
 

A GENERALIZATION OF THE GIRSANOV THEOREMS 
ON THE HILBERT SPACE 

RADU MOLERIU*1 

This paper gives a generalization of the Girsanov theorems on the separable Hilbert 
space. And we also give a characterization on the Hilbert space of the Wiener 
processes, using the quadratic variance process. 

1. INTRODUCTION 

Let ( )P,, ℑΩ  be a complete probability space, H a separable Hilbert space 

with the norm induced by the scalar product 2, , , ,x x x⋅ ⋅ =  
( ) Hx∈∀  and [ ]: , 0,W I H I T +× Ω → = ⊂ R  a Wiener process with 

( )HLQ 1∈  as the covariance operator and with normal filtration { } Itt ∈ℑ ; 

( ) 00 =W , W has continuous paths, independent increases and 
( ){ } ( ) QttWtW == cov,0E . On the Hilbert space H we consider an 

ortonormat basis { } 1n n
e ∞

=
. In this case ( )tW  has the next form: 

( ) ( )∑
∞

=

βλ=
1n

nnn ettW , where ( ) ( )1 , ,n n
n

t W t eβ =
λ

 ...,2,1=n  are 

independent brownian  real processes on ( )P,, ℑΩ  and 0>λn  with the 
property nnn eeQ λ= , 1, 2, ...n = . [5]. It is considered a continuous stochastic 
process ( )tX , :X I H×Ω→ , ( )ωtX  continuous on ( ) Ω∈ω∀,I  and a partition 

0 1 2, : 0 ... kon I t t t t T∆ ∆ = < < < < = , ( )ii
ki

tt −=δ +
=

1
,0

max . We de fine the 

stochastic process 
t

X ∆ using the formula: ( ) ( )∑
−

=
+

∆ ∧−∧=
1

0

2
1

k

i
iit ttXttXX , 

where { }stst ,min=∧ . 
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Definition 1.1. t is called a quadratic variance process of the process ( )tX , 
the application 

t
X , where 

                    
0

lim
t t

X X ∆

δ →
= . (1.1) 

Observation 1.1. 
(i)    If ( ){ }tX  is with a finite variance then 0

t
X = . 

 (ii)   The process 
t

X is continuous. 
(iii)  Let { }

jjM  be a sequence of continuous martingal process, square 

integrable. Then jM  has a mean square convergence to a continuous 

martingal M, if and only if 
Tj MM −  has a mean convergence to zero; 

 (iv)   
t

W tQ= , for the Wiener process.  
 Theorem 1.1 (The Girsanov Theorems) [4].  

(I) Let ( ) ntX R∈  be an Ito process: ( ) ( ) ( )d , d d ,X t f t t B t= ω +  
( ) 00, =≤ XTt  where ∞<T , ( )tB  is a n – dimensional Brownian motion, and  

( ) ( ) ( ) ( ) ( )*

0 0

1exp , d , , d ,
2

t t

M t f s B s f s f s s t T
 

= − ω − ω ω ≤ 
 
∫ ∫ . 

       We suppose that ( ),f s ω  verifies the Novikov condition 

                ( ) ( )*

0

1exp , , d
2

T

f s f s s
   ω ω < ∞  
   

∫E . (1.2) 

We define the measure ( ), Ton Ω ℑP%  by ( ) ( ) ( )d dM Tω = ωP P% . Then the 

( )tX process is a Brownian motion with respect to the measure P~ , for .Tt <  
(II) Let ( ) ntX R∈  be an Ito process: 

( ) ( ) ( ) ( )d , d , d ,X t b t t t B t t T= ω +σ ω ≤   

( ) ntb R∈ω, , ( ) ( )nnLt RR ,, ∈ωσ . We suppose that the integrable processes 
( )ω,ta  and ( )ω,tf  exist such that: ( ) ( ) ( ) ( )ω−ω=ωωσ ,,,, tatbtft  and  

( )ω,tf  verifies Novikov’s condition.  Then  ( ) ( ) ( )
0

: , d ,
t

B t f t s B t t T= ω + ≤∫%  

is a Brownian motion with respect to the measure P~ , and the process ( )tX  
verifies the equation: 
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( ) ( ) ( ) ( ) ( )d , d , dX t a t X t t t B t= ω +σ ω % . 

(III)  Let the processes ( ) ( ) ntYtX R∈,  such that ( ) ( ) xYX == 00  and  

( ) ( )( ) ( )( ) ( )d d d ,X t b X t t X t B t t T= +σ ≤   

( ) ( ) ( )( ) ( )( ) ( )d , d d ,Y t t b Y t t Y t B t t T = γ ω + +σ ≤  , 

where ( )nLb R∈ , ( )( )nn LL RR ,∈σ   and  ( )ωγ ,t is an integrable process. 

If it exists an integrable ( ),f t ω  witch verifies the Novikov condition and 

( )( ) ( ) ( ), ,Y t f t tσ ω = γ ω , then 

( ) ( )( ) ( )( ) ( )d d dY t b Y t t Y t B t= +σ % . 

       More than that the low of the process ( )tY  is the same as the  law of the 

process ( ) ., TttX ≤  A generalization of this result it can be found in [5]. 

Proposition 1.1.  Let ( ),f t ω  be a predictibile, square integrable process, 

such that: 

               ( ) ( )*
0

1exp , , d
2

T

f t Qf t s
   ω ω < ∞  
   

∫E  (1.3) 

Then the stochastic process ( )tM , defined by the relation: 

             ( ) ( ) ( ) ( ) ( )
0 0

1exp , d , * , d
2

t t

M t f s W s f s Qf s s
 

= ω − ω ω 
 
∫ ∫  (1.4) 

is a martingal with the mean ( ){ } 1=tME . 

Proof: The process ( ){ }tM  verifies the differential stochastic equation: 

( ) ( ) ( ) ( ) ( )d , d , 0 1M t f t M t W t M= − ω = . 

       Let ( ) ( )∑
∞

=

=
1n

nn etMtM . Then 

( ) ( ) ( ) ( )d , , dn n n nM t f t M t e B t= − ω λ  

where ( )tM n  are real stochastic processes, *N∈n . Because of these the problem 
is reduced to the real case, which is the equation: 
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( ) ( ) ( ) ( ) ( )
( ) ( ) ( )d , d , d

dM t
M t f t M t B t f t B t

M t
= − λ ω ⇔ = − ω λ , 

where ( )tM  and ( )ω,tf  are real processes, and ( )tB  is a real Brownian motion. 

From Ito’s lemma which is applied to the function [ ] RR →×Tg ,0: , 

( ), lng t x x=  it results that 

( )( ) ( )
( ) ( )2d 1d , , d

2
M t

g t M t f t t
M t

= − ω λ ⇒

( ) ( ) ( ) ( )2

0 0

1exp , d , d .
2

t t

M t f s W s f s s
 

= − ω − λ ω 
 
∫ ∫  

So: 

( ) ( ) ( ) ( )

( ) ( )

0

0

, exp , , d

1 , , , , d .
2

t

n n n n n

t

n n n

M t e M t s e B s

f s e f s e s


= = − ω λ −




− λ ω ω 


∫

∫
 

         Because ( ) ( )
1

, n n
n

M t M t e e
∞

=

= ∑  we obtain: 

( ) ( ) ( ) ( ) ( )*

0 0

1exp , d , , d
2

t t

M t f s W s f s Qf s s
 

= − ω − ω ω 
 
∫ ∫ . 

Forward we will proof  that ( ){ } 1=tME . The integral equation associated 

to the ( )tM  process is ( ) ( ) ( ) ( ) ( )
0

0 , d
t

M t M f s M s W s= − ω∫ . We take the 

expectation in this relation and we gain ( ){ } 1=tME . Let f be a predictable square 

integrable process. Then it exist a sequence of elementary processes { }if  such that 

2

0

d 0
T

if f s
  − → 
  
∫E . The case of elementary processes is reduced to the case of 

constant processes using the relation: 

( )∑
−

=
+χ=

1

0
1,

k

j
jjk ttaf , R∈ka . 
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It result that    

( ) ( ) ( ) ( )

( ) ( )

( ) ( )

2

0 0

1
2 2

1 1
0

1
2 2

1 1
0

1exp , d , d
2

1 1exp
2 2

1 1exp exp .
2 2

t t

k

j j j j j j j j
j

k

j j j j j j j j
j

M t f s W s f s s

a W t a t a W t a t

a W t a t a W t a t

−

+ +
=

−

+ +
=

 
= − ω − ω λ = 

 
    = − − λ + − − λ =        

   = − − λ ⋅ − − λ   
   

∫ ∫

∑

∏

 

In this way the general case is reduced to the study of processes which have 

the following form : ( ) ( ) 





 λ−−= tatWatM 2

2
1exp . We proof that ( )tM  is a 

tℑ  – martingal  by reducing them to the constant real processes. We consider 

constant processes like ( ) asf =ω, . Then ( ) =








ℑ



 λ−− stataW 2

2
1expE  

         ( ) ( ) ( )( )[ ]{ }ssWtWatasaW ℑ−−






 λ−−= exp

2
1exp 2 E  

because ( )sW  is sℑ  – measurable and 

( ) ( )( )[ ]{ } ( ) ( )( )[ ]{ } ( )





 −λ=−−=ℑ−− stasWtWasWtWa s

2
2
1expexpexp EE  

because ( ) ( )sWtW −  is sℑ  – independent. It results: 

( ) ( ) 



 λ−−=









ℑ



 λ−− sasWatatWa s

22
2
1exp

2
1expE .  

Because ( ) ( )∑
∞

=

=
1n

nn etMtM , where ( )tM n  are real square integrable 

processes, it results that ( )tM n  are real martingales and 

( ){ } ( ){ } ( ){ } ( ){ }sMesMetMtM
n

nnn
n

sns EEEE ∑∑
∞

=

∞

=

==ℑ=ℑ
11

, 

for every predictable processes ( ),f s ω  H – valued. 
Theorem 1.2 (In the finite case we have this result in [2]). Let 

( ){ }
t I

X t
∈

∫  be a continuous process, tℑ  – adapted with the mean 0 (zero) and 
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the covariance, ( ) ( ){ } ( )cov , ,X s X t Q s t= . Then the following sentences are 
equivalent:  

(i)  ( )tX  is a tℑ  Wiener process; 
(ii) ( )tX n  is martingal square integrable, ...,2,1=n  and 

( )HLQtQX t
1, ∈= ; 

(iii) ( ) ( ) ( ) ( )*

0 0

1exp , d , , d
2

t t

f s X s f s Qf s s
  − ω − ω ω 
  
∫ ∫  is martingal, with a 

unity mean, for every f – square integrable predictable process; 
(iv) ( ){ } IttX ∈  is a gaussian process such that ( ) ( )sXtX −  is sℑ  – 

independent  for every  ts <<0 . 
Proof: The operator ( ),Q s t  is defined by the relation 

( ) ( ) ( ){ },Q s t X t X s= ⊗E , 

and in the case of a Wiener process the relation ( ) ( ),Q s t Q t s= −  exists, where 
ts <<0  and ( )HLQ 1∈ . 

( ) ( )i ii⇒  let ts <<0 . ( ) ( )sXtX −  are sℑ  – independent 
and

( ) ( ) ( ){ } ( ) ( ){ } ( ) ( ){ } ( )0 0 ,n n n nX t X s s X t X s X t s X s− ℑ = ⇒ − = ⇒ ℑ =E E E

QtX t =  (we used the observation 1.1 ); 

( ) ( )i iii⇒  using the proposition 1.1; 

( ) ( )i iv⇔  it is obtained  from the definition of a  Wiener process; 

( ) ( )ii i⇒  let QtX t =  and ( )tX n be martingal square integrable. 

Then IttX ntn ∈λ= , . Using Levy’s theorem [5], on R, we obtain that 

nX is a real Wiener process which has sℑ  – independent increases. It results that: 

( ) ( ) [ ] ,,0,
1

TtetBtX
n

nnn ∈λ= ∑
∞

=

 

where ( ) ( )tXtB n
n

n
λ

=
1  are independent standard Wiener processes. 

( ) ( )iii iv⇒  we observe that ( )[ ]{ } ( )[ ]{ }taWtaW −= expexp EE . And the 
following result takes place: 

[1] Let µ  be the associate measure for ( )tX . Then the µ  measure is 
gaussian if and only if his characteristic function approves: 
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               ( )[ ]{ }






 −= aaQamitWai ,

2
1,exp,expE ,  

where m is the mean, and  Q – the covariance. 

Let ( ) ( )






 −−= taQatXatM *

2
1,exp  be tℑ  – martingal with 

( ){ } 1=tME . It results that ( ){ }






=− taQatXa *

2
1exp,expE  and  

( ){ } ( ) ( ){ }

( ) =






−=










λ−=







 λ−=

==












=

∏ ∑

∏∑
∞

=

∞

=

∞

=

∞

=

taQateaeta

etXaietXaitXai

n n
nnnnnn

n
nnn

n
nnn

*

1 1

22

11

2
1exp

2
1exp

2
1exp

expexp,exp EEE

.,
2
1exp







 −= taaQ  

In this way we have proved that ( ){ }tX  is a gaussian process with the zero 
mean and the covariance Q. Knowing that ( )tM  is martingal, with the unite mean 
we see that ( ){ }tXa ,exp −  is martingal, ( ) Ha∈∀  and 

( ) ( )[ ]{ } ( )






 −−=ℑ−− staQasXtXa s

*
2
1exp,expE , ( ) Ha∈∀ . 

So ( ) ( )sXtX −  is sℑ  – independent  and in this way we have finished the proof. 

2.  THE  GIRSANOV  THEOREMS  ON THE   SEPARABLE HILBERT  SPACE 

Theorem 2.1 (The first Girsanov Theorem). Let ( )tX  be a stochastic 
process [ ] HTX →Ω×,0:  with the following form: 

            
( ) ( ) ( )
( ) [ ]

d , d d

0 0, 0, ,

X t Qf t t W t

X t T

 = ω +


= ∈
 (2.1) 

where W is Q-Wiener process, and ( )⋅⋅ ,f  is a square integrable predictable 
process, and the process  

               ( ) ( ) ( ) ( ) ( )*
0 0

1exp , d , , d
2

t t

M t f s W s f s Qf s s
 

= − ω − ω ω 
 
∫ ∫  



120 Radu Moleriu 8 

with the property: ( ) ( )*
0

1exp , , d
2

T

f s Qf s s
 

ω ω < ∞ 
 

∫E . We define the 

measure ( )Ton ℑΩ ,~P  by: ( ) ( ) ( )d dM Tω = ωP P% . 

Then ( ){ }tX  is a Wiener process related to the measure P~ . 
Proof: We write the integral equation, which is associated to the differential 

equation:  

( ) ( ) ( )
0

, d
t

X t Q f s s W t= ω +∫ . 

In this way, related to the measure P the following relations are proven to be 
true: 

( ){ } ( ){ }
0

, d
t

X t Q f s s= ω∫E E ; 

( ) ( )d d ,tM T M t pe t T= ℑ ≤P P ; ( ) 00 =X ; 
if ( ) ( )sfsf =ω,  is a non-random function, then ( ) tQtX =cov . 

From Proposition 1.1 we know that ( ) is tM T ℑ  – martingal and 

( ){ } 1.M t =E  It results that ( ) 1~
=ΩP , so P~  is a probability measure.  

We proof that ( )sX  is a Wiener process related to the P~  measure  used in 
the first theorem, so: ( )tX  is a  Wiener process related to the P~  measure⇔  

( ) ( ) ( ) ( ) ( )*

0 0

1exp , d , , d
2

t t

N t g s X s g s Qg s s
 

⇔ = − ω − ω ω 
 
∫ ∫ , 

is tℑ  – martingal related to the P~  measure (where g – a predictable square 
integrable process) ( ) ( )tMtN⇔  – a martingal related to the P  measure. 

We used the relations: ( ){ } ( ){ }0 and covX t X t tQ= =E% %  (related to 

the P~  measure); ( ){ } ( ) ( ){ }tMtNtN EE =
~ . 

We solve ( ) ( )tMtN : 

( ) ( ) ( ) ( ) ( ) ( )
0 0

exp , , , d , d
t t

N t M t g s Qf s s g s W s


= − ω ω − ω −

∫ ∫  

( ) ( ) ( ) ( ) ( ) ( )
0 0 0

1 1, , , d , d , , , d
2 2

t t t

Qg s g s s f s W s Qf s f s s


− ω ω − ω − ω ω =


∫ ∫ ∫  

 
( ) ( ) ( ) ( )*

0 0

1exp , d , , d ,
2

t t

h s W s h s Qh s s
 

= − ω − ω ω 
 
∫ ∫



9 A generalization of the Girsanov theorems on the Hilbert space 121 

 

where ( ) ( ) ( ), , ,h s s g sω = ω + ω  and we also used the relation: 

( ) ( ) HyxyyQyxQxxQyxyxQ ∈∀++=++ ,,,
2
1,,

2
1,

2
1  

(because ( )1Q L H∈ , Q is positive and selfadjoint). 
Using Theorem 1.2 for the Wiener process ( )tW , the predictable  process 

( )ω,sh  and the P measure we obtain that ( ) ( )tMtN  is a tℑ  – martingal.   
Theorem 2.2 (The second Girsanov Theorem). Let ( )tX  be an Ito process, 
[ ] HTX →Ω×,0:  which has the form: 

      
( ) ( ) ( ) ( )
( )

d , d , d , 0

0 , ,

X t b t t t W t t T

X x x H

= ω +σ ω ≤ ≤


= ∈
 (2.2) 

where ( )ω,tb  is a tℑ  adapted  process with the  property 

( ) ( )
0

, d , 1
t

b s s t I
 

ω < ∞ ∀ ∈ = 
 
∫P  and ( ),sσ ω  is a predictable process, 

tℑ  – measurable  and 

( ) ( )2

0

, d , 1
t

s s t I
 

σ ω < ∞ ∀ ∈ = 
 
∫P . 

We suppose that the predictable processes ( ) ( ) ( )
0

, d
t

W t Q f s s W t= ω +∫%  

exist, and they are tℑ  – measurable and square integrable on I such that: 

( ) ( ) ( ) ( ) ( ), , , , ,b t a t t Qf t t Iω − ω = σ ω ω ∀ ∈  

and the process ( ),f t ω verifies the Novikov condition: 

                      ( ) ( )*
0

1exp , , d
2

T

f t Qf t t
   ω ω < ∞  
   

∫E . 
 

(2.3) 

If we consider ( ) ( )tWtM ~,~, P  as in the Theorem 2.1 

( ) ( ) ( )
0

, d
t

W t Q f s s W t= ω +∫% , 

then the differentiable equation associated to the ( )tX  process related with the 
P~ measure and the  Wiener process ( )tW~  is: 
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( ) ( ) ( ) ( ) [ ]
( )

ˆd , d , d , 0,

0 0.

X t a t t t W t t T

X

 = ω + σ ω ∈


=
 

(2.4) 

Proof: From the relation: ( ) ( ) ( )d d , dW t W t Qf t t= − ω%  and by putting it 
in (2.2) we get: ( ) ( ) ( ) ( )d , d , dX t a t t t W t= ω + σ ω % . 

Observation 2.1. A consequence of this result is that the ( ),tσ ω  is 

invertible and  ( ),f t ω  is unique ( ) ( ) ( ) ( )1 1, , , ,f t Q t b t a t− −ω = σ ω  ω − ω   . 
Theorem 2.3 (The third Girsanov Theorem). We consider the processes 

( ) ( ), , :X t Y t X I H× Ω →  and HIY →Ω×: which have the form: 

              
( ) ( )( ) ( )( ) ( )
( )

d d d ,

0 ,

X t b X t t X t W t t I

X x x H

 = +σ ∈


= ∈
 

 

(2.5) 

                ( ) ( ) ( )( ) ( )( ) ( )
( )

d , d d ,

0 ,

Y t c t b Y t t Y t W t t I

Y x

  = ω + +σ ∈  
=

 (2.6) 

where the operators ( ) ( )( ), ,b L H L H L H∈ σ ∈  are verifying the Lipschitz 
conditions: ,b σ  are measurable and 

( ) ( ) ( )1 , , 0b x x k x x H k+ σ ≤ + ∈ > , 

( ) ( ) ( ) ( ) , ,b x b y x y k x y x y H− + σ −σ ≤ − ∈ . 

Further more ( ),c t ω  is a predictable square integrable process, tℑ  – 
measurable. We suppose that exist one process, ( ),f t ω , predictable, square 
integrable, tℑ  – measurable which verify the Novikov relation (2.3) such that: 

( ) ( )( ) ( ), ,c t Y t Qf tω = σ ω . We define ( ) ( ), ,M t W tP% %  like in the third theorem. 
Then  

                 ( ) ( )( ) ( )( ) ( )d d dY t b Y t t Y t W t= + σ %  (2.7) 

and the ( ) ( ),X t Y t  processes have the same distribution. 
Proof: We apply Theorem 2.2 in the case below: ( ) ( )( ) ,, tXt σ=ωσ  

( ) ( ) ( )( )tYbtctb +ω=ω ,,  and ( ) ( )( )tYbta =ω, . 
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3.  APLICATION: THE  BLACK-SCHOLES  EQUATION 

       We consider the equation of an active with the form [3]: 

( ) ( ) ( ) ( )d µ d σ dX t X t t X t W t= + , 

where µ  is the mean of the process ( )tX , and σ  his volatility. We consider a rate 

0r > . The  Black-Scholes equation has the next form: 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

2
22

2

2

1, , ,
2

, , is a function.

VV t x rX t V t x X t t x rX t
t x X

V t x g x g C

 ∂ ∂ ∂
+ + σ =∂ ∂ ∂

 =

. 

Using the Girsanov theorems for transforming the process ( )tX  in a geometrical 

Brownian  motion process which will generate the solution of the Black-Scholes 
equation like this: 

( )
( ) ( ) ( )( ) ( )d

d d d ln d d
X t

t W t S t t W t
X t

= µ +σ ⇔ = µ +σ   

and  

( ) ( ) σ=ωσµ=ω ,,, ttb  and ( ) ( )rtf −µ
σλ

=ω
1,   

with the property: ∞<




















σλ
−µ Tr

2

2
1expE . ( )tM  is choosing to be like: 

( ) ( ) ( )
2

2
0

exp d
2

tr rM t t w t
 µ − µ −

= − − 
 σ λ σ 

∫  

and ( ) ( ) ( )d d , dW t W t f t t= + ω% . 

       So we obtain the equation:                                          

( ) ( ) ( ) ( )d d dX t rX t t X t W t= +σ% % % %  

and the Black Scholes solution is written like this:    

( ) ( )( ){ }, rtV t x e g X t−= E % . 
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