACT PROBLEM

Nanoindentation is a technique for determining the mechanical properties of
materials at very small scales (thin films, thin surface layers, and very small
volumes of material). One of the great advantages of nanoindentation is that
properties such as the hardness and elastic modulus can be measured by simple
analyses of indentation load-displacement data (Kelchner, Plimpton and Hamilton
[10], Bhushan [11]). In this paper the plane problem of a layer of thickness 4 and
length 2L on a rigid horizontal plane, loaded by a rectangular rigid indenter with a
flat horizontal base of width 2a is considered (Fig. 3.1).

l,,

Fig. 3.1 — The scheme for the indentation problem.
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The contact along the interface is frictionless, no tensile tractions can be
transmitted across the interface. The layer is subjected to vertical body forces due
to gravity. Let us note by V the volume of the layer and by S the surface between
the indenter and the layer. The physical response of any point in " depends on the
state of whole volume. This dependence can be described by the constitutive laws
(2.4) written for the layer

by = J‘[/l,(| x'—X |)eill (X0, +24' (| X' —x |)e,'(}(x’)]dv'(x’) . (3.1)

The Lamé constants for a nonlocal medium can be taken as
A(x'=x)=a(x'-xDA, p (X' -x))=a(x'-x)u, (3.2)

where A4 and p are the Lamé constants for the nonlocal case, and a(|x'—x]|) is

the nonlocal kernel function which measures the effect of the strain at x’ on the
stress at x.
Eringen [8] has showed that

Ty :I a(|x' - x[)o, (x)dv'(x'), (3.3)

v
where o,,(x") are the local stress fields.

For the kernel function we consider the Artan representation [9]

, B{1—|X_X|}, X' -x|<d,
a(x'—x|)= d

0, |XI_X|>d,

(3.4)

where B=1/d, with d a atomic distance. For the indentation problems it is

usually to take d =4x10"cm (Artan [9]).
The local stress field under the frictionless punch is (Civelek, Erdogan and
Cakiroglu [12], Solomon [13])

o(x)=—pgh+
N 1 J”- I o(t) exp(u)[(1+u)expRu)+u—1] cos[(t - x)z]dudt, (3.5)
h* °, exp(4u) + 4uexp(Qu) —1 h
j. o(t)dt=P. (3.6)

—a

The nonlocal stress field under the punch is calculated by using (3.3)

(= | (1 —"“fx"}mdx' : (3.7)

where o(x) is given by (3.5) and (3.6).
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By using the dimensionless quantities

B i _Xx _ O'(as)
s=— f (s)= oah (3.8)
the equations (3.5) and (3.6) become
o) =—1+
pgh 3.9)
Lo I I o SXPD( +gL)exp(2gL) +qL —1] cos[(as - x) q_ Jdgds,
h?” exp(4qL)+4qLexp(2qL)—1
a p (3.10)
" j fls)ds =5

The contact stresses are calculated for a/h=0.5, L/h=15, by using a
Gaussian integration formula. Figs. 3.2 and 3.3 show the difference between the
local and the nonlocal fields of stresses near the boundary of the contact domain
for a/h=0.5and respectively a/h=0.3. Both figures show that, if the points
are situated in the neighbourhood of the boundary x/a >0.95 for the first case,
and x/a>0.965 for the second, or on the boundary of the contact domain
x/a =1, then the difference between solutions obtained in both theories cannot
be ignored. The nonlocal stresses are finite at all points of the boundary of the
contact domain.

5
4 —
g(x)h local stresses
P
3 —
) nonlocal stresses
1 —
0 1 \ 1 \
0.9 092 0.94 0.96 X 0.98 1

a

Fig. 3.2 — The local and nonlocal stresses
near the boundary of the contact domain for a/h=0.5.
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Fig. 3.3 — The local and nonlocal stresses
near the boundary of the contact domain for a/h=0.3.

For the local case, the results are the same with those given by Civelek,
Erdogan and Cakiroglu [12]. Near the boundary of the contact domain x/a —1,
the stresses tend to infinity. For d — 0 the nonlocal stresses are the same with the
local stresses inside the contact domain. In other words, the nonlocal theory of
elasticity will not provide new insight into the problem, for interior points of the
contact domain. The nonlocal stress has a maximum, but this maximum stress does
not occur at the boundary of the contact domain.

As a conclusion, the local and nonlocal solutions are practically constant under
the punch for x/a <0.95 in the first case and x/a <0.965 in the second, but they
differ near the boundary of the contact domain x/a>0.95, and respectively
x/a>0.965, where severe stress gradient appears. For x/a >0.95 and respectively
x/a>0.965 both solutions depend essentially on a/#%. Superiority of the nonlocal
theory consists in the perfect agreement with the experiments, where have been
depicted finite stress fields under the punch and near/on the boundary of the contact
domain (Johnson [1]). The nonlocal approaches in similar problems are discussed
also in other papers (Picu [14], Artan [15-18]).
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