ON THE VARIATIONAL PROCESS
IN SINGULAR OPTIMAL CONTROL

MIHAI POPESCU

In this paper, we study the problem of the optimal control for Bolza functionals by
investigating the extremals containing singular arcs utilizing the Moore-Penrose
generalized inverse.

1. THE OPTIMUM PROBLEM

We consider the space:

Let:

be an open domain. Suppose that
£, x(t),u(e)): D> E",
fo(t:x(¢)u(t)): D> E'

are C? functions. Assume that
u(t):E' > E"

is piecewise continuous and u is piecewise continuous on T = [to,t f] .

(1

)

3)
4)

)

Our problem is to determine the function u(t)eU which minimizes the

functional
t,»

J(u) =(D(tf,xf)+ .[fo(t,x,u)dt,

ty

such that

X= f(t,x,u),

(6)

(7
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x(to ) =Xp> (8)
wle ., )=0. ©)

We assume that
[ ={()ult)eD,, teT, ueU (10)

are admissible arcs.

Define the Hamiltonian

H(t,x,u,p):fo(t,x,u)+ pr(t,x,u), (11)

where T designates the transposition operation. The arc I' is an extremal arc if
along it there exists a multiplier vector p (¢) such that

p'=-H, (12)
H,=0. (13)

Let
ox=§& du=m, op=_ (14)

be the variations of the state x, control u, and multiplier p respectively.

The auxiliary minimum problem consists in the minimization of the second
variation,

1% 1
J, (n)zzjzm(t, &,n)dt+E§TGm,§ - (15)
ty
where

20=¢"H E+2n"H E+n"H, 0, (16)
G=0+v'y, (17)

subject to
E=fe+fm Et,)=0 (18)
\VxE.! t‘/ :0 (19)

The matrices f,, f,,H  ,H, ,H,, are evaluated along the extremal arc I".

xx 2
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The equations for the extremals are provided by the vanishing of the first
variation of the functional J, given by (6),

x=f, (20a)
p=-H!, (20b)
H, =0. (20c¢)

The equations of a neighboring extremal result from the variation of the system
(20),

E=fE+ 1, 1)
{=-H. C-H.n-fl, 22)
Hn+H,/E+f] =0. (23)

Equations (21)-(23), representing the Jacobi equations, are satisfied for an
admissible variation ne U .

2. MOORE-PENROSE INVERSE

We assume that H,, is singular along T'. We denote by H the

generalized Moore-Penrose inverse of /, evaluated along of an extremal arc,
defined by

H* =lim(H H,, +¢1) " HT

uu
x—0

(24)

where [ represents the identity matrix with the dimension required in (24). One can
prove (Ref. [5]) that the limit in (24) exists and

H* =lim ], (H,,H], +1)". (25)
We introduce the notations
rank(Huu ) = ‘J%(HMU )’ (26)

H,, =0}, 27)

uu

N(H,,)={H

The following properties are satisfied:

R(H)=R(H"), 28)
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H,H =1 (29)
and we have
e {H;}, if det(H,, )#0 G0
0, if det(H,, )=0.
If ve E™, we can write
v=9+v, 31)
where
¥ is the projection of von R(H,, ),
e {; is the projection of von N(H, ). ¢
From (30) and (32), it follows that
H*(H,v)=H,(H,9)+0-v=". (33)

Hypothesis (H). There exists a symmetric continuously differentiable matrix
P(t) such that, along I", we have

N(H,, +Pf,)2N(H,,). (34)
Then, we have
either H,,=0—>H , +Pf, =0, (35)
or(H, +Pf,) =H, +f/P=0. (36)
Therefore,
det(H,,)=0->det(H,, + £/ P)=0. (37)

By negation, from (37) we have
R(H, +fTP)<R(H,,). (38)

Consequently, we have proved the equivalence between Hypothesis (H) and the
relation (38).

3. CLEBSCH TRANSFORMATION

From (23), using (38), it follows that
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H'H, m=-H"'(H, &+ f/¢)=A. (39)

Introducing (31) and (39( in (21) and (23) respectively, one obtains
E=fE+ flr (1,8 fTg)+m]=4, (40)
E=-H &~ H,[i+n)-fle=-Ce~a"¢-H n, @D

where
A:fr_qu+Hux’ Bzqu+fuT’ C=Hxx_HuxH+Hux' (42)

In [7] we evaluate the second variation by adding an identically null expression,
ie.,

‘ +j%%[<tf (t)WZ;(Z)]dt:O. (43)

0

Lerpre| _Ler
S e[, 55 WS

It follows that

ly _
J, %j[gTW*m o Bo+ 28" (H,, +Wf,)n |de +%§T (Gu-W)E|, . (44)
where
W =W+ A"W+WA-W'BW +C, (45)
c=C-WE. (40)
In expression of J, on observes that
v,Elt, )=0 (47)
or, by expression,
S . n .
SwiEl )+ Yl )=0. (48)
i=1 i=S+1
It follows that
MIES(tf)_’_MZEn—S(tf):O’ (49)

where

’ (50)
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and
& = (818, ) (51)
én—s = (aﬁl’éwza """" 7én+s )T' (52)
From (49), one obtains
ES (t_/'):_Ml_leFvn—S (tf)' (53)
Then,
_ ES(Zf) _Mfle _ _
ele, )= R &, 5, )=xe, 5,) (54)
esl)] L7

Consequently,

J,= lj[iTW*é +0' Bo+ ZE,\TT (qu + qu )ﬁ:| dr+
2] (55)

"

"‘%d—s (Fxx +viy, - W)Xgn—S

We have the following two theorems:

Theorem 3.1. If 1" satisfies Hypothesis (H), and if it is an extremal of the
variations, then

t
j ("W g+0" Bo ]dt + %g,f,SXT (Fu+ Vv —W)XE,

)

1

_1 (56)
2

Jy

i

Theorem 3.2. If Hypothesis (H) holds along an extremal arc 1" . If H , is

non-negative definite along 1", then for each extremal variation there exists a
matrix W=0 such that

F +Viy, —W=>0 (57)
for te [to,t f} . Moreover, J, is non-negative.

Then the adjoint variations take the from

¢ = PE. (58)
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If P'¢ =0, then the expression of the second variation becomes

J2 = %E.!Z—SXT(FW + VT\Vx_x - P)Xan—s (59)

Ly

Therefore, we have the following Lemma.
Lemma 3.1. Along the extremal arc, if the condition P *é =0 holds for all

extremal variations, then there exists a matrix P(t) , With

Plt,)+ Fy + V7w, (60)

Iy?
such that J , takes the minimum value.

Obviously, according to the previous results, the second variation given by
(59) vanishes for the matrix P defined in (60), and thus J, becomes minimal.

Lemma 3.2. Let I" be an extremal defined on [to,tp} satisfying Hypothesis
(H). On the arc T, P'& =0 for all the extremal values, then
N(f,)< N(H,, ). (61)
In addition, if H , is non-negative definite and if
&(t)=¢(t,)=0 for t,<t <t,<t,
it follows that
&,(t)z 0, on [tl,tz].

Proof. By Hypothesis (H)
PE=0.
Then,
5=—(4" - PB)s. (62)

Let @ (t, t )be the matrix of the fundamental solution for (62). Then,

@ (t,4)=1. (63)
Let

v(t) € N(HW )

Using Hypothesis (H), from the equation of Jacobi adding the term fuTP?;, it
results that
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flo=0. (64)
The solution of (62) can be written as
c=_(t.t ). (65)
Consequently, (106) becomes
(@7 (t,)1,) -v=0. (66)
Then,
OF(1.4) £,y =0, te[t,.t, ] (67)
Since ®! is a nonsingular, we have
fv=0 (68)
forall ¢ e [to,tf] . Consequently, from (68), we have
veN(f) (69)
and then,
N(£) 2 N(H,,)- (70)
From ne N (H,, ), it results that, n e N (f.)- Then, fVT_] = 0, and it results
¢=(4-BP)-Bo. (71)

The homogeneous part of (71) represents the adjoint of (62). From (64), we can

write
®f (1,4)&(t) =& (1)~ [@F (T,) Bodr -
Since
&) =¢(t,)=0
we have

[@l(rn)Bodr=o0-

h

Because B is nonnegative, due to the non-negativity of H

it follows that

(72)

(73)
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®!(T,1,)Bs =0,

on [to,zf].As oM

c

is nonsingular, it follows that

E_a(t)E 0, on [tl’tZ]'

(74)

Theorem 3.3. Let the arc 1", and let (&, n, C) be a set of variations on the

extremal arc T'. If L = PE, it follows P"£=0 and ﬁe N(HW + Pfu).

Proof. Let
C=rg.
Then, ¢ =0 . This implies that

&=—-Pt—(4"-PBls=-P'&=0.
By differentiation in (75), it follows that
C=Pe+Ps,
where P is given by
P=P —AP-PA+PBC-C.
Then, for & given by (75) and o =0, the Jacobi equations become
§=(4-BPE+ £,
{=-Ce-A'C~H,,n.

Substituting (78)-(79) in (77), one obtains that

Either (H, +Pf,)n=0

or ne N(H, +Pf,),

This ends the proof of Theorem 3.3.

4. CONCLUSIONS

(75)

(76)

(77)

(78)

(79)

(80)

(81)
(82)

One was studied the problem of the optimal control for Bolza functionals by
investigating the extremals containing singular arcs utilizing the Moore-Penrose

generalized inverse.
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