SOME ASPECTS CONCERNING THE DISPLACEMENTS
OF THE COMMON POINT FOR A PLANAR
SYSTEM OF CANTILEVER BEAMS

NICOLAE-DORU STANESCU

Abstract. We consider a planar system of cantilever bars which has a common point
and we want to determine the mechanical and geometrical characteristics of a new bar
(situated in the same plane) in order to obtain a minimum or maximum value for a
certain criterion in a certain set of values. The calculation combines the theory of
screws to obtain the equations from which one can determine the displacement of the
common point and the forces in bars, with the numerical methods to obtain the
optimum value for some criterion, the optimum being considered in the previous
sense. A numerical example highlights the theory.
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1. INTRODUCTION

In a previous paper [1] the author studied a planar system of cantilever bars
with one common end and obtained the position of equilibrium. The system is
considered given and no variation of the geometrical or mechanical parameters is
permitted. If one takes in consideration that the bars are spherically or cylindrically
jointed [1, 2], then the calculation may simplify.

In this kind of systems the action upon the bars are considered known [3] for
the simplicity of calculation, or the system of bars form a simple mechanism [4].
Different methods of study are presented [5] both for flexible systems [5] or
Stewart platforms [6]. The Stewart platforms [7] may lead to different kind of
absorbers [8], while other simple mechanisms lead to other suspended situations
[9]. Authors focus their studies on the control of mechanisms [10] or to
mechanisms that contain both rigid and elastic elements [11]. The dynamics of
some simple mechanisms or Stewart platforms is also studied in the case of
vibrations [12], or for transient motion [13].
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Simple equations are obtained using the screw coordinates [14].

In their studies authors use the equations given by the theory of classical
mechanics, theory of Lagrange, equations given by multibody theory (but only for
small numbers of bodies because the mathematical apparatus becomes very
difficult).

In [1] are described the main working hypotheses: no deformations in
linkages, small deformations and displacements (in order to apply the classical
theory of the strength of materials), bars of negligible weights, the forces and
moments act at the common points, there is no error of manufacturing for the bars
(their dimensions are nominal ones). Moreover, the force at the common point is
situated in the plane of the bars, while the moment is along the perpendicular of the
plane of bars.

As we will see, the calculation of the optimization can be performed, in the
general case, only by numerical methods.

2. THE MECHANICAL SYSTEM

Fig. 1 — Mechanical system [1].

We consider a planar system of cantilever beams. From this system we
consider only one beam for simplicity (Fig. 1). This bar is denoted by i; it has a
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length equal to I;, a cross section area equal to A, the moments of inertia I, and

l,,, and the modulus of elasticity E. We attach a rectangular system of

coordinates Axy, to the bar, such that Ax; is along the bar ( A is the common end
of the bars) and Ax; axis is in the exterior of the bar.

Let O be the other end of the bar. At this point we consider another system
of coordinates such that O XY, has the axes parallel to the axes of a fixed
reference frame (not represented in the figure). A system with the axes parallel to
the axes of the system O, X.Y; is also considered at the point A; this system is
denoted by AX,Y;. Let o; be the angle between the AX;-axis and Ax; axis. The
axes AZ;, Az;, and Oz; are also drawn in figure, but they have no role in the

future analysis. They are used only for the correct written of some certain matrices.
The system is acted by force F in the plane of bars (represented in figure)
and moment M perpendicular to the plane of bars (not represented in figure).
Further on, we will use the notations given in reference [1].
The following matrices are defined:
— matrix of rigidity of the bare i

o =R o
6E1,  12E1, |
[ki]z |42 0 |_3 ! (1)
1 I
4E1, 6E,1,,
L Ii |i2 i

— matrix of flexibility of the bar i (which is the inverse of the matrix of
rigidity of the bar i)

17 I
0 1 1
2E1, El,
| .
=gy 0 O f @)
o W
3El, 2El,

— matrix of forces with respect to the reference system Ax;y;z

{FI } = [Fx. Fyi Mz. ]T ; ()
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— matrix of deformations with respect to the reference system Axy;z

1A )= [ezi AX; Ay ]r ; 4

— matrix of passing from the reference frame AX,Y;Z; to the reference frame
AXYiz;

COSal; COSOL, COSOLy
[Ai]=|cospy;  cosp,  cospy |. (5)
COSYyy;  COSYy  COSYg

Denoting with a star the parameters relative to the A X,Y,Z; reference frame,
and without star the parameters relative to the Ax;y;z; , we have [1]
— matrix of forces in the bar i

Fl=D+ B B+ BB EY (®)

— matrix of deformations

Wh=[aThJe, 17} @)

It results

{Fi* }: [Bi ]71 [Bl]{F* }v (8)
Fl=[c]F ). (©)

=M lFR} (10)
where
CoS a,; sina; O
[G,]=| -sing, cosa; O, (11)

[Bi]:[Ai ]T[hi][Gi]' (12)
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3. OPTIMIZATION

Let us assume that someone wants to find the optimum (minimum or
maximum) value of certain parameter relative to another one parameter p.

Let [Q] be a generic, arbitrary matrix with m lines and n columns,

On O Q1n
q q U2
Q- S
qml qm2 qmn
in these conditions, we may write
op  op op
8[Q]: % a222 agzn
o | PP "’
Oy Oy O
L dp  op op |
It results
L oo oa,; |
-sina; — cosa;— O
19 op
3[G;] L LT
——==|—-cosa;,— -sSina;,— 0],
op op op
oV, -Y) alXa-Xo) .
L ap ap i
_ - aa‘li . 6a2i . aa‘3i
sin oy; —sin ay, ) —sin oLy P
AA] | o n By oo By By
— L= -sinB; —~ —sinP,, —= —sin P, —>
ap Bll ap BZI ap B3I 8
H aYli H a‘/Zi aY3i
—siny,; —~ —siny, —=- sin y, —2-
Yll ap YZI a YSI ap

(13)

(14)

(15)

, (16)
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of ¥} of
ap 2EilzI ap Eilzi

0 : (22)

of K | of ¥
ap| 351, | op|2E],

As one may easily see, the partial derivatives have non-linear expressions;
hence one has to solve a non-linear equation (in case when the optimization is
required relative to a parameter). If two or more parameters are involved in the
optimization process, then one has to solve a system of non-linear equations which
is a very difficult task in the general case.

The previous comments lead us to the use of numerical methods in order to
solve the non-linear equation, respectively the system of non-linear equations.
Moreover, there is no guarantee that the value of p for which the extreme is found

is a value that belongs to the interval admitted in the problem.
In these conditions, we will consider that the parameter p varies from the

minimum value p,,;, to the maximum value p,,, with a step value equal to Ap.
The optimum value (minimum or maximum) for another parameter ¢ is the
minimum or maximum value in the set of values q(p,)=0(Pmin)="0%,
a(p2)=a(p, +Ap)=0,. ... APra)-

Moreover, instead of optimum value of the parameter q we consider the
optimum value of the parameter q in the set of q(p,iy)s ---» 9(Prax)-

We can state that the optimum value in the set of q(P,;,), ---» (Pyay) IS NOt
necessary the optimum value of the parameter g for pe[p, i Pma]- These two
values of optimum are closer one to another for smaller value of the step Ap.

Similar statements can be written if the reader wants to apply the method of
finite elements.

3. EXAMPLE

The situation with four bars is presented in reference [1]. Now, we introduce
the fifth bar.
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Fig. 1 — Example.
The following parameters characterize the standard situation: 1=0.5m,

E; =2.1x10 N/m2, d;=20mm, i=14, F=1000 N (in the standard

case the force acts vertically and has descendent sense; this is the situation for the
first case and the second case presented further).
The fifth bar make the angle B, with the horizontal direction, where

Lsmin = 5—7; rad, and [smax =7—2T—5—7; rad. The rest of the parameters are the

same as for the first four bars.

One asks for the extremes of the linear displacement of the origin, the forces
in the bars for the minimum and maximum displacements taking into account that
the elastic modulus of a bar or the diameter of a certain bar can vary. The extremes

are  Eqgin =1010 N/mz, Emax =3x10l1 N/m2, the step being
dE =100 N/mz, and dyinp =15 mMm and dpa =25 mm, the step being
now dd =1 mm.
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The first situation is characterized by variation of the modulus of elasticity
E, from the minimum to the maximum value. The results are as follows:

— minimum displacement: A, =0.001944 m for S =86.399 and

E; =3x101 N/mz, while the forces in the bars are: for bar 1.
Fc=-1409N, F,=-32154N, M,=8242Nm; for bar 2

Fy=-13239N, F,=2152N, M;=-9391Nm; for bar 3
F=30.52N, F, =-307.69N, M, =76.93 Nm; for bar 4: F, =93.13N,
Fy=-8435N, M,=-14206 Nm; for bar 5 K, =2283N,
Fy=-307.91N, M, =76.62 Nm;

— maximum displacement: A, =0.008651m for S5 =3.610 and

E; =10% N/mz, while the forces in the bars read: for bar 1: F, =-15.29 N,
Fy=-4009N, M,;=1223Nm; for bar 20 F=-31148N,
Fy=37341N, M;=-14026N; for bar 3: F=152.83N,
Fy=-1369.70N, M, =34243Nm; for bar 4 K =173.99N,
Fy=4106 N, M, =-215.75 Nm; forbar 5: F, =-0.05N, F, =—4.72N,
M, =1.36 Nm;

— minimum displacement in the x direction: AXq;, =0.0000002 m for
S =86.40 0 and E; =3x101 N/m?;

— maximum displacement in the x direction AXpayx =0.000001 m for
S =32.20 0 and E; =100 N/m?;

— minimum displacement in the y direction: Ay, =—0.008651m for
S =3610and E; =100 N/m?;

— maximum displacement in the y direction Ay, =—0.001943 m for
S =86.39 0 and E; =3x101 N/m?;
minimum  rotation: Gy =0.000028 0 for S5 =3.62° and
E; =100 N/mZ;

— maximum rotation: Gy =0.0000810 for 3 =86.400 and
E; =3x10 N/m2.
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The second situation is characterized by variation of the diameter of the first
bar d, from the minimum to the maximum value. The results are given below:

— minimum  displacement: A, =0.001528 m for 4 =86.40 0 and
d; =25mm, while the forces in bars are: for bar 1. K, =-40.01N,
Fy=—41983N, M,=110.74Nm; for bar 20 K, =-11838N,
Fy=263N, M, =-88.13 Nm; for bar 3: F, =34.90N, F, =-241.89 N,
M, =60.48Nm; for bar 4 F,=9148 N, Fy=-97.95N,
M, =60.48 Nm; for bar 5: F¢=3201N, F,=2949N,
M, =60.24 Nm;

— maximum displacement: A, =0.006495m for S =3.60 0 and
d, =15[mm], while the forces in the bars have the values: for bar 1:
F,=-3510N, F,=-22379N, M,=6101Nm; for bar 2
F=-24855N, F,=26571N, M,;=-119.99Nm; for bar 3
F=13135N, F,=-102841N, M,=25711Nm; for bar 4
F=152.09N, F, =-6.33N, M, =-199.15 Nm for bar 5: K, =0.20 N,
Fy=-723N, M, =1.01Nm;

— minimum displacement along the x direction: AXqi, =0.0000003 m for
S =86.40 0 and d; =25 mm;

— maximum displacement along x direction: AXpax = 0.000001 m for
S5 =3.60 0 and dy =15 mm;

— minimum displacement along y direction: Ayp,in =—0.006495 m for
S5 =3.60 % and dj =15 mm;

— maximum displacement along y direction: Ay =—0.001528 m for
S =86.40 0 and d; =25 mm;

— minimum rotation: @i, =0.000046 ©  for B =3.660 and
d; =15 mm;

— maximum rotation: @y =0.000086 O for B5=86.400 and
d; =25 mm.
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The third situation is characterized by F, =1000 N (that is, the force has
components both along the x direction and y direction) and by variation of the
modulus of elasticity E, from the minimum to the maximum value. The results are
as follows:

— minimum displacement: A, =0.001504 mm for /% =66.67 O and

E; =3x10M N/ m2, while the forces in the bars are: for bar 1:
F,=28327N, F, =-418.66 N, M, =63.78 Nm; for bar 2: F, =8.14 N,
Fy=127.26 N, M, =3791Nm; for bar 3 F=339.11N,
Fy=—23805N, M,=59.52Nm; for bar 4  F, =130.63N,
Fy=-166.77N, M,=-21139Nm; for bar 5 F =238.84N,
Fy=-303.76 N, M, =50.19 Nm;

— maximum displacement: Appg, =0.008514 m for S5 =3.610 and

E; =10% N/mz, while the forces in bars read: for bar 1. F, =515N,
Fy=-5112N, M, =12.04 Nm; for bar 2: F, =—90.11N, F, =584.07 N,
M, =7843Nm; for bar 3 F=78862N, F,=-134807N,
M, =337.02Nm; for bar 4 K =29620N, F,=-176.10N,
M, =—428.79 Nm; forbar5: F, =0.22 N, F, =-8.79N, M, =1.34 Nm;

— minimum displacement along the x direction: AXp,i, =0.000002 m for
S =86.40 0 and E; =3x10* N/m?;

— maximum displacement along the x direction: AXqa = 0.000006 m for
S =3610and E; =100 N/m?;

— minimum displacement along the y direction: Aypin =—0.008514 m for
S =3610and E; =100 N/m?;

— maximum displacement along the y direction: Ay, =—0.001504 m
for & =66.67 0 and E; =3x1011 N/m?;

— minimum rotation: G, =0.000039 0 for B =3.620 and
E; =100 N/mZ;

~ maximum rotation: @y =0.000076 O for ;=86.400 and
E; =6x100 N/m2.
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The fourth situation is defined by F, =1000 N (that is, the force has
components both along the x direction and y direction) and by variation of the
diameter d; from the minimum to the maximum value. The results are given
below:

— minimum  displacement: A, =0.001139 m for B =60.92 0 and
dy =25 mm, while the forces in bars are: for bar 1. F,=288.94 N,
Fy=—497.07N, M;=8256Nm; for bar 20 F,=2218N,

Fy=11242N, M, =4473Nm; for bar 3: K =339.50N,
Fy=-18030N, M,=4508Nm; for bar 4 F, =125.90N,

Fy=-173.02N, M;=-206.80 Nm; for bar 5 F, =22347N,
Fy=—262.03N, M, =34.44 Nm;

— maximum displacement: Ay =0.005739 m for B5=3.60 9 and
d; =15 mm, while the forces in bars are: for bar 1: F, =164.83 N,
Fy=-310.81N, M, =5391Nm; for bar 20 F,=-4197N,
Fy=41248N, M;=71.63Nm; for bar 3: F,=639.84N,
Fy=-90864N, M,=22716Nm; for bar 4 K =236.95N,
Fy=-18331N, M,=-353.62Nm; for bar 5 F,=039N,
Fy=-9.78N, M, =0.90 Nm;

— minimum displacement along the x direction: AXp,i, =0.000002 m for
S5 =86.40 0 and dj =25 mm;

— maximum displacement along the x direction: AXq5 = 0.000005 m for
S =3.60 0 and dy =15 mm;

— minimum displacement along the y direction: Aypin =—0.005739 m for
S5 =3.60 % and dj =15 mm;

— maximum displacement along the y direction: Ay =—0.001139 m
for &5 =60.92 0 and d; = 25 mm;

— minimum rotation: G, =0.000050 ©  for B =3.630 and
d; =15 mm;
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~ maximum rotation: Gy =0.000075 0 for B =86.400 and
dl =25m.

The previous results lead us to the following conclusions:

— The minimum and maximum values for the displacement depend on which
criterion is used, that is, some values are obtained if one wants the minimum or
maximum values for the variations of the modulii of elasticity (the results are
similar for the rest of bars), and some other values are obtained for the variations of
the diameters of bars (the results are, again, similar for the rest of bars);

— The angles B for which a certain optimization appears depends on what

optimization is wanted;

— Similar conclusion may be written for the elasticity modulii or diameters of
bars;

— Someone would expect to obtain minimum displacement (global, or along a
certain direction, or rotation) for maximum modulus of elasticity or maximum
diameter of a certain bar, but this is not a general conclusion. The minimum values
depend on the configuration of the first bars, and the possibility of connection for
the last bar (the angle B;);

— A similar conclusion may be stated for maximum displacement, but now,
these maximum values do not occur for minimum of the modulus of elasticity or
minimum diameter of a certain bar;

— The maximum and minimum values of the displacement along a certain
direction or about an axis perpendicular on the plane may have different signs, that
is, there exists at least a position (an angle B.) for which this displacement is equal
to zero (vanishes);

— It is possible the maximum and minimum values of the displacement along
a certain direction or about an axis perpendicular on the plane may have the same
sign. In this case one may consider the minimum (maximum) value in modulus;

— The forces in bars are very different both in the same case and in different
case. The values of these forces depend on the force F (the components F, and

F, ) and the structure of the mechanical system;

— The existence of the component F, leads to other results of optimization;

we can say that the structures of the new results are dramatically changed
comparing to the original structure;
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— One can see that the forces in certain bars have very small values (in
modulus), while the forces in certain other bars have great values. Based on this
observation, one may conclude that some bars have a negligible contribution and,
consequently, they can be eliminated. This would be a great mistake because these
small values of the forces are valid only for those particular positions (minimum or
maximum displacements) and only for the possible orientation of the last bar.

4. CONCLUSIONS

In this paper we discussed some aspects concerning the optimization of the
displacements (global, along one direction, or rotation) for a planar system of
cantilever beams.

We proved that the analytical optimization may be used only in very
particular cases; hence the general solution can be offered only by numerical
calculations. Even if the equation (or the system of equations) is a simple one, there
exists the possibility that the analytical solution does not belong to the interval
(intervals) of variation for a parameter. In this case, the local optimum can be
found only numerically.

It is clear that many parameters influence the results (e.g. the geometrical and
mechanical structure of the mechanical system (the number of initial bars, their
geometrical and mechanical characteristics; the number of bars we want to add as
well their geometrical and mechanical characteristics), the force (and moment) that
acts upon the mechanical system etc.).

The results cannot be obtained by an intuitive method, that is, for instance a
greater modulus of elasticity or a greater diameter of a certain bar leads to smaller
displacement of the origin, or smaller displacement along a certain direction, or a
smaller rotation. Because of the constraints imposed to the position of the added
bar, it is possible to obtain the optimum for other values of the modulus of
elasticity or diameter.

Received on July 21, 2019
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