DYNAMICS OF FREE-FIXED PLANAR SERIAL MECHANISMS
WITH RIGID LINKS AND FLEXIBLE HINGES
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Abstract. A lumped-parameter dynamic model is developed for planar serial
mechanisms with free-fixed ends and comprising rigid links connected to flexible
hinges. Based on the rigid links degrees of freedom, the method assembles a mass
matrix accounting for both rigid links and flexible hinges inertia, as well as an exact
compliance matrix that considers both bending and axial deformations of the hinges.
The two matrices are utilized to calculate the in-plane natural frequencies and mode
shapes via the dynamic matrix, and to predict the free or forced time response of the
mechanism. The dynamics of a particular collinear mechanism, formed of two rigid
links and two flexible hinges, are thoroughly analyzed in terms of geometric
parameters, and by also including the gravity effects when the mechanism is vertical
and behaves as a double pendulum.
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1. INTRODUCTION

Monolithic mechanisms that are constructed by serially connecting rigid links
(the members that perform mechanical work and carry the payload) and flexible
hinges (the compliant joints) are amply utilized in a wide range of applications
including flexible robotics, precision positioning, manipulation and machining,
displacement-amplification mechanisms, orthotic/medical devices, flexible surgical
robotics, sensing/actuation, fiber optics, telecommunications, microelectronics, and
micro/nano electromechanical systems.

The dynamic behavior of these mechanisms is typically studied with
approaches pertaining to the flexible multibody systems [1-2]. The finite element
analysis (FEA) is one of the methods utilized to model and solve multibody system
dynamics problems [3-9]. For free systems, FEA leads to linear eigenvalue
formulations where the mass and stiffness matrices are calculated separately. Aside
from requiring a relatively large number of degrees of freedom (DOF), a particular
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drawback of the method results from the discrepancy in elastic properties between
the rigid and the flexible links that may generate ill-conditioned mathematical
models and, therefore, inaccurate results. Another technique for modeling the
dynamics of multibody systems is the dynamic stiffness matrix method [10-12],
which employs a smaller number of DOF than FEA and formulates a matrix (the
dynamic stiffness matrix) directly in the frequency domain, and whose determinant
provides the eigenvalues. The transfer matrix method [13-16] simplifies the
dynamic stiffness matrix method by further reducing the number of DOF and using
an algebraic transfer algorithm for the solution. Both the dynamic stiffness matrix
and the transfer matrix methods result in transcendental eigenvalue problems that
require numerical algorithms to find the solution [17, 18]. Another multibody
system mathematical modeling category includes symbolic techniques coupled
with numerical solution algorithms that are usually sourced in distributed-
parameter models [19-21]. Methods and algorithms aimed at reducing the number
of DOF and at simplifying the mathematical models of multibody systems have
also been developed, as discussed in [22—24].

A lumped-parameter analytic model is formulated here to describe the in-
plane dynamics of planar mechanisms that are designed as serial chains with one
end free and the other end fixed, and that combine rigid links with flexible hinges
[25]. The model is general and can be applied to any mechanism structure, flexible
hinge configurations, and number of links. The number of DOF is inherently
minimum because they represent the in-plane motion coordinates of all the rigid
links’ mass centers. Based on these DOF, a mass matrix is assembled that includes
the inertia of both the heavy rigid links and the flexible hinges. Consistent with the
mass matrix, an exact compliance matrix is separately assembled by collecting all
flexible hinges’ elastic properties related to both bending and axial small
deformations. Utilizing compliances instead of stiffnesses in a serial architecture
presents the advantages of simply using zero compliances for rigid links and of
algebraically adding compliances for the linear analysis. The mass and compliance
matrices are utilized to calculate the dynamic matrix, which results in a linear
eigenvalue problem that provides the natural frequencies and the associated mode
shapes. The same matrices can also be used to formulate and solve the time-
domain free/forced response of the mechanism.

The general mathematical model is applied to the specific design of a
collinear mechanism with two rigid links and two flexible hinges of constant cross-
section. The mechanism can be positioned either in a horizontal plane (case where
gravitational effects are eliminated) or along a vertical axis (with the gravitational
action being accounted for) when the mechanism becomes a double pendulum. The
natural frequencies of the horizontal-plane mechanism are calculated for both
massless and heavy hinges. It is shown that for typical designs with small-
dimension (and therefore light) hinges, the inertia of the heavy rigid links is
dominant, which enables to ignore the hinges’ inertia without affecting the
accuracy of the calculated natural frequencies. The analytic-model natural
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frequencies and mode shapes are confirmed by those obtained with finite element
simulation. The influence of the geometric parameters on the natural frequencies’
values is also investigated. The gravitational effects in the double pendulum
slightly modify the compliance matrix without substantially altering the natural
frequencies. The time response of the double pendulum under the action of the
gravitational forces is evaluated by means of the modal superposition method.

2. GENERAL ANALYTICAL MODEL

The planar serial chain of Fig. 1 is a sequence of n rigid links and n flexible
hinges that starts with a free rigid link and ends with a fixed flexible hinge. It is
assumed that the rigid links are heavy, whereas the flexible hinges (whose primary
function is to allow relative motion/rotation between neighbouring rigid links) are
light (massless at limit). Based on the system’s DOF corresponding to the in-plane
motion, a mass matrix and a compliance matrix are formed separately. The two
matrices enable to calculate the dynamic matrix, which results in a linear
eigenvalue problem providing the system’s natural frequencies. For external
forcing, the time response of the serial chain is evaluated by means of the modal
superposition method.
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Fig. 1 — Free-end, fixed-end planar serial mechanism with multiple rigid links and flexible hinges.

Rigid link u

The method proposed here establishes the system’s DOF based on the rigid
links of the serial mechanism. Each rigid link has three DOF that describe its
position in the xy plane. For the rigid link i, the x and y displacements uix, Uiy, and
the z-axis rotation 0; related to the link mass center C; are collected in the
displacement vector u; = [uix uy 6]]" — see Fig. 1. Consequently, the serial
mechanism of Fig. 1, which comprises n rigid links and an equal number of
flexible hinges, has 3n DOF; the DOF define the overall displacement vector
u=[uy Uz... Ui.. un]".

Mass and compliance matrices

Consistent with the DOF associated to the mass centers of the n rigid links, a
mass matrix M is assembled that mainly accounts for the inertia of the rigid heavy
links. Inertia contributions from the flexible links can also be added to the rigid
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links inertia when the hinge mass is not negligible. The diagonal 3n x 3n matrix M
is formed of the 3 x 3 submatrices M® that are associated to the rigid links centers
Ci as follows:

diagM=(M® M® . MY . M®)
m 0 O
with MP=| 0 m 0 )
0 0 J

where m; is the lumped mass and J; is the z-axis mass moment of inertia of the
rigid link, both located at Ci; i = 1, 2, ..., n. The mass m; is either the rigid link
mass only (when the flexible hinges are light and considered massless) or adds
lumped fractions of the adjacent flexible links masses to the rigid link mass (when
the flexible hinge mass cannot be eliminated) — full details on how to evaluate m;
in this latter instance are discussed for a specific mechanism in Section 3.

Considering that a force vector f = [f; f,... fi... f,]", formed of 3-component
vectors fi applied at the rigid links centers C; (see Fig. 1), acts on the mechanism,
the displacement vector u and the force vector f are connected by means of the
compliance matrix C as u = Cf. Each flexible hinge is defined by a 3 x 3
compliance matrix C® whose analytically calculated components are available in
the literature for typical hinge configurations. Given the serial structure of the
mechanism, the overall/assembled compliance matrix C is obtained by adding the
hinge compliance matrices C® after proper transfer to the rigid links centers C; by
following a procedure that is explained in detail for a specific mechanism in
Section 3 in this paper. Symbolically, the matrix C is assembled as:

n n
(1) (1) (n)
ZCC1Hi ZCCIHi CclHn

i=1 i=2
n . T n .

c-|(Zeth ] Tt - | wan
i=2 i=2

)

(ce) (o) . cu,
c» o0 0

c?= o cf cf)
0o c® c®

andi=1,2, .., nC"is the axial compliance, while C{), C{}, C{ are bending-

related compliances (whose equations are available). In Eq. (2), Cngi , for instance,
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is the matrix resulting after translating the original compliance matrix C® of hinge
i (which is calculated with respect to point H;, see Fig. 1) from H; to C.

Natural frequencies and eigenvectors

The following matrix differential equation (see [25], [26], [27]) governs the
in-plane free dynamics of the serial mechanism with 3n DOF:

Mii+Ku=0 or (i+Du=0 with K=C*,D=M"K=(CM)", @)
where K is the stiffness matrix (the inverse of the compliance matrix C), and D is
the dynamic matrix. Eg. (3) can be derived by several methods, including
Newton’s second law of motion or Lagrange’s equations. As per the theory of
differential equations, the solution u = Usin(wnt + @) of Eq. (3) leads to the
eigenvalue problem:

DU =,U, 4

where An i an eigenvalue of D and U is the eigenvector corresponding to
A, :(oﬁ, where ®, is the natural frequency. The signs and values of an

eigenvector components describe the mode shape, which illustrates the specific
way in which the system’s independent coordinates (DOF) combine during the
free vibration at any natural frequency.

Time response

The time response (either free or forced) of the undamped mechanism can be
found by several methods, including the modal superposition method, which is
utilized here. A transformation u = Vv, where v is the new-variable vector and V
is the matrix whose columns are the eigenvectors of D, transforms the original
forced-system differential equation into:

u=Vv
i+Du=f — V+Av=f with A=V'DV, f =V*f, (5)

where the diagonal spectral matrix A comprises the eigenvalues A, and f, is the
transformed counterpart of the original forcing vector f. For the mechanism of Fig.
1, the transformed matrix Eq. (5) consists of a set of 3n decoupled second-order
differential equations:

Vi + iy = fi, (6)

withi=1,2, ..., 3n. Egs. (6) are solved independently and then used to express the
original vector u from the vector v.
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3. CASE STUDY: MECHANISM WITH TWO RIGID LINKS AND TWO
FLEXIBLE HINGES

The mechanism of Fig. 2 consists of two rigid, heavy links and two straight-
axis flexible hinges that can be either massless or heavy. All links are collinear.
The rigid links have lengths L1, L2, and their constant cross-sections are assumed
square with side lengths ai, a,. The flexible hinges’ lengths are I, I, and their
constant rectangular cross-sections have the dimensions wi, h; and wy, hz. The mass
centers Cy, C; of the rigid links are placed at the links® midpoints due to the links
constant cross-sections. While the above assumptions allow to simplify the
mathematical model, they are nonbinding, and the general mathematical model
described in the previous section can be applied to mechanisms with noncolinear
and variable cross-section links, for instance.

¥
Rigid link

VA fi
Flexible hinge L1/2

r$ﬁ(ed end

wa

(a) (b)

Fig. 2 — Collinear serial mechanism with two rigid links and two flexible hinges:
a) three-dimensional view; b) Planar view.

The planar motion of the mechanism is defined by 6 DOF since each rigid
link has 3 DOF. The displacement vector comprises the displacements at the rigid
links centers Ci, C,, and is therefore u = [ur Uz]" = [uix Uzy 01 Ux Uz 02]T. The
mechanism mass matrix M and compliance matrix C, which are both 6 x 6
matrices, are formulated next.

Mass matrix

It is assumed that both the rigid links and the flexible hinges are constructed
from the same homogeneous material with mass density p. While the rigid links are
heavy, the flexible hinges can be either massless or heavy, depending on their
dimensions with respect to the rigid links dimensions. The mechanism mass matrix
is formulated here for both instances.
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a) Massless hinges. For massless hinges, the 6 x 6 mass matrix results
directly from Eq. (1) for n = 2, namely:

MO 0 m 0 O
= with MO=M®={ 0 m 0|, @)
0 M@ ' '
0 0 J

where i = 1, 2, 0 is the 3 x 3 zero matrix, and the subscript “r” denotes the rigid
links. The elements of the 3 x 3 submatrices forming M are: m; = pLi(a;)? and
Ji= mi(Li)2/12.

b) Heavy hinges. When the hinge inertia is comparable to that of the rigid
links, the mass submatrices of Eq. (7) are calculated as:

MD =MD + MO, (8)

where i = 1, 2, and the subscript “h” denotes the flexible hinges.
14/2 —1,/2 L,/2

\—‘/\. ./ \\_,./ \_/m,-,'
.i'!:l'_:P
Fig. 3 — Schematic representation of mechanism with lumped masses.

As shown in Fig. 3 and as detailed in [25], the actual inertia of the hinge (1)
can be lumped at its ends Hi and A, and results in the following two identical
submatrices:

md/2 0 0
mY=mO=m®=| 0 mP/2 0| with m®=plwh, (9)
0 0 0

where m®is the mass of hinge (1). The inertia of hinge (2), which is fixed at the

end B, is lumped at the moving end H, and is expressed by the matrix (see also
details in [25]):

m{? /3 0 0
mP = 0  33m?/140 0| with m? =pl,w,h,, (10)
0 0 0

where m( is the mass of hinge (2). It should be noted that, instead of the lumped-
parameter approach applied here, the consistent formulation (as in FEA) — see also
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[25] — may also be used to calculate the hinge inertia at points Hi, A and H». The
three submatrices of Egs. (9) and (10) that account for the two hinges lumped
inertia are transferred from the points Hi;, A and H; to the points C; and C;
respectively, as depicted in Fig. 3, which results in:

T
) _ )
M; —(TclHl) my TC1H1'

2 L T (11
Mﬁ ) = (TCZA) mﬁ)TCZA + (TCZHZ) mﬁ )TCZHZ'
The translation matrices to C; and C; are:
1 0 0 1 0 0
Tclle 0 1 0 ,TCZA: 0 1 0|,
0 -L/2 1 0 L/2 1
(12)
1 0 0
TCZHZ =0 1 0/l
0 -L,/2 1

Compliance matrix

The displacements at C; and C, are calculated based on the two hinges
compliance matrices and the generic force vectors fi, f, acting at the same points,
namely:

u =(Cl, +C&, ) f+CE 1,
u,=C&, f,+C&, f,=(C&.) f,+C¥. f,
w | C(cll)c1 +C((‘jél C(czl)c2 f;
M_ (ca) c2 {f}
- f

C

(13)

Equation (13) is of the form u = Cf and identifies the mechanism compliance
matrix C. The individual equations of Eq. (13) use the superposition principle since
the system is linear. The displacement vector u; at Ci, for instance, is the sum of
two displacements generated by f; when acting on the hinge (1) and the hinge (2),
and a third displacement produced by f, applied to the hinge (2); similarly, u,
generated at C, adds the displacement due to fi acting along hinge (2) and the
displacement along the same hinge under the action of f,. The subscripts of the
compliance submatrices of Eg. (13) have the following significance: the first letter
indicates the point with respect to which the matrices are calculated while the
second letter indicates the point where the force is being applied at. The
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superscripts (1) and (2) identify the respective flexible hinge. These compliance
matrices are determined based on the hinge compliance matrices C® C®@ of
Eqg. (2) and the related translation matrices as follows:

Céll)cl - (TClHl )T C(l)TclH1; Cézlz:l = (Tcle )T C(Z)TCLHZ :
C(czl)c2 = (T01H2 )T C(Z)TCZHQ ; (14)
C(czz)c1 = (TC2H2 )T C(Z)Tcle = (Cgéz )T ;C(czz)cz = (TC2H2 )T C(Z)TCZHZ'

For the constant rectangular cross-section flexure hinges of this mechanism,
the four compliances forming the compliance matrix C® of Eq. (2) are: C =

l/(EA),CS) = ()*(3EI), C{) = —(1)¥(2EI),C§) = I/(El); the cross-section area

yo
and area moment of inertia are: Ai = wih; and I; = wi(h;)*/12.
Note that the particular form of the compliance matrix in Eq. (13) is
consistent with the general compliance matrix of Eq. (2). The translation
matrices Ten, and Tem, of Eq. (14) are defined in Eq. (12) while Tem, (see Fig. 3) is

calculated as:
1 0 0

Ten, =0 1 0| (15)
0 —(Li/2+1;+Ly) 1

Finite element analysis validation of analytical model

The analytical model accuracy was checked by comparing the model’s 6
natural frequencies to those resulting from finite element simulation. Table 1 lists
the geometric parameters of the design variants that were used for the analytical-
numerical comparison. Without loss of generality, the designs have a; = a; = a,
=1 =1, wi =w.=w, and h; = h, = h. Young’s modulus is E = 2-10** N/m? and
the mass density is p = 7 800 kg/m3. Three-dimensional elements were utilized in

the ANSYS software for the FEA.
Table 1

Geometric dimensions (in m) of design variants

Design # Ly L, a I w h
1 0.04 0.05 0.01 0.016 0.006 0.001
2 0.04 0.05 0.01 0.02 0.006 0.001
3 0.04 0.05 0.01 0.02 0.005 0.0008
4 0.06 0.05 0.01 0.02 0.005 0.0008
5 0.06 0.06 0.01 0.02 0.005 0.0008
6 0.06 0.06 0.02 0.02 0.005 0.0008
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Table 2 displays the analytical and FEA natural frequency values for these
design variants together with the relative errors. The analytical natural
frequencies utilized the model with heavy flexible hinges when evaluating the
overall mass matrix. When using consistent masses for the two flexible hinges,
which entails inclusion of rotation effects, the resulting analytical-model
natural frequencies were almost identical to those listed in Table 2 and which
utilized lumped masses.

Table 2

Natural frequencies (in Hz) by analytical model (A), finite element analysis (FEA) simulation, and
relative percentage errors (E in %)

Design # ®n1 ®n2 ®n3 ®n4 ®ns ®n6

A 20.81 161.38 939.44 1,753.70 4,580.79 | 11,465.20
1| FEA | 21.34 161.01 945.67 1.775.77 4,337.74 | 10,942.70
E 2.48 0.19 0.66 1.25 5.30 4.56
A 17.52 137.55 706.61 1,347.87 4,097.19 | 10,254.80
2 | FEA | 17.89 136.73 697.71 1,312.50 3,920.15 | 9,885.20
E 2.07 0.60 1.26 2.62 4.32 3.6
A 11.50 90.19 462.49 880.74 3,364.24 | 8,426.07
3 | FEA | 11.69 89.70 459.75 863.41 3,253.40 8,171.00
E 1.63 0.54 0.59 1.97 3.29 3.03
A 8,59 66.69 410.28 795.16 2,908.07 7,928.3
4 | FEA 8.75 66.62 414.80 784.70 2,804.00 7,700.6
E 1.83 0.10 1.09 1.32 3.57 2.86
A 7.87 60.11 382.48 719.08 2,842.20 7,419.57
5 | FEA 8.01 60.06 386.44 713.54 2,732.70 7,176.30
E 1.75 0.08 1.02 0.77 3.85 3.28
A 3.96 30.22 192.16 359.73 1,433.60 3,750.44
6 | FEA 4.01 29.66 191.54 348.16 1,398.40 3,640.00
E 1.25 1.85 0.32 3.22 2.46 2.94

The 6 mode shapes associated to the FEA natural frequencies corresponding
to one of the 6 design variants are illustrated in Fig. 4. These graphic modes can be
visually characterized by the specific way the two flexure hinges deform while
undergoing free vibrations. As such, the first two mode shapes are bending ones
(the flexible hinges deform in bending only), while the last two modes are purely
axial (the flexible hinges undergo extension/compression solely). Modes 3 and 4
combine bending and axial deformations of the flexible hinges. It should be noted
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that the FEA mode shapes confirmed the eigenvectors that were calculated
analytically. Each eigenvector is formed of the amplitudes of the individual
harmonic vibrations along the mechanism 6 independent coordinates and is of the
form Vi = [Uwi Uiy O1i Uaxi Uzyi ©2i]",i=1,2, ..., 6, where the 6 amplitudes
may be positive, negative or zero. Each of the FEA mode shapes of Fig. 4 is
accompanied by its analytical symbolic eigenvector, which lists +, — or O for the 6
components, depending on the sign of a particular component in the analytical
eigenvector.

Mode 1 (0,—, + 0, —. +) Mode 2 (0. —. +.0.+.—)

_ .._ - |'_'| .I.... v—. r.. 'T i - - e ..'»_‘:! ;_ Y £ ! .'._‘.i
S S R NI ™ VI L NN YA
NNA FA SN BN AL WA

Mode3 (. +. .+ —. ) Mode 4 (+, +.+. +.—. )

PanD - Ky 7 AN ‘J L TNy D

Mode 5(—.0,0.—,0.0) Mode 6 (+. 0.0, —.0.0)
A — DO

Fig. 4 — FEA mode shapes and analytical eigenvectors.

Influence of hinges’ inertia on natural frequencies

A comparison was performed between the natural frequencies that result
from the analytical models with and without hinge inertia included when
varying the hinge lengths and cross-section dimensions. A base design was
used withL; =L>,=0.05m,a1=a=001m,l;=1L=1=001m,wi=w,=w=
=0.006 m, hy = h, = h=0.001 m, E = 2:10'* N/m? and p = 7800 kg/m?®.
The following ranges were used for the hinge parameters: | — [0.01; 0.05] m,
w — [0.002; 0.01] m, and h — [0.0005; 0.002] m. The analysis revealed that all
relative natural frequencies Awni/oni (Where Awmni represents the difference
between the i natural frequency without inertia and the i natural frequency
with hinge inertia) increased when I, w, and h assumed larger values. Figure 5
illustrates this conclusion by plotting the first relative natural frequency in
terms of each of the three hinge parameters. As this figure shows, and as also
confirmed by similar variations and ranges of the other relative natural
frequencies, the deviations (errors) produced by ignoring the hinge inertia are
small. The worst-case scenario results in a first relative natural frequency of
6.64% when I = 0.05 m, w=0.01 m and h = 0.002 m.
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Fig. 5 — Relative first natural frequency plots in terms of the flexible hinges’ dimensions.
Influence of geometric parameters on natural frequencies

The influence of the mechanism geometry on the natural frequencies was
studied by using the base design of the previous section, and by varying each
geometric parameter at a time. The following ranges were used for the hinge
parameters: L1, L, — [0.01; 0.08] m, a1, a — [0.005; 0.03] m, I3, I, — [0.01; 0.05] m,
w1, W — [0.005; 0.01] m, and hs, h, — [0.0005; 0.002] m. All natural frequencies
vary monotonically in terms of the 10 parameters; the natural frequencies are larger
for smaller values of Li, Ly, a1, a, |1, Iz, and for larger wi, wz, hi, ho. These trends
are illustrated in Fig. 6 and Fig. 7 that plot the variation of the first natural
frequency. For the parameter ranges selected here the extreme values of the first
natural frequency are ®nimin = 0.44 Hz and on1,max = 1,042.28 Hz.

50
40 (L)

)

on [Hz]

0.01 0.02 003 004 0.05 006 007 0.08 0_b05 0.010 0.015 0.020 0.025 O‘U(Vi()
Ly, Ly [m] ay, a; [m]

Fig. 6 — First natural frequency plots in terms of the rigid links” dimensions.
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Fig. 7 — First natural frequency plots in terms of the flexible hinges’ dimensions.
Vertical mechanism (double pendulum)

When the mechanism of Fig. 2 is placed with its axis vertical (and essentially
becomes a pendulum — see also [28-30] for study of similar mechanisms’ free-
response dynamics), the gravity alters the compliance and, potentially, the system
natural frequencies. This mechanism position also transforms the free system
analyzed in the previous sections into a forced system. Figure 8 is the sketch of the
deformed pendulum where the gravity forces act at the mass centers of the two
rigid links C,, Co.

I

o= [m————————1

Fig. 8 — Flexible-hinge double pendulum with gravitational effects in vertical plane.
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In addition to the two x-axis gravitational forces —m:g and —m.g, two
z-axis moments are produced by the two forces with respect to the mechanism
fixed point, namely: —(mig)uiy and —(mzg)uzy where mi, m, are the lumped
masses and Uiy, Uz are the horizontal deflections (force arms) at the
centers Ci, C,. Given the mechanism DOF sequence, the force vector
f=[-mg 0 —(mig)usy, —mzg 0 —(m2g)uy ]’ is formed, which can be written
as f = f; + f; with the rotation portion being fr = [0 0 —(mig)uy 0 0 —(M2g)uz]"
and the translation term being fi=[-mig 0 0 —m,g 0 0]". The rotation force
vector is expressed as:

0 0 00 0 0]u,
0 0 00 0 O0fuy,
P L | I Y ST
“jlo 0 00 0 O0fu, T (16)
0 0 00 0 0fu,
0 0 00 -mg 0] 6|
K u

9

where Ky represents the stiffness matrix due to gravitational effects. The generic
Eq. (5) becomes:

Mi+Clu=f +f or Mi+Clu=Ku+f —
Mii+(C* -K, Ju=f, (17)
%/—/
Ca

Ceq = (C! = Kg) ! is the equivalent compliance matrix that includes gravitational
effects in addition to the flexible hinges’ elastic properties. The equation
governing the free response of the pendulum results from Eq. (17) for f; = 0,
which is:
Mii+(C™ - K,)u=0 - D, =(C,M) .
— (18)
As per Eg. (18), a new dynamic matrix Deq must be used to account for the
rotation effect of gravity. The natural frequencies of the designs described in Table
1 were calculated again by means of Deqg; the results (which are not included in
Table 2) were very close to the ones generated by D (when the mechanism of Fig.
2 is placed in a horizontal plane and the gravitational effects are eliminated) with
relative errors less than 1%. This suggests that, at least for the analyzed design
variants, the effect of gravity can be ignored when the mechanism is placed with its
axis vertical.
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The forced response of the flexible pendulum can be analyzed by using the
modal superposition method described in Egs. (5) and (6). For a mechanism
defined by L1 =0.04 m, L, =0.05m,a1=a,=0.01m, 1 =1, =0.02m, wi =w; =
0.006 m, h; = h, = 0.001 m, E = 2-10* N/m2, p = 7800 kg/m?, and the nonzero
initial conditions 01(0) = 8°, 02(0) = —5°, Fig. 9 plots the time variations of the two
rigid links rotation angles 6; and 0>.
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Fig. 9 — Time plots of double pendulum’s rigid links rotation angles.

4. CONCLUSIONS

A lumped-parameter analytical matrix method is presented that models the
dynamics of serial planar free-fixed mechanisms with rigid links and flexible
hinges. The method selects the minimum number of degrees of freedom of the
rigid links and uses mass and compliance matrices to generate a linear eigenvalue
problem enabling to easily calculate the in-plane natural frequencies. The model
also evaluates the time response of the free/forced mechanism. The natural
frequencies and mode shapes of a particular collinear mechanism are thoroughly
analyzed in terms of the system geometry. The natural frequencies and the forced
response of the mechanism that is placed vertically, when it becomes a double
pendulum, are also evaluated.

Received on June 5, 2025
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