A GENERALIZATION OF THE GIRSANOV THEOREMS
ON THE HILBERT SPACE

RADU MOLERIU"

This paper gives a generalization of the Girsanov theorems on the separable Hilbert
space. And we also give a characterization on the Hilbert space of the Wiener
processes, using the quadratic variance process.

1. INTRODUCTION

Let (Q, 3, P) be a complete probability space, H a separable Hilbert space

P ()
(V)xeH and W:IxQ->H,I=[0,T]cR, a Wiener process with

O e L,(H) as the covariance operator and with normal filtration {3, }

with the norm induced by the scalar product < -y >,

tel>
W(0)=0, W has continuous paths, independent increases and
E{W(t)}zO, covW(t)=10Q. On the Hilbert space H we consider an

ortonormat  basis {en};. In this case W (f) has the next form:

W) = imﬁn (¢t)e,, where B,(¢)= %<W(t), en>, n=1,2,.. are
n=1 n

~

independent brownian real processes on (Q, 3, P) and A, >0 with the

property Qe, =X, e,, n=1,2, ... [5]. It is considered a continuous stochastic

process X(t), X:IxQ— H, X,(o) continuous on 1, (¥)w € Q and a partition

Aonl, A:it,=0<t, <t,<.<t, =T, &= m()@;(tHl —1;). We de fine the
i=0,

k-1
stochastic process <X>IA using the formula: <X>tA = Z ||X(t Atig)=- Xt ]|2 ,
i=0

where 7 A s = min {£,s}.
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Definition 1.1. t is called a quadratic variance process of the process X (t),

the application (X >t , Where
(X) = lim(X)".

30 f

(1.1)

Observation 1.1.
(i) If {X(¢)} is with a finite variance then <X )t =0.

(if) The process (X >t is continuous.

(iii) Let {M j }j be a sequence of continuous martingal process, square
integrable. Then M ; has a mean square convergence to a continuous
martingal M, if and only if <M ;M >T has a mean convergence to zero;

(iv) <W>[ = tQ, for the Wiener process.
Theorem 1.1 (The Girsanov Theorems) [4].
(1) Let X () € R” be an Ito process: dX(t) = f(t,(n)dt + dB(l‘),

t<T,X(0)=0 where T < o, B(t) is a n — dimensional Brownian motion, and

M(t)=exp(— j:f(s, @)dB(s) ~ L] 7(s5,0) 1 (s.0) o J,ts r.

0

We suppose that | (S, 0)) verifies the Novikov condition

E{exp(%l‘f(s, ®) f (s m)*dsJ} <. (12)

We define the measure P on (Q , ST) by dl~)(0)) = M(T)dP(co). Then the
X (t) process is a Brownian motion with respect to the measure P, fort <T.

@) Let X (t) € R" be an Ito process:
dX (t)=b(t,)dt+o(t,0)dB(z), t<T

b(t,o)eR",o(t,0)elL ( ", R" ) We suppose that the integrable processes
alt,o) and f(t, o) exist such that: o(t,®)f(t,®)=b(t,0)—a(t,0) and

7 (¢, ®) verifies Novikov’s condition. Then é(t) : :J'f(t’ w)ds+B(t), t<T
0

is a Brownian motion with respect to the measure P, and the process X (t)

verifies the equation:



3 A generalization of the Girsanov theorems on the Hilbert space 115

dX (1) = a(t, ®) X (¢)dt+o(t, ©)dB(t).
(L) Let the processes X (t), Y (t) € R" such that X (0)=Y (0) = x and
=b(X(1))dr+o(X(1))dB(t), t<T
dY(t)=[y(t,co)+b( () ]de+o(¥(r))dB(z), t<T,
where be L(R" ), 6 e L(R", L(R" ) and y(t , ®)is an integrable process.
If it exists an integrable f(t, ®) witch verifies the Novikov condition and
o(Y (1)) f(t.0) =y(t,0), then
dy (1) = b(Y(¢))dt+o(Y(2))dB(2).

More than that the low of the process Y (¢) is the same as the law of the
process X (t), ¢ < T . A generalization of this result it can be found in [5].

Proposition 1.1. Let f (t,(o) be a predictibile, square integrable process,
such that:

T
E{exp(%jf(t, c))Qf(t, (L))*dS]} < (1.3)
0
Then the stochastic process M (Z) defined by the relation:

()=ew{f o) v ()L sororstoons)

0

is a martingal with the mean E {M (t)} =1.
Proof: The process {M (¢)} verifies the differential stochastic equation:

dM (t) =—f(t, ®) M(t)dW(t), M(0)=1.
LetM iM . Then

M, (1) = ~{ (1.0} (1), 7,08, 1

where M, (¢) are real stochastic processes, n € N*. Because of these the problem

is reduced to the real case, which is the equation:
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dM (t)
M)

M (t) = 1 f(t,0) M (1)dB(1) < = —f(t,0)\1dB (1)

where M (t) and f (¢ , ®) are real processes, and B(¢) is a real Brownian motion.
From Ito’s lemma which is applied to the function g : [0 , T] xR —> R,
g (Z, x) = Inx it results that

dM (1) 1

dg(t,M(t))=M—(t)—5f2 (t,w)rdt =
M(t)= exp(—-:[f(s,m)dW(s)—%.:[kf2 (s,o))ds].
So:
(M (1), ¢,) = M, (1) = ex H<sm,,,>fd3
_ %j;k <f(s, oo), en> <f(s oo) en>ds}
Because M i< e, Je, we obtain:

N|~

M(t)zexp{ ! s, o)W (s) { )dS}.

Forward we will proof that E {M(r)} = 1. The integral equation associated

t

to the M(t) process is M(t) = M(O)—If(s, m)M(s)dW(s). We take the
0

expectation in this relation and we gain E {M (t)} =1. Let fbe a predictable square

integrable process. Then it exist a sequence of elementary processes { f,} such that

T
E{“ -1 |2 ds} — 0. The case of elementary processes is reduced to the case of
0

constant processes using the relation:

k-1

f= Zak x(tj ) tj+1),ak € R.

j=0
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It result that

t

j s, m)xds}

0

k-
= {Z [—a W M ]ZMM} { . —%afktj}}=
0

k-
l—!exp [—ajW(th) ,27‘%1] exp(—ajW(tj ) —%afktjj.
i

In this way the general case is reduced to the study of processes which have

—exp{ Ifs (odW
0

[\)

the following form : M (¢) = exp(— aW(t) - %az kt) We proof that M (¢) is a

3, — martingal by reducing them to the constant real processes. We consider

constant processes like f (s , ®) = a . Then E{exp{— a(t) - %azkt} |Ss} =

_ exp{_ a7 (s) _%azm}E{exp[_ a0 (e)-w(s)]|3,)

because W(s) is I, — measurable and

Blespl a0 - w63, ) = Blexolalr ()~ 6)] = e 5 a2l )

because W(t) — W(s) is I, — independent. It results:

E{exp[—aW(t)— %cﬂ At }|3} =exp[—aW(S)— Laaas }

2

Because M (¢ ZM e,, where M, (t) are real square integrable

processes, it results that M . (e ) are real martingales and

()3, )= S E(M, ()] 3, Jey = S EIM, ()} e, =E{M(5)}.

n=1 n=1
for every predictable processes f (S, 0)) H — valued.
Theorem 1.2 (In the finite case we have this result in [2]). Let

{ X ( J t) } be a continuous process, 3, — adapted with the mean 0 (zero) and
tel
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the covariance, COV{X(S), X(t)} = Q(s, t). Then the following sentences are

equivalent:
(i) X(t)isa 3, Wiener process;
@) X, (t) is  martingal  square  integrable, n=12, .. and

(X), =10, 0 e L'(H);
(iif) exp{—jf(s, m)dX(s)—%jf(s, ®)Of (s, g))*ds} is martingal, with a

unity mean, for every f— square integrable predictable process;
(i) { X (2) }te[ is a gaussian process such that X(t) — X(s) is 3, —
independent for every 0 <s <t.
Proof: The operator Q(s, t) is defined by the relation
O(s, 1) =E{X(1) ® X(s)},
and in the case of a Wiener process the relation Q(s, 1) = Q(t—s) exists, where
0<s<tand Qe L(H).
()= (i) let O<s<t. X()-X(s) are I, — independent
and
E{X(t)-X(s) [3(s)} =0=E{X, () X, (5)} = 0= E{X, ()] 3(s)} =X, (s),
<X>t =t O (we used the observation 1.1 );
(i) = (iii) using the proposition 1.1;
(i ) = (iv) it is obtained from the definition of a Wiener process;
(if) = (i) let <X>t =tQ and X, (f) be martingal square integrable.
Then (Xn >t = A,t, tel.Using Levy’s theorem [5], on R, we obtain that

X, 1s areal Wiener process which has 3, — independent increases. It results that:

N

x()= &, B,()e, .1<[0. 7],

1 . .
where B, (t) = ——= X, (¢) are independent standard Wiener processes.

Vi,
(iii) = (iv) we observe that E{ exp[aW ()]} = E{exp[- aW(¢)]}. And the
following result takes place:
[1] Let pu be the associate measure for X (t) . Then the | measure is
gaussian if and only if his characteristic function approves:
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E{exp[i{a , W(t))]}z exp{i<m , a> —%(Qa , a>},

where m is the mean, and Q — the covariance.

Let M ()= exp{ —<a , X(t)> - %a Oa* t} be 3, — martingal with

E{M ()} =1. Tt results thatE{exp—<a , X(t)>}= exp{ %aQa* t} and

E{expi<a , X(t))}: E{expiian Xn(t)en} = ﬁE{expian Xn(t)en}:

n=1

= Hexp{—%xn a’ ten} = exp[Z—%kn a? entJ = exp{_%aQa*(;)} =
n=1 n=1
= exp{—%(Qa , a)t}.

In this way we have proved that {X (t)} is a gaussian process with the zero
mean and the covariance 0. Knowing that M (t) is martingal, with the unite mean
we see that exp {— <a , X (t)>} is martingal, (V)a e H and

E{exp[— <a, X(t)— X(s)>]| 3, } = exp{—%a Qa*(t - s)}, (V)a eH.

So X(¢)— X(s) is 3, —independent and in this way we have finished the proof.

2. THE GIRSANOV THEOREMS ON THE SEPARABLE HILBERT SPACE

Theorem 2.1 (The first Girsanov Theorem). Let X (t) be a stochastic
process X : [O , T] x QQ —>H with the following form:

dX (1) = Of (1, ©)dr+dW (1)
{X(O) =0, 10, T], 2.1

where W is Q-Wiener process, and f ( , ) is a square integrable predictable
process, and the process

M(Z) = exp[—j;f(s, m)dW(s) - %j.f(s, (D)Qf(S, 03) dsj



120 Radu Moleriu

T
with the property: E{exp%jf(s, OJ)Qf(s, (o)* ds} <. We define the
0

measure P on (Q, 3;) by: df’(c\)) = M(T)dP((o).
Then { X (t)} is a Wiener process related to the measure P.
Proof: We write the integral equation, which is associated to the differential

equation:
= O[ f (s, )ds+ (t).

In this way, related to the measure P the following relations are proven to be

X (0) = O B/ (5 o)

M(T)dP = M (t)dP pe J,, t<T; X(0)=0
if £ (s, ®)= f(s) is a non-random function, then cov X(¢) =

~

From Proposition 1.1 we know that M (T ) 1s 3, — martingal and
E{M (1)} = 1. It results that P(Q)=1,s0 P is a probability measure.
We proof that X (s) is a Wiener process related to the P measure used in

the first theorem, so: X (¢) isa Wiener process related to the P measure <>
t 1 t N
& N(1) = exp{ —.[g(s, o)dX (s) - 5 J-g(s, ®)0g (s, ) ds}a
0 0

is 3, — martingal related to the P measure (where g — a predictable square

integrable process) <> N (¢)M (¢) — a martingal related to the P measure.
We used the relations: E{X (t)} =0 and 06V{X (t)} =tQ (related to

the P measure); E{N (¢)} = E{N (/)M (¢)}.
We solve N (£) M (¢):
N(t)M (1) = exp{—j:<g(s, o), O (s, m))ds—j;g(s, w)dW (s) -

t

__IQgsw s,m>ds stoadW —%j; S(D soo)>ds}:
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where h(s, co) = (S, co) + g(s, 0)) and we also used the relation:

1 1 1

E(Q(x+y),x+ y> = E(Qx,x>+<Qx,y>+5<Qy,y>, (V)x, yeH
(because Q € L, (H ), Q is positive and selfadjoint).

Using Theorem 1.2 for the Wiener process W (t), the predictable process
h(s , ®) and the P measure we obtain that N ()M (¢) is a I, — martingal.

Theorem 2.2 (The second Girsanov Theorem). Let X(t) be an Ito process,
X : [O , T] x Q — H which has the form:

{dX(t) =b(t, ®)dt+o(t, w)dW (), 0<t<T

X(O):x, xe H, (22)

where b(t , 0)) is a 3, adapted process with the property

t
P{H‘b(s, (D)Hds < o0, (V) te ]} =1 and G(S, (o) is a predictable process,
0

3, —measurable and
p{juc(s, o) ds <0, (v) 1 1} -1
0

We suppose that the predictable processes W(t) = QI I (s ,m)ds+W(t)
0

exist, and they are 3, — measurable and square integrable on / such that:
b(t, ®)—a(t, o) =o(t, ®) Of(t, ®), (V)t el

and the process f (t, co) verifies the Novikov condition:

E{exp( %zf(t . 0)0f (1, w)*df]} < 0. 2.3)

If we consider M (t) , P , W (t) as in the Theorem 2.1

t

7 (1)= 0] £ (s.0)ds + 17 (),

0

then the differentiable equation associated to the X (¢) process related with the

P measure and the Wiener process ¥ (¢) is:
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dX (1) = a(t, ©)dt+o(t, ©)dW (1), €0, T] (24)
{X(O) =0.
Proof: From the relation: dW (¢)=dW () — Of (¢, »)d¢ and by putting it
in (2.2) we get: dX (¢) = a(t, ©)dt +o(t, ©)dW (1).
Observation 2.1. A consequence of this result is that the G(t, 03) is
invertible and f (7, ®) is unique f (7, ®)=07'c7 (¢, ©) [b(t, w)-a(t, 03)]

Theorem 2.3 (The third Girsanov Theorem). We consider the processes
X(t), Y(t), X:I xQ—>H and Y :1IxQ — Hwhich have the form:

dx (1) = b(X(t))dt +o(X(¢))dW (1), tel
{X(O) =x, xeH
{dY(z) =[e(r. @)+b(¥ (1)) ]de+o (¥ (1)) dW (1), t e 1

Y(O) =X,

2.5)

(2.6)

where the operators b e L(H), cel (H, L(H)) are verifying the Lipschitz

conditions: b, o are measurable and

||b(x)||+||c5(x)|| <k (l+|| X ||), xeH, k>0,

[o(x) =) +|o(x)=o(¥) | < k] x=sl, x y et

Further more c(t, 03) is a predictable square integrable process, J; —
measurable. We suppose that exist one process, f (t, oa), predictable, square
integrable, J; — measurable which verify the Novikov relation (2.3) such that:
c(t, o) = G(Y(t))Qf(t,m) . We define M (¢), P, W(¢) like in the third theorem.
Then

dy (1) =b(Y(1))dt +o(Y (1)) dW (1) 27
and the X (l), Y (l) processes have the same distribution.

Proof: We apply Theorem 2.2 in the case below: o(f, ®)=o( X (1)),
bt o) =clt, o)+ b(Y()and alt, o) =b(¥ ().



11 A generalization of the Girsanov theorems on the Hilbert space 123

3. APLICATION: THE BLACK-SCHOLES EQUATION
We consider the equation of an active with the form [3]:
dX () = pX (¢)de +oX (1)dW (1),

where [ is the mean of the process X (¢), and o his volatility. We consider a rate

r > 0. The Black-Scholes equation has the next form:

2
LV (tx) X (1) SV (1 x) + SN S (e x) = (1)

V(r, x)=g(x), g is a C* function.

Using the Girsanov theorems for transforming the process X (t) in a geometrical

Brownian motion process which will generate the solution of the Black-Scholes

equation like this:

d))((((tt)) = pdt +odW (1) < d(InS(r)) = pdr+odW (1)

and
1

b(t,o)=u, c(t,(o)zcandf(t,oa):%(p—r)

2
. 1 - ) ) .
with the property: E{ expa(“;L FJ T } <. M (t) is choosing to be like:
c

(W=r) fp-r
M(t):exp[— s t—_([ - dw(t)
and dW (¢) = dW (¢t)+ f (¢, ©)dt.
So we obtain the equation:
dX (1) = rX (¢t)dt +oX (¢)dW (¢)

and the Black Scholes solution is written like this:

V(s x)=Efe"g(X (1))}

Received on April 25, 2006
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