CASE STUDIES ON THE TAILORING OF FGM ELASTIC
HOLLOW SPHERES, CIRCULAR CYLINDERS AND DISKS USING
PRACTICAL DESIGN CONDITIONS
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Abstract. In current literature it was demonstrated that using a radial functionally
graded material (FGM) may improve designing of thick spheres, cylinders and disks if
the circumferential stress component or the maximum shear stress should be constant
along the body radius r. These bodies are designed in one of these stress conditions
and considering additional assumptions are called equal stress structures. An isotropic
FGM may be characterized in linear static analyses by two elastic constants: Young's
modulus E(r) and Poisson's ratio v(r). Usually, FGMs are made from two base
materials, and the effective properties are obtained through homogenization. In this
paper, a general stress condition, including equal strength structure, is imposed and
the inverse problem is solved iteratively using a finite element model and an
algorithm of stress condition uniformization. Six case studies are presented in detail,
pointing out the robustness of the algorithm and the advantages of designing
according to a uniform stress condition.

Key words: Functionally graded thick-walled shells, Finite element analysis, Iterative
technique, Equal stress structure, Equal strength structure.

1. INTRODUCTION

Stresses distribution in an isotropic and homogeneous axisymmetrical body
show their maximum values in a limited region. If the topology is fixed, as in the
case of pressurized axisymmetrical bodies, the variation of the stresses can be
modified by changing the material properties according to a constitutive law as to
obtain the same maximum equivalent stress in a larger domain, preferably in the
whole structure. Such a problem may be defined as an optimization case.

An inhomogeneous and isotropic material is locally defined through Young's
modulus E and Poisson's ratio v. It may have important variations of the Young's
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modulus, usually within one order of magnitude, and some variations in Poisson’s
ratio. Such materials, called functionally graded materials (FGMs), represent a
class of materials in which compositions/constituents and/or microstructures
gradually change along single or multiple spatial directions, resulting in a gradual
change in properties and functions which can be tailored for enhanced
performance.

FGMs can be obtained through two phases, for example metal and ceramic,
whose volume fractions vary gradually, porous materials [1, 2] and additive
manufacturing technologies [3, 4].

Optimization procedures are usually implemented in finite element codes.
The dedicated software packages do not generally contain explicit
implementation for modeling FGMs, as most of them use isotropic or
anisotropic homogeneous materials. This drawback can be overcome by
implementing finite elements with a nonhomogeneous material [5], but
sufficiently good precision can be obtained by using refined meshes for which
each element is considered an isotropic material [6, 7].

For simple FGM structures loaded symmetrically as spheres and thick-walled
tubes or thin disks, were established stress conditions (circumferential or hoop
stress and in-plane shear stress) for which the whole geometrical domain reaches
constant values, i.e. stress conditions for uniformization (SCU). Necessary
distributions of E(r), if FGM is isotropic, were obtained in the hypothesis of
keeping v(r) = const. [8]. These kinds of problems in the optimization of thick-
walled shells are based on solutions for inverse problems of the elastic theory of
inhomogeneous bodies. Other stress conditions, such as classical theories of
strength, used in solutions of inverse problems are presented in [9-12].

The effect of a non-constant Poisson’s ratio upon the elastic field in
functionally graded axisymmetric solids was analyzed for example in [13].

This paper is a continuation of our previous work starting with [14] and is
mainly dedicated to the presenting of six significant case studies which
demonstrate the possibility to design functionally graded spheres, cylinders and
disks using a stress condition which is enforced to be constant along the body
radius r. The stress condition may be one very simple, as linear combinations of
principal stresses, an equivalent stress or even better, from practical point of view,
a design or safety factor.

The paper is organized in six sections, as follows. In section two, the work
briefly presents the analytical solutions (resented in detail previously) of optimum
design solution for pressurized FGM spheres, cylinders and disks for the two most
used stress conditions in literature: in-plane shear stress and circumferential stress
to be constant. Section three presents some practical stress conditions in current
design. In section four, the finite element models and the stress condition
uniformization algorithm are briefly presented. Also, some homogenization
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relationships are summarized. In section five, for verification and pointing out the
novelties of this paper, some practical case studies (applications) are given as
examples. Comments on the results obtained are also presented. The paper ends
with some general conclusions in the last section.

2. ANALYTICAL OPTIMAL SOLUTIONS

We consider a sphere/cylinder/disk with inner radius a and external radius b,
loaded with interior pressure p. and exterior pressure p,, Fig. 1, and elastic
inhomogeneous material (FGM) with radial symmetry.

Fig. 1 — Isotropic inhomogeneous FGM sphere/cylinder/disk.

2.1. STRESS CONDITION Opt 1

For stress condition Opt 1, i.e. o, —o, =C,=const., results the expression

which describes the variation of Young's modulus as a function of geometry,
loading, and Poisson’s ratio (considered constant). It was obtained by the authors
of this paper in [14]

E(r)=C, { D, {1+ n, log (%H “py {1+ n, log Gﬂ}n . 1)

In expression (1) C: is a constant of integration and the values of the
parameters n; and n are given in Table 1.
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Table 1

Coefficients in Eq. (1) for particular axisymmetrical bodies if o, — o, =const.

Coefficients Sphere Cylinder Disk

o 2(1—2v) 1-2v .y
1-v 1-v

i 3(1-v) 2(1-v) 2

2 2(1-2v) 1-2v 1-v

2. 2. STRESS CONDITION Opt 2

For the condition Opt 2, i.e. o, = D, =const., it was obtained [14]

N,

el ol ol

where C; is an integration constant, y is the shape factor and n; and n; are different
from the previous case and are given in Table 2.

Table 2

Coefficients in Eq. (2) for particular axisymmetrical bodies if o, =const.

Coefficients Sphere (y = 2) Cylinder (y = 1) Disk (y =1)
14 14 14
N1
1-2v 1-2v 1-v
v-1 v-1 1
N2 —_— — -—
2v v v

The distribution of the Young's modulus obtained in relations (1) and (2)
must describe variations which fit in a relatively small interval because, practically,
the variations obtained for a FGM material are of the order of units. This aspect is
presented in detail in [14].

The use of a FGM instead of homogeneous material with E(r) = const. is
usually justified due to the reduction of the stress components in bodies made from

such a material [14].
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3. PRACTICAL STRESS CONDITIONS

Analytical solutions presented in Section 2, were established for particular
conditions of distribution of stress, named Opt 1 and Opt 2. However, usually in
practice is important the distribution of the equivalent stresses.

The normal stresses in an axisymmetrical body (radial, circumferential, axial)
are sorted as principal stresses o, >0, >0,. If we assume that the allowable

stresses in tension and compression are the same in absolute value, then the
classical strength theories are [15]:
l. the maximum stress theory (Rankine);
Il.  the maximum strain theory (Saint Venant);
I1l.  the maximum shear theory (Tresca);
V.  the maximum distortion strain energy theory (von Mises).
The explicit relations of equivalent stresses are given in [16].
If the allowable stresses in tension and compression are different, in the
literature sometimes the Mohr theory is used in the form

02{'1?,” =0, —kog, (3)
where k is the ratio of the allowable stresses of the material in tension and
compression.

For homogeneous materials, the uniaxial yield limit is a constant, but for
inhomogeneous bodies discussed in this work, the yield limit is function of current
radius, as oy(r). Considering a particular strength theory, the structural safety or
design factor is defined as

Gy (T
cy(r)
In this paper the inverse of the design factor, i.e. the safety factor is defined
as
oy (r)
Ci(r)= i J (5)
Geqe (1)
where i = I, II, Il or V marks the chosen strength theory. In design we are

interested in the minimum value defined in (5), which normally must be larger than
one. Both Egs. (4) and (5) are stress conditions from a mathematical point of view.
For an equal strength structure c;(r) = const.
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4. FINITE ELEMENT MODELS AND SCU ALGORITHM
4. 1. THE USE OF FINITE ELEMENT MODELS

In most situations, to verify the results obtained analytically for the
prescribed distribution of the material properties (the direct problem) many authors
use the finite element method. This approach must establish how the spatially
variable material properties can be described in the used software. Usually, the
commercially available finite element software makes possible the assignment of a
material with constant elastic properties to a certain finite element (homogeneous
finite elements). This approach introduces errors. However, for meshes sufficiently
refined the errors introduced by homogeneous finite elements are negligible.
Because numerical errors are dependent on the finite element type, boundary
conditions and gradient of material properties, a convergence study must be first
developed to establish the final mesh size to be used in the analyses.

The conceptual models used in this paper are presented in Fig. 2. Due to the
symmetrical conditions, for a sphere, only a sector of the model (Fig. 2a) is
analyzed for an arbitrary angle 6. As to reduce the computational effort and
increase the precision, at the limit an element can be considered in the
circumferential direction and the 6 angle very small, as to keep the aspect ratio
close to one. The axisymmetric model for an infinite long cylinder (Fig. 2b) is a
slice of constant thickness h for which the axial displacements (along OY) on the
two faces are blocked. For efficiency only one finite element can be considered
along the thickness. For a thin disk (Fig. 2c) the finite element model can be
constructed for half of the thickness, also due to symmetry conditions.

It is to be underlined that the geometry from Fig. 2a can be used for modeling
an infinite long cylinder (plane strain condition) or a very thin disk (plane stress
condition). In this paper the two geometries are equivalent from numerical point of
view with the models shown in Fig. 2b, respectively Fig. 2c.

Element "j"

v P .
8

Fig. 2 — Axisymmetrical conceptual finite element models for sphere (a), cylinder (b) and disk (c).
Every finite element j has a constant material property.

;
|
|
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4.2. ALGORITHM OF SCU

The theoretical stress condition can be any stress combination of stress tensor
components including, if necessary, the uniaxial yield limit given as a function, for
example o,(r). In this section an arbitrary equivalent stress condition is used for the
presentation of the developed algorithm. Uniformity is used to describe a desired
constant stress condition. Normally in an axisymmetric FGM body a few functions
such as E(r), v(r), p(r) and oy(r) are necessary to completely define the FGM.
Normally these functions are not independent and, in literature, if the FGM is
obtained using the homogenization theory, these functions are dependent on the
volume fraction of the components. Usually, two constituents are used, and a single
volume fraction f(r) is sufficient to define all these functions E(f(r)), v(f(r)), p(f(r))
and oy(f(r)). Because the most important in the presented algorithm is the variation
E(r), we call it driven function. If we know E(r), then, from E(f) which normally is
a monotonic function in the homogenization theories, we can obtain f(E) and then
v(E), p(E) and oy(E). So, the secondary parameters v(r), p(r) and o,(r) are functions
of the driven function and the number of unknowns can be drastically reduced. In
practice, for a particular problem, v(E), p(E) and oy(E) may be explicitly given also
as functions obtained using fitting methods.

For the finite element model, meshed with a total of n finite elements, the
Young's moduli of all elements E!, j=1...n, are considered as a design variable

vector
X=[E! E? . E"|. (6)

For each finite element, it is associated with an average value of the

equivalent stress o, ;. A function F:R" — R can be defined through the extreme

global values of the equivalent stresses in the model, o, . :max(o-eqvj) and
, J :
Oy min = MiN (0, ; ) - Then the following function is defined
, J :
F(x):Geqv,max ~ Geqy,min - (7)

If the extreme values of the equivalent stresses are equal, then F (X ) =0 and

the equivalent stresses are constant and uniformly distributed over the whole
domain. The problem of optimization minmax becomes a continuous variable
optimization criterion

Minimize F(X), objective function (8)

which may be optionally subject to side constraints
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E . <EI<E

min =

maxs ) =1...n. 9)

In practice Emin and Emax define the domain of acceptable values for the
considered design variables.

Using the adapted fully stressed design algorithm [17, 18], or uniformization
of the stress condition in this paper, the relation of iterative correction of the
modulus of elasticity was chosed as

equ, j

' ' O (i1

E(Ji) - E(Jifl) 1+8(i) {1_ eév,rr?ax} ! (10)
O (i

where:

- &y is a coefficient which defines the degree of modification of the modulus
of elasticity at the current iteration and which in this work was maintained constant
& = ). It may be updated each iteration to reduce the number of total iterations
until convergence is obtained;

-og") is the stress condition, which is to become uniform, as here the
equivalent stress in element j at the iteration (i—1);

eqv,max

-0ty is the maximum equivalent stress for all finite elements at iteration
(i-1).

Initially, for i = 1, it is considered that all the elements j are made from the
same material with the modulus of elasticity EJ = Emin, and for each new iteration

(i+1), in each element the modulus of elasticity (as a design variable) is updated.
For stopping the computation (as a convergence criterion) the infinity norm
of relative variation of the modulus of elasticity was used for the last two iterations,

E (11)

where one can chose e = 102 — 10,
The second condition for stopping computation is based on the extreme
stresses obtained at the current iteration, that is

Ge_qv,max _Ge_qv,min
(i) M

eqv,max G’

(O]

(12)

where ¢, can be chosen in between 10 — 105, This last criterion is efficient for
problems of FSD (fully stressed design) type, whereas the first one is useful for
problems where constraints (9) are active. According to this constraint condition, it
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was considered: if E}, < Emin, then EJ, = Emin and if E/,> Emax, then E}) = Emax .
In this work the iterations stop only when one of them, Eq. (11) or Eq. (12) are first
fulfilled.

The algorithm was implemented in ANSYS APDL for the model presented in
Fig. 2 using Planel82 or Planel83 element type. More details about
implementation and convergence are given by Sorohan and Constantinescu [16,
19] and in the presentation of the next section.

4.3. HOMOGENIZATION OF MATERIAL PROPERTIES

Let’s consider a FGM made of two distinct isotropic materials, for example, a
metal phase 1, and a ceramic phase 2. For the two materials Young's modulus E;,
Poisson's ratio vi, mass density pi and the yield limit oy, i = 1, 2 are known. If
volume fraction for material 2 is V. = f, then volume fraction for material 1 is V1 =
1- f. Bulk modulus and shear modulus for isotropic constituents may be obtained

using K =E /[3(1-2v)] and G, =E,/[2(1+v,)].
4. 3. 1. Rule of mixtures

According to this most popular homogenization approach, the effective
material properties are

E=E(f)=(1-f)E +fE, (13)
v=v(f)=(1-f)v + fv,, (14)
p=p(f)=(1=f)py+ fp,, (15)
s,=c,(f)=(1-f)o,+fo,, (16)

The first two equations are questionable and in current literature many other
homogenization techniques are presented.

The mixture rule (15) is a good approximation for the effective mass density
p, and was used through this paper.

Normally if the phase 2 is ceramic there is not a yield limit, oy, in (16) but it
is a good approximation if

arE ji (17)

Gy, =0 ,
v2 yl£q+E2 E;
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where q is the stress to strain transfer ratio and may be constant for relatively small
volume fraction f as is presented in [20]. In this paper, we considered this relation
true also for a large volume fraction f. Relations (16) and (17) are known in the
literature as Tamura-Tomota-Ozawa model [1, 2] or updated (modified) mixture
rule composites [21].

4.3.2. Mori-Tanaka scheme

Effective elastic moduli of quasi-isotropic and quasi-homogeneous
multiphase materials of arbitrary phase geometry should satisfy the Hashin-
Shtrikman lower and upper limits [22]. In this case E and v are obtained based on
the lower limits of K and G. Using this scheme, first the bulk modulus and the
shear modulus are estimated using

KZ_Kl

3(Ky—Ky)' (18)
3K, +4G,

K=K(f)=K;+f
1+(1-1)

G, -G
5G, (3K, + 4G, )

G=G(f)=G,+f

1+(1-f)

Then, Young's modulus and Poisson's ratio are calculated, using

9KG 3K -2G

E-= v= .
3K+G'  2(3K+G) (20)

In the uniformization algorithm presented in section 4.2, we obtain an
improved value only for E and we need to correct also v, p and oy. The simplest
case in practice is to have given explicit functions v(E), p(E) and oy(E). Another
possibility is to extract volume fraction f from E(f) if a homogenization scheme is
used and then having established the volume fraction the problem is trivial. Next,
we present, for the two considered homogenization schemes, how can be extracted
the volume fraction f if E is known.

4.3.3. Extracting volume fraction and Poisson's ratio if the effective Young’s
modulus is given

For the rule of mixtures this problem is very simple because there is a linear
relationship between Young’s modulus and the volume fraction. So, considering f
from (13) and replacing it in (14) we obtain
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E-E

v(E)=v, + £, _E,

(va—vy). (1)

Similar relationships are obtained also for the mass density and the yield limit of
the FGM. For Mori-Tanaka scheme, first we introduce the notations

3K, -K
3K, +4G,;
(22)
GG v _6(G,—Gy)(K; +2Gy)
3= VY2 1 4=
5G, (3K, +4G;)
and (18), (19) become
vV
K=K +f—"2 | '
L1 (1-f)y, (18)
v
G=G +f—3 . :
! 1+(1-f)v, (19)
Replacing (18" and (19") into (20,a) we obtain the equation
a,f2+b f+c _0 23)

a,f2+b,f +c,

where coefficients as, by, ¢1 and ay, b, ¢, are functions of Ky, Ko, G1, G,, which are
knows and are not given explicitly here because of their relatively long form. It can
be checked that for real values of material properties, the denominator cannot be

zero and solving a,f?+b f +c,= 0, only one solution is valid, i.e. 0 < f < 1.

Having the volume fraction f, and using the relation (18), (19) and then (20b), we
obtain numerically v(E) if the Mori-Tanaka scheme is used in homogenization.

5. CASE STUDIES AND DISCUSSIONS
5.1. CASE STUDY 1

This application, for a sphere loaded only with internal pressure, was mainly
chosen as a mesh convergence study and validation of the proposed numerical
algorithm.

The convergence analysis for a finite element model depends both on the
finite element type chosen in the analysis and on the mesh refinement, and on the
model geometry and boundary conditions. For the conceptual model from Fig. 2a,



34 Stefan Sorohan, Dan Mihai Constantinescu, Dragos Alexandru Apostol 12

was considered the isoparametric axisymmetric finite element Q4 and a reduced
integration (Plane182 in ANSYS). We consider a particular sphere with a = 100

mm; b = Jexp(l) -a ~ 164.8721 mm; pa = 100 MPa and p, = 0. We look for the

distribution of E(r), os(r), or«(r), u(r), if v(r) = 0.28323675 = const., as to
uniformize the equivalent von Mises stresses (with same conditions for the Tresca
criterion and o - or = const.). To obtain a unique solution we choose Emin = Ea = 10
GPa. With these input data the extreme normal stresses are zero and + 100 MPa,
and the ratio Ey / Ea = 10.

As from a mathematical point of view the problem is unidimensional (1D)
and the choice of angle 6 is not important, we use the axisymmetric model (Fig. 2a)
with 6 small enough to have only a single element along circumferential direction.
The model was uniformly meshed with an increasing number of elements along
radial direction and keeping element shapes close to squares by the adequate choice
of 6 angle.

In the uniformization algorithm for the convergence criterion we considered
e = &, = 107, With the parameter & = 1.4, the convergence solution is obtained in
11 iterations.

This problem has an analytical solution. To study the mesh convergence, the
number of finite elements along the radial direction progressively increased from 5
to 2000.

It is to be underlined that the distribution obtained for E(r) cannot be
correctly described by a power low function as it is used in most cases in literature,
but the variation which takes the exponential form of approximation [23], as

E(r)zEaexp(%log%}, (24)

is good enough for getting E(r) if n = —1.78, Therefore, the solutions can be
verified by using the direct calculus presented in [23] and implemented also in
MATLAB by the authors.

Relevant solutions, obtained for different meshes, are presented in Fig. 3. It is
noticed that for a minimum of 100 elements on radial direction, the numerically
obtained distribution of E(r) is very close to the analytical one (Fig. 3a), the error
being less than 5% (real value is underestimated) and increases at the ends of the
interval (Fig. 3b). The error in obtained radial displacements is less than 3%, also
underestimated (Fig. 3c), and the error for the obtained circumferential stresses is
maximum at the limits of the interval (Fig. 3d) and can be both over- and
underestimated. The variation curves for meshes with a very small number of
elements show supplementary variations: ascending or descending (oscillations and
jumps) as for each finite element constant elastic properties are considered (the
conceptual finite element model is a theoretically multilayer homogeneous
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heterostructure model). It is worth noticing that the stresses calculated in the
interior nodes over the sphere thickness are correctly estimated even for coarse
meshes (Fig. 3d).

As the finite element model uses constant values of the material properties
for each finite element, it is obvious to consider that the correct value of the
variables corresponds to the center of the element. As to obtain the values of the
variables in nodes (the smoothing of the step variation) one can consider the
average value for the adjacent elements. For the finite elements at the limits of the
domain, at r = a and r = b, there is only one node which takes the value
corresponding to the element to which it is connected. This edge effect, because of
the lack of an appropriate method of extrapolation, introduces large relative errors
in the interpretation of the results for coarse meshes as it is presented in Fig. 3 for
the mesh with only 5 elements in the radial direction. With the mesh refinement
this effect is attenuated but does not disappear completely.

SPHERE: ¢ =100mm; b =164.87mm; p,= 100 MPa; v =0.28324

100 0
— 5 Elem (a) —_ (b)
g |~ 10Elem £-10
25 Elem v - - \
— 50 Elem / =20
& 60 }|—100Elem v = 5; \ ~
S | |[—500Elem /// = 30
N — Analytic e- N—
= 40 . 5
; /// £-40
=}
20 i =
== 2-50
%0 110 120 130 140 150 160 170 -60
100 110 120 130 140 150 160 170
7 [mm] 7 [mm]
60 15
_ (© =z (@
=50 NN S 10
= = \
=40 =% s
¥ & \
St
g 30 )
220 S s
= 5
2 10 g -10
0 <
-15
100 110 120 130 140 150 160 170 100 110 120 130 140 150 160 170

r [mm] r [mm]

Fig. 3 — Solution and errors obtained in FEA for case study 1: a) Young's modulus distribution;
b) relative errors of estimated Young's modulus; c) relative errors of radial displacement; d) absolute
errors of circumferential stress.
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The angle 6 shown in the finite element model from Fig. 2 cannot be no matter
small because the model of the sphere will tend to be the model of a cylinder. Through
several trials it was established that the model for the sphere works correctly if 6 >
0.125 degrees. For this minimum angle and a non-uniform mesh with 5000 elements
on radial direction and 10 elements in the circumferential direction, with a convergence
error ee = ¢, = 1073, the variation of E(r) was between 10 GPa and 99.811 GPa, with a
global estimation error of —0.19%. This cumulated error adds the edge effect discussed
previously, as well as the convergence error, but also the inherent errors introduced by
the finite element method. If the criteria for stopping the iterations was chosen to be ee
=g, = 1073, then theoretically one cannot obtain solutions with a precision greater than
about 0.1% regardless of how refined the mesh is.

For a uniform mesh with 1000 elements in radial direction — knowing that the
centroidal theoretical values of the moduli of elasticity in the inner finite element,
respectively in the outer finite element are 10.0247 GPa and 99.941 GPa — after
performing a FEA analysis the values are 10.0247 GPa, respectively 99.770 GPa. If we
accept that the resulting values correspond to the edge nodes and not to the centroid of
the end elements, then FEA gives: 10 GPa and 99.5246 GPa. Anyhow, for a uniform
mesh with 1000 elements in a radial direction the errors are below 0.5%, although there
are not done corrections as to compensate for the edge effects. The uniform mesh with
500 elements in radial direction ensures errors below 1% which are acceptable from
practical point of view. For the following case studies, the meshes used for obtaining
results are with a minimum of 500 elements in radial direction, but in most cases with
1000 elements. It was noticed that the mesh refinement does not influence the number
of iterations as to reach the precision imposed by the stopping criterion. Keeping this in
mind, and considering e = &, = 1073, is sufficient for reducing the number of iterations
in the uniformization algorithm.

(a) EX_TAB (NOAVG) (b)  sT(0AVG)
SESSEEE EH SS=SSEESImiiis
_ mm e
10000 287478 47495.6 662434 849911 225003 212083 42.1915 631748 84.158
19373.9 381217 56860.5 75617.2 99052 10.7166 31.6999 52,6832 73.6664  99.8955

SPHERE:a=100mm;b=164.87mm;pa=100MPa;ITER=11:DELTA=1.4

(C) UX (AVG)

RSYS=1 (d) SEQV (NOAVG)

11912

54134 189149

—_
Bk 224164 259179 99.9946
136627 171642 57 5

20665 241671 28544 100.06

Fig. 4 — FEA solution for case study 1 when a non-uniform mesh is used: a) Young's modulus E(r);
b) circumferential stress oo(r); c) radial displacement u(r); d) equivalent stress cequ(r) which was

imposed to be constant.
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For a non-uniform mesh (element size smaller at the inner and outer surfaces of
the sphere and larger in the middle part) with 100 elements in the radial direction and
20 elements in the circumferential direction (6 = 5 degrees), the results obtained by
using FEA after 11 iterations, needed for attaining convergence, are presented in
Fig. 4. Young’s modulus and stresses are in MPa and displacements in mm.

This figure shows that the algorithm works correctly even if the number of
finite elements is increased in the circumferential direction (the problem is 1D from
mathematical point of view), but also that the use of non-uniform meshing can lead
to the reduction of the edge effects when keeping constant the number of finite
elements in the mesh.

5.2. CASE STUDY 2

This application, established for a set of spheres, all loaded only with external
pressure, was chosen, in principle, for results validation compared to those from
literature, as now we consider that Poisson’s ratio is variable, and therefore the
analytical relations are not anymore valid.

As to separate the multiple obtained solutions, that is pairs of functions for E(r) and
v(r), this application uses homogenization and the stress condition s = const., which
corresponds here to the equivalent stress calculation by using the Ist strength theory.

Nie et al. [8] consider a sphere (in fact three variants) with a = 10; 30 and
60 mm and b = 100 mm loaded only with external pressure: p. = 0 MPa and
pp = 100 MPa and the distributions for E(r) and v(r) resulting by using the design
condition of the FGM for oy = const., that is Opt 2 with our notations. The volume
fractions of two phases of FGM are assumed to vary only with the radius and the
effective material properties are estimated by using either the rule of mixtures or
the Mori-Tanaka (MT) scheme. The materials’ data for the constituents (metal and
ceramic) are given in Table 3.

Table 3

Material properties for case studies 2-5

. Aluminum SiC
Material (material 1) (material 2) Source
Young's modulus (GPa) 73 450 Nie et al. [8]
Poisson's ratio (-) 0.33 0.16 Nie et al. [8]
Mass density (kg/m®) 2700 4400 Adopted from literature
Yield limit (MPa) 280 - Adopted from literature
Stress to sgrzthnFE;z;nsfer ratio 90 Bhattacharyya et al. [20]

Figure 5 presents some significant results obtained with FEA and presented
with lines and some results obtained by Nie et al. [8] shown by symbols with the
similar colour, for the cases when they are available. As in this reference the results
were presented only graphically, they were extracted point by point and
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transformed from non-dimensional values to dimensional ones. From Fig. 5a and
Fig. 5b it is noticed that our values are almost identical to the reference ones. In the
legend of these figures, it is notated with "Mix" and "MT" the schemes of
homogenization mixtures and Mori-Tanaka. It is to be mentioned that in the
chosen reference was considered the value Ea = Emin as corresponding to the
homogenization done with a volume fraction for material 2 of 1%. The yield stress
was estimated using Tamura-Tamota-Ozawa model [24].

In Fig. 5¢c — Fig. 5f are presented in the following order: variation of the
volume fraction of ceramic (SiC) being below 55%, as maximum acceptable;
equivalent stresses calculated for the I* strength theory which resulted as being
constant as it was imposed from the beginning; the yield stress (limit) of the
homogenized material which increases together with E(r), and respectively the
safety factor, estimated as based on the same Ist theory, which has significant
variations for each analyzed case.
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Fig. 5 — Results obtained for case study 2. Lines: FEA results; symbols: Nie et al. [8].
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As the equivalent stresses according to the I*! strength theory are constant for
all r values (Fig. 5d), these spheres are structures of equal loading but not of equal
strength as the yield limit is not constant (Fig. 5e) and, as a result, the safety factors
show relatively high variations (Fig. 5f). It is to be mentioned that uniform
circumferential stress does not depend on the rule of homogenization.

5.3. CASE STUDY 3

This application, for a cylinder loaded only with internal pressure, is also
presented for results validation from literature. As in the previous application
Poisson’s ratio is variable and both stress conditions Opt 1 and Opt 2 in tailoring
E(r) and v(r) are considered. This application also uses homogenization to separate
the multiple solutions and the constituents’ properties are the same as in the
previous application (see Table 3).

In [8] is considered a cylinder with a = 60 mm and b = 100 mm (b / a =
1.6667) loaded with internal pressure p. = 100 MPa and were obtained the
distributions for E(r) and v(r) in the conditions oy — or = const. and oy = const.
along the radius. The volume fractions of two phases of FGM are assumed to vary
only with the radius and the effective material properties are estimated by using
either the rule of mixtures (Mix) or the Mori—Tanaka (MT) scheme. Here the yield
stress was estimated using the Tamura-Tamota-Ozawa model.

The significant results obtained with FEA — shown with solid and dashed
lines, and those from the mentioned reference (where available) shown with
symbols, are presented in Fig. 6.

In [8] the results are given through functions obtained by fitting as using the
least squares method. From Figs. 6a — Fig. 6¢ it is noticed that the results obtained
with the algorithm proposed in this paper coincide with those from the mentioned
reference. In [8] it was considered the value Es = Emin for homogenization with a
volume fraction of the material 2 equal to 0.00%.

In Figs. 6d — 6f are presented results in the following order: variation of
radial displacements (Fig. 6d) which are maximum in the interior of the cylinder,
larger if the average Young's modulus is smaller; the estimated safety factors based
on the Ist strength theory (Fig. 6e), which has minimum values both at the interior
and at the exterior of the cylinder depending on the chosen stress condition; then
the estimated safety factors based on the 111 strength theory (Fig. 6f), where the
minimum values are to be obtained in the interior of the cylinder regardless the
used stress condition and are smaller than those obtained by using the Ist theory.

5.4. CASE STUDY 4

This application is like the one presented for case study 2, but this time for a
cylinder with a relatively large b / a, loaded only with external pressure and using
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stress condition Opt 2, as this option ensures a relatively small interval of variation
for E(r), that is Ey, / Ea is relatively small.
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Fig. 6 — Results obtained for case study 3. Lines: FEA results; symbols: Nie et al. [8].

Initially the chosen geometry was the one used previously in literature, but
afterwards the geometry was modified a little bit as to obtain an equal-strength
structure imposing the design factor given in Eq. (4) which can be calculated with
any of the equivalent stresses. Poisson’s ratio is considered variable and for the
separation of multiple solutions the method of homogenization is again considered.

The reference used previously for comparisons, [8], considers a cylinder with a =
10 mm and b = 100 mm loaded by external pressure p, = 100 MPa, and are obtained
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the distributions of E(r) and v(r) when the hoop stress s = const. along the radius. The
effective material properties are estimated by using either the rule of mixtures (Mix) or
the Mori-Tanaka (MT) scheme. Input data are the same as for case study 2, as Table 3
is used. The volume fraction of SiC at the interior of the cylinder is imposed as 3%,
that is V2a = 0.03, which leads, by using relations (13) and (20a), to Ea = Emin= 84.3100
GPa for the rule of homogenization mixture and Ea = Emin = 76.3577 GPa for Mori—
Tanaka. The yield stress was estimated using Tamura-Tamota-Ozawa model.

The results obtained with FEA are shown with continuous lines and the
results taken from the mentioned reference (where they exist) represented by
symbols are presented in Fig. 7. From Fig. 7a and Fig. 7b it is noticed that in fact
the results obtained with the proposed algorithm in this paper coincide with those
from the reference. In Fig. 7c is presented the variation of the volume fraction of
SiC which has maximum values acceptable from theoretical point of view, bellow
80% for Mori—Tanaka and below 65% for the mixtures.
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Fig. 7 — Results obtained for case study 4.
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The distributions of the radial and circumferential stresses do not depend on
the method of homogenization (cs = const. = —111 MPa), but the axial ones do vary
as shown in Fig. 7d. With the Ist strength theory was obtained a structure of equal
stress but not of equal strength because the yield limit of the homogenized material
(Fig. 7e) is not constant and therefore the safety factor is not constant. As the
modulus of elasticity depends on the homogenization method it results,
consequently, that the radial displacements will have also a variation (Fig. 7f).

As the design may be done under the assumption of constant safety factors,
the equivalent stresses were calculated by using the classical strength theories. For
the initial geometry b/ a = 10, the distributions for E(r) cannot fit into the available
volume fraction domain for the homogenized material and therefore the interior
radius a was increased as to obtain Va(r) < 1 for all design criteria. For all the
presented results the Mori-Tanaka scheme was used and V2(a) = 0.00. Some of the
significant results are shown on Fig. 8.
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Fig. 8 — Results obtained for case study 4 using Mori-Tanaka homogenization and stress conditions
for equal strength structures for four strength theories.
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In the order of the strength theories with which were calculated the equivalent
stresses, I, 11, 11l and V, the thickness of the wall cylinder was reduced to a = 30;
35; 40 and 45 mm. From Figs. 8a to 8c it is noticed that the variation of the
material properties E(r), v(r) and volume fraction f(r) = Va(r) is in between the
properties of the two constituent materials and functions are continuous also in
slope (CY), except for the design done according to ¢ = const. where we obtained
piecewise functions (C°). Figures 8d to 8f present the variations of the normal
stresses. Fig. 8g shows the variation of the unidirectional yield limit. Figures 8h to
8k are giving the variations of the safety factors established as discussed, and Fig.
8l the one for the radial displacements.

Strength theory V ensures a minimum safety factor which has the highest
global when all strength theories are considered, although the von Mises stress is in
this case of highest value, but it is attained at the exterior of the cylinder where the
yield limit has also the highest value.
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5.5. CASE STUDY 5

In this example a FGM cylinder, loaded only with internal pressure, is
designed according to different stress conditions uniformization, if the failure
criteria for the FGM is according to von Mises equivalent stress. The target is to
establish the maximum possible internal pressure in the condition of keeping the
minimum safety factor to be one.

Case study 3 is reconsidered, but to obtain possible solutions in the conditions of
uniformization of the safety factors, the ratio b / a is reduced to 1.5. We consider a
cylinder with a = 100 mm and b = 150 mm. Material constants are the same, as defined
in Table 3, and we accept for both the constituent materials and homogenized the
failure criterion von Mises. Again, the imposed task is the following: to obtain the
internal maximum pressure pamax Which leads to a minimum safety factor equal to one

when the Vth strength theory is used, that is ¢”. = 1, regardless the stress condition for
uniformization which is taken as already established: Opt 1 (oo — or = const.), Opt 2 (oo
= const.), and an additional one (theoretical) as coming from the Mohr theory oy - kor =
const. (Eg. 3 with k = 2.73) and additionally by considering equal safety factors ci(r) =
const., (i = I, II, 1l and V). The chosen geometry is kept the same and the maximum
pressure is obtained.

As already mentioned, the criteria for uniformization can be considered as
any established, being defined by stresses (stress components or their linear
combinations), equivalent stresses, but also safety factors, strain density per unit
volume, etc.

As the geometry is fixed, the relation between the stress conditions and the
imposed internal pressure is linear, and in order to obtain pamax two analyses are

needed: a preliminary one with p. chosen randomly from which we get ¢, and

min
\",

then pamax is established as to ensure C_,
obtain the final results.

For comparisons, two limiting cases are considered: one with Al as a
homogeneous material, but also the theoretical one for SiC as a homogeneous
material considering that its strength is higher.

Here the effective material properties are estimated by using the Mori—
Tanaka scheme and the volume fraction of SiC forr = a, i.e. fa=Voa=Va(r = a) =
0.00. The mass density was estimated by the rule of mixtures and the yield stress
using Tamura-Tamota-Ozawa model.

The most important results obtained are shown in Fig. 9 and in Table 4. From
Fig. 9, it is noticed that for all stress conditions checked in this application — there
are seven considered, E(r) varies within the limits theoretically admissible, the
volume fraction for SiC does not exceed the value 1, and the variations of all
variables are C! continuous and in agreement to the criteria imposed for
uniformization. From Fig. 9h it is clearly observed that all safety factors calculated

=1; then the analysis is redone as to
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with the von Mises criterion (V" theory) are greater than one, and the
uniformization of the safety factor as cv(r) = const. = 1 is obtained. Values
relatively close to one are obtained with the uniformization cy (r) = const., but also
for o — 2.730r = const. From Fig. 9i it is observed that the distributions of the
radial displacements for FGM cylinders are in between the ones of the base
homogeneous constituent cylinders.
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Fig. 9 — Results obtained for case study 5.

From the variation of the radial stresses (Fig. 9d) it is noticed a relatively
large interval for the internal maximum pressure pamax Obtained with SCU, the
smallest pressure corresponding to the Al homogeneous material and the highest
for the FGM obtained from the condition of uniformization of the safety factor
calculated by using Vth strength theory.
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As it is known, for a homogeneous cylinder, the maximum circumferential
stresses are obtained on the interior surface (Fig. 9e) and are decreasing towards
the exterior, but for all analyzed variants of FGMSs the variation is inversed, that is
maximum value is at the exterior with a maximum gradient of uniformization of
Cui, Cv, and o — 2.73cr Which lead to the highest gradient in the distribution of E(r),
as it can be checked in Fig. 9a.

For a homogeneous cylinder the axial stress is constant, but for a FGM axial
stresses are variable and are obtained from the relation 6; = v:( or + oo ).

From Table 4 some conclusions can be drawn, among which: for the chosen
dimensions of the cylinder (b / a = const.), and the consideration of the von Mises
criterion, the FGM internally pressurized cylinder which allows the highest internal
pressure and in the same time has the smallest specific mass as m / pamax = 0.7684
is the one designed in the condition of uniformization of the safety factor by using
the Vth strength theory. However, for this case, the ratio E,/ Ex = 5.03, that is the
gradient of variation for E(r) is a relatively high one, which constitutes a severe
limit in the FGM cylinder practical realization. As compared to the homogeneous
Al cylinder for which the specific mass is m / pamax = 1.1851, the designed FGM
cylinder gives a relative decrease of this important design parameter with 35.16 %
which confirms the benefits of using a FGM structure. Comparing the maximum
internal pressure obtained for the FGM cylinder to the Al one, it can be increased
with 119% that is more than double.

Table 4

Details of the designed cylinders for case study 5

No Stress condition for Pamax Ew/Ea Mass M / Pamax
" | FGM uniformization (MPa) () m (kg/m) (kg/m/MPa)
1 NA (Aluminum) 89.47 1.000 106.03 1.1851
2 NA (SiC) 164.62 1.000 172.79 1.0496
3 09— or = const. 130.94 2.526 129.49 0.9889
4 09 = const. 107.55 1.578 117.77 1.0950
5 09— 2.730r = const. 162.90 6.033 148.33 0.9106
6 Ci = const. 124.07 2.196 126.36 1.0185
7 Ci = const. 149.38 3.060 136.61 0.9145
8 Cii = const. 189.40 5.547 151.91 0.8021
9 Cv = const. 195.84 5.031 150.49 0.7684

5.6. CASE STUDY 6

Abdalla et al. [25] considered an FGM sphere/cylinder/disk with a = 20 mm
and b =40 mm (b / a = 2) loaded with internal pressure p. = 10 MPa and they
obtained the distribution of E(r) and v(r) in the condition of minimizing the Tresca
stress (oo — or = const.) only on a limited portion of the interior part of the
axisymmetrical structure. In the mentioned paper FGM is obtained using different
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homogenizations techniques. Because in this case the effect of adopted
homogenization technique is not very important for obtaining global results, in the
present paper the Mori—Tanaka scheme for getting Young's modulus and Poisson's
ratio was adopted. For mass density the rule of mixtures scheme was used and for
the yield limit, the Tamura-Tomota-Ozawa model. The constituent materials and
their properties given in the mentioned paper or taken from literature and used in
simulation are presented in Table 5.

Table 5
Material properties used in case study 6
Steel Alumina
Material ; (Al,03) Source
Material 1 Material 2
Young's modulus [GPa] 210 390 Abdalla et al. [25]
Poisson's ratio [-] 0.33 0.25 Abdalla et al. [25]
Mass density [kg/mq] 7800 3900 Abdalla et al. [25]
Yield limit [MPa] 360 - Adopted from literature
Stress to strain transfer
ratio o [GPal 90 Bhattacharyya et al. [20]

For these input data, where E, / Ea is small, solutions cannot be obtained for
op — or = const. with a < r < b because E(r) established theoretically does not fit in
the interval allowed by the two materials [14]. In our case, E(r) which can be
practically attained is within a narrow interval of variation as (En/ Ea)max = 390/210
= 1.857. However, the maximum stresses in the analyzed structures can be reduced
if a FGM is properly established in their interior. These aspects were discussed in
several references [26 — 28].

The algorithm of stresses uniformization proposed in this paper leads to
optimized solutions similar to those obtained by Abdalla et al. [25] as it activates
the restrictions established in Eq. (9) of limiting the variations of E(r). In order to
discuss the effect of the geometry (sphere/cylinder/disk) upon the results, the
present application presents in parallel the results obtained for the three bodies
considered as being homogeneous and made from steel. Therefore, in Fig. 10 are
presented the most important results obtained with the algorithm discussed in
Section 4.2.

It is to be noticed that the results for cylinder and disk are very close, except
the axial stresses which are zero for the disk (Fig. 10e). The equivalent stresses
remain constant in the interior part of the body (Fig. 10g), and the safety factors
increase (Fig. 10h) as the yield limit of the homogenized material increases also. If
we compare the sphere with the cylinder/disk it is noticed that the transition from a
“soft” material to a “rigid” material (Fig. 10a) is done for a double value of the
radius for the cylinder and the disk compared to the sphere for which the FGM
radius is about 3 mm. The radial displacements (Fig. 10i) for the sphere are smaller
than for the cylinder.
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Fig. 10 — Numerical results using FEA obtained for the case study 6, using the uniformization
of the Tresca stress.

For the input data considered in the case study it results that introducing a
FGM in a relatively reduced zone in the interior of the bodies, which are softer
where pressure is applied, the local state of stress can be reduced considerably,
leading to the increase of the safety factors and, more significantly, to the
important reduction of the mass of the structures. Evidently that these conclusions
are valid in the context of these application, and we can notice that: i) the mass of
the nonhomogeneous sphere is reduced with 48.27 %, the minimum value of the
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safety factor increases with 39.96%, and the maximum equivalent stress is reduced
with 28.55%; ii) the mass of the nonhomogeneous cylinder is reduced with 45.10
%, the minimum safety factor increases with 44.73%, and the maximum equivalent
stress is reduced with 30.91%; iii) the mass of the nonhomogeneous disk reduces
with 45.53 %, minimum safety factor increases with 42.50%, and the maximum
equivalent stress reduces with 29.83%.

The safety factors can be slightly increased if instead of using a criterion for
the uniformization of equivalent stresses is used a criterion for the uniformization
of the safety factors. As an example, if the sphere is uniformized the factor cy, then
the safety factor obtained previously as 29.4 becomes 30.2, and the transition zone
from steel to alumina is reduced from about 3 mm to 2 mm.

6. GENERAL CONCLUSIONS

The principal contribution of this paper is the numerical approach for solving
problems for which the analytical solution is difficult to obtain or does not exist.
From numerical point of view, the main outcomes of this paper can be synthetically
described by:

1. Presentation of finite element models adapted for the proposed problem,
which can be used for both the direct problem but also for the inverse
problem. For the inverse problem it was developed a simple, efficient and
robust algorithm for uniformizing the stresses, named SCU, which iteratively
corrects the distribution of E(r), but also of w(r), respectively of other
important variables as the density p(r), and the yield limit of a FGM, ay(r), if
the relations in between them are considered by using the theory of
homogenization.

2. Solutions for the design of FGM bodies were obtained in the conditions of
equal stress and equal strength (by using pertinent data for materials from
literature) pointing out that the design of FGM structures can lead to the
increase of possible loading capacity, but also to the decrease of the total mass
of the body.

3. The algorithm of uniformization proved to be efficient also for solving
situations in which there are restrictions imposed on the interval of variation
of Young’s modulus, as it is presented for case study 6. Also, more complex
bodies geometries can be solved.

As the properties of FGMs have a relatively high degree of randomness,
although the design (tailoring) method proposed in this paper can introduce errors
of about 1% as the used meshes cannot be extremely refined and an iterative
algorithm is used, the obtained results are from a practical point of view
sufficiently precise. The SCU algorithm proposed in this work and implemented in
Ansys APDL is robust and efficient. If the solution exists and is unique the
algorithm converges towards it in a reasonable number of iterations, in between 5
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and 25, function of the desired precision and the setting of the parameter J from
relation (10). The unicity of the solution is governed by the properties of the
material chosen at the interior and exterior of the analyzed body. If the relation of
constraints (9) is activated, then the uniformization for the stress condition may be
incomplete as it is presented for case study 6. The presented SCU algorithm was
validated by the authors for many chosen examples, but also on those identified in
the literature as those presented by Andreev [9, 10], and Chepurnenko et al. [18].

To the best knowledge of the authors, the only solution of equal strength
structure when oy (r) is not constant was presented by Andreev [9], but for another
strength condition. The solution was obtained using a semi-analytical technique, as
initially the necessary equation was obtained analytically but its solution was
obtained using the Runge-Kutta fourth order method.

As future directions for developing this research we aim to include the
thermal effects, the optimization of the coefficient &4 which gives the degree of
modification of the modulus of elasticity at current iteration (as to reduce the
number of iterations till the convergence of the algorithm), including the
orthotropic functionally graded materials and a study of the problems for which are
imposed restrictions on the variation of the Young's modulus which may be more
useful in practice.
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