VIBRATIONS OF A MICROPADDLE
WITH PERIODIC AUXETIC CORE
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Abstract. This paper discusses the vibrations of a micropaddle made from a foil with
periodic auxetic core. Two major levels of complexity are discussed in order to
understand the structure of this composite, and the auxetic role on the distribution of
vibrations over selected frequency ‘pass’ and ‘stop’ bands. The required impedance
mismatch is obtained by alternating periodically in the core regular and auxetic
honeycombs. The auxeticity is interpreted in the light of Cosserat elasticity which
admits degrees of freedom not present in classical elasticity.
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1. INTRODUCTION

A periodic structure is a repetitive structural assembly made of a number of
identical components. By integrating the material with negative Poisson’s ratio
(auxetic material), the stiffening geometric effect leads to increased in-plane
indentation resistance, shear modulus and compressive strength, and a change in
mass density [1-3]. Auxetic honeycomb’s elastic and inertial properties could be
selected to modify the vibration characteristics in order to fit given transmissibility
specifications [4].

In Fig. 1a, a foil with a random distribution of auxetic foam is displayed. The
embedded auxetic foam exhibits pores with average diameter around 20 nm.
Fig. 1b displays a square honeycomb core foil. The periodicity is introduced by
alternating in the core two solids with different geometry. The auxetic foam is
considered because of the dependence of its mass and elastic characteristics of the
cell internal angle.

The auxetic material is an attractive material which is usually used for
controlling and manipulating pattern of vibration into composites. Applications,
such as acoustic filters, sound insulation devices, sonic composites that impede the
motion of the wave and vibrations only at selected frequency bands, may be
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desirable in many fields [5, 6]. It has been demonstrated [7, 8] that the propagation
and attenuation of vibrations in auxetic composites occurs only over selected
frequency bands called ‘pass’ and ‘stop’ bands.

This work makes an analysis of the vibration pattern for a microfoil with
periodic auxetic core. The required impedance mismatch is obtained by alternating
periodically in the core regular and auxetic honeycombs. The auxetic material is
modeled as a chiral Cosserat media. The source of chirality consists in the
existence of a large number of van der Waals contacts and much fewer covalent
linkages, which make possible the polymer chain to easily deform and fill any
newly created free spaces. The properties of these materials are described by a
modulus tensor which changes under an inversion.

(a) microfoil with a random
digtribution of auxetic material

alumimun

(b) microfoil with a periodic
diztribution of auxetic material

auxetic cellular solid

regular Nomex honeycomb

Fig. 1 — Microfoil with: a) random distribution of auxetic material,
b) periodic distribution of auxetic material.

2. THE AUXETIC MATERIAL

Materials with negative Poisson’s ratio are termed by Evans et al. [9] as
auxetic materials. The term auxetic is coming from the Greek word auxetos,
meaning that which may be increased. Instead of getting thinner like an elongated
elastic band when stretched, an auxetic material gains volume, expanding laterally.
Auxetic materials and their negative Poisson’s ratios have not been well
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understood. Materials of this type are expected to have interesting mechanical
properties, such as high energy absorption, fracture toughness, indentation
resistance and enhanced shear moduli, which may be useful in some applications
[10-14]. In the case of an isotropic material, the range of Poisson's ratio is from
—1.0 to 0.5, based on thermodynamic considerations of strain energy in the theory
of elasticity. Love [15] presented an example of a cubic single crystal pyrite as
having the Poisson's ratio of —0.14, and he suggested that the effect may be caused
by twinned crystals.

Fig. 2 — Conventional honeycomb network, re-entrant honeycomb and hexagonal structures,
with negative Poisson’s ratio.

The auxetic behavior is found in materials from molecular and microscopic
levels up to the macroscopic level. Negative Poisson's ratios are observed in real
materials with a high degree of anisotropy, such as conventional honeycomb
network, re-entrant honeycomb and hexagonal structures (Fig. 2), reticulated metal
foams, the skin covering a cow’s teats, certain rocks and minerals, living bone
tissue, etc.

3. THEORY OF COSSERAT

Generalized continuum mechanics theories admit degrees of freedom not
considered in the classical theory of elasticity [16—24]. These theories have
applications in modeling of materials with microstructure, such as auxetic
materials. The auxetic material is not invariant to coordinates inversions and
therefore can have a qualitatively different behavior in comparison with isotropic
solids.

An elastic chiral material (non-centrosymmetric material) is isotropic with
respect to coordinate rotations but not with respect to inversions. Chiral effects
cannot be expressed within classical elasticity since, which is of the fourth rank, is
unchanged under an inversion. The chirality effects in elastic materials can be
described by Cosserat elasticity.

Materials may exhibit chirality on the atomic scale, as in quartz, sugar and in
biological molecules. Materials may also be chiral on a larger scale, as in bones,
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porous materials, composites containing twisted or spiraling fibers, composites
with helical or screw-shaped inclusions. The effects of chirality in elastic materials
can be described by Cosserat elasticity. A chiral Cosserat material has three new
elastic constants in addition to the six considered in the isotropic micropolar solid.
Tensor properties of odd rank are zero if there is inversion symmetry, and can only
be nonzero if there is hardness.

Consider a chiral Cosserat medium, in a Cartesian coordinates system
(x,y,z). The equations of motion for the case without body forces and body

couples are ([25, 26])

Sy —PUy=0, my , +€,0, —pj¢; =0, (1)

where o, is the stress tensor, my, is the couple stress tensor, u is the displacement
vector, ¢, is the microrotation vector which in Cosserat elasticity is cinematically

i . 1 . .
distinct from the macrorotation vector 7, = 58 kimUm > and €, 1s the permutation

symbol. We remember that ¢, refers to the rotation of points themselves, while 7,
refers to the rotation associated with movement of nearby points. In (1), p is the
mass density and j the microinertia. The constitutive equations are

O =he,dy +(2u+K)ey + Ky (1, = 0,) + C19, 01y + Co@y s+ C39y 4 (2a)

Mg =09, .8 +PBor; +v0; 1 +Cie,.0y +(Co + C3)eyy +(C3—Co)e g, (1, —9,)> (2b)

1 . . . .
where ¢e;; = E(u ks T, ) is the macrostrain vector, A and p are the Lamé elastic

constants, K is the Cosserat rotation modulus, o,p,y are the Cosserat rotation
gradient moduli, and C;,i=1,2,3 are the chiral elastic constants associated with
noncentrosymmetry. For C; =0 the equations of isotropic micropolar elasticity are
recovered. For a=B=y=x=0, (1) reduces to the constitutive equations of

classical isotropic linear elasticity theory. From the requirement that the internal
energy must be nonnegative (the material is stable), we obtain restrictions on the
micropolar elastic constants 0<3A+2p+x, 0<2u+x, 0<k, 0<3a+B+7,

—y<B<v, 0<v, and any positive or negative C,,C,,C;.

The initial conditions are

u;(x,y,2,0) =ulo(x,y,z), 0;(x,,2,00=0, =123, (3a)
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m;(x,y,2,0)=0, o©,(x,,2,0)=0, i=j=#3. (3b)

For simplicity, without loss of generality, the particular 2D case in which all
quantities depend only on x and z is considered [25, 26].

Definition 1. Let F ={c,;,my;, u;,9,, k,[=1,2,3} be a set composed of the
asymmetric tensors G, , my; , ey, k,l=1,2,3, and the vectors u, , ¢,. We call ¥

an elastodynamic state on the bounded medium, if it satisfies equations (1)-(3).
The theory is based on the following theorem:

THEOREM 1. The one-by-one transformation
iy =Koy +uy —uy), iy = K (uy +us —uy), iy = Koy (uz +uy —uy),  (4a)
1 =KH(01+ 92— 93), ¢ =KA(92+ 03— 01), §3 =K (93+9,—9,), (4b)

with

(Cy+C5)? K2 — (I
aCu+B+y” N ACrr (B

(3C, +C, +C3)?
460 +2n+K)Ba+p+y)’

K120 =
(4c)
K122 =

transforms the elastodynamic state T into another elastodynamic state
F ={&,,my, i, 04, k,1=1,2,3}, composed by the symmetric tensors Gy, My,

ey, k,0=12,3, and the vectors 1, ¢, that satisfies (1)-(3). The state F can be
decomposited in the form

F=TF+F,, (%)
where Iy ={G 1,513,633, My, tiy, U3, @5} and Fy ={G oy, myy,my3,my3,15, 01,93} .
o . A PR . .
Proof. The proof is immediate. We have ey, =5(u ks FUpi)=ey , and from

(2) we obtain Gy, =6y, myy =my, . The state I verifies equations (1)-(3). Then,
we introduce (2) into (1). After a proper combination of equations, the following
equations in # = (i;,u,,u5) and ¢ =(¢;,P,,p;) are found:

(A+ 20+ K)VVii — (W +K)KZV XV xii+k(1- K3V xd=pil , (6a)
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(A+B+Y)VVP—yKFVXxVxp+x(1- KV xii—2xk(1-KZ)p= pj('f) , (6b)
with a coupling coefficient K, defined as
2 (C+Cy +Cy)? )

O G 2u ) (at Bty

We see that equations (6) are decoupled into two sets of equations in I@*l and

In the following, we will concentrate only on the set of equations

corresponding to 1) | » the other set being solved in a similar way. Let us introduce

the dimensionless quantities

2
x'=2x, Z'=gz, v; =2ﬁl~ (i=12), ¢, =M_K—22(p2, '=ot,
€1 € €1 p/®
1. . k(1-K? A+2u+
;j:_zcij’m;]'z CIzmij (iaj:1’3)a (02: ( . 0), 012: = K‘
Ky YoKg§ - p/ P
By suppressing the dashes, the equations reduce to
2 2 * 1 .
V1, xx + (1 —a )v3,xz +a V1,22 _S4¢2,z = Vi, (83)
S|+ 58,
2 2 * 1 .o
v3,zz + (l_a )Vl,xz +a V3,xx + S4¢2,x = V3, (Sb)
81 +52
2ctk(1-KQ) ctu 1
(I)Z,xx +¢2,zz -= 7 2 0 ¢2 + 12 (vl,z _v3,x) :_4)2 s (80)
o vKj oy Sy
where
L _htuKd k(-K3)+pkG (- Ko™
1= 5 » S2% s> 83T 5o
pet pet pKgef
i ©)
_ VK 2__ %5 *_ 83
S4 = P - > S4= .
pici S|+ 58, S| +5,

The initial conditions (3) become
vi(u,0=v, i=13,  ¢,(x,»,0)=0. (10)
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To solve the equations (8)-(10), let us consider the Laplace and Fourier
transforms [27]

{Vi(x,z,p)@z(x,z,p)} = J{vi(x,z,t),¢2(x,z,t)}exp(—pt)dt s i:1a3 s (11)
0

5.E 500262 )} = [ #0629, 0, (.2, pbexpiEnds, =13, (12)
0

By applying these transforms to (8), we obtain

~n 1 2 P2 ~ i&(l_az) ~r SZ T

V= + v+ V3+—0,, 13

1 az(i S1+Szj 1 2 3V 3} (13a)

s P o). e .

7 =] a?e? + Uy +iEsyh, +iE(1—a?)v, (13b)
s1+58,

- b, . (13¢)

(T)/r clzu ~1 lgclzu ~ EJZ + chzK(l _K(% )“ +ﬁ T
oYK} Sy

An eigenvalue problem is obtained by taking the solutions of (13) of the form
W(E z,p)=X(E, p)exp(qgz), (14)

where W(&,z,p) ={V, ,\73,d~>2} . The characteristic equation becomes

g3 =g +hyq+2ry=0, (15)

with

2 2 2 1_K2 2 2 2%
}\,1:(14_%)‘0—4_3&2 +W+p__ 621“S24 , (163)
a“)s;+s, oYKy sS4 Oya

2 2 1—K2 2 2
Ay = a2+ C1K2( 20)+p_ p—(1+%j+2‘:2 _
o“yK§ Sq J\Sy+58, a

(16b)
20* 2 2 2

LS P +282 +L P +&2 P +a?e? |,
(Dzyaz Sl+S2 612 S1+52 S1+S2
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x3=%(§2+ P’ ]( P’ +a2§2][p—2+&2+—2612K(1_K3)J_

a S8y J\ s +s, Sy oYK}
. 5 5 (16¢)
_Ei{_ﬁ__+gquﬁﬂ
2 2,°
a“\ s +s, oy

The roots of (15) areq;,i=1,2,3, with real parts positive. The eigenvector
X(@&,p) is

a;q; ai%'z
Xy@Gp)=|b; |, Xp@Ep)=|bg;|, i=123, (17a)
- —&q;
2cik(1-K3) p? clusyé
aA. =E(a? -1 R nind Wi Sl ESPR <R B i Wl 1
A= )Ha et U e D
2 2 (1— K2 2
bA(gp_J[gwp_j
s1+8, o-yK§ Sy (170)
21— K2 2 2 26% 2
+azq,~2(q,~2—§2+zcl K2(1 50)+p_j_[a2+ 4 ]qinrCl HS;% )’
o vYK§ Sy S;+8, oy
2 2
Asﬁﬁ@%{¥+”J}i=uﬁ. (17d)
0N 51+ 8,
So, the solution (14) becomes
3
W&z p)= Y BiXi (& p)exp(q,(&,p)2), (18)

i=1
where B;, i=1,2,3, are arbitrary constants. Using (18), the transformed
displacement, microrotation and stresses are given by
v1(& 2, p) = a, (& P)q, (S, p) By exp(q; (S, p)z) +
+ay(&, p)q2 (8, p)B; exp(q, (&, p)2) +a3(&, p)q; (S, p)Bs exp(q3 (8, p)2)},

v3(&,2, p) =b(&, p)Byexp(q, (&, p)z) + b, (E, p) B, exp(q, (&, p)z) +
+b5(E, p)B3 exp(q; (&, p)2)},

(19)

(20)
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02(&,2, p) = —E{B, exp(q; (&, p)2) + By exp(q, (&, p)2) + By exp(qs (&, p)2)} . (21)

To obtain the unknowns B;, i=1,2,3, we apply the Laplace and Fourier
transforms on initial conditions (10)

v,(6,2,00=3", i=1,3, ¢,(x,5,0)=0. (22)

The transformed quantities are functions of z and of the parameters of
Laplace and Fourier transforms p and &, and are of the form f(&,z, p) . To obtain

the function f'(x,z,t), first we invert the Fourier transform by using

Fwz.p) = [ exp(-iEn (& 2, p)e = [ {eos&n f, ~isin&0 f3de.  (23)
T 5

where f, and f, are even and odd parts of the function F(&,z, p) respectively.
Expression (23) gives the Laplace f(x,z, p) of the function f'(x,z,f) . For the fixed
values of & x and z, the f(x,z,p) in (23) can be considered as the Laplace
transform g(p) of some function g(¢). The function g(¢)can be obtained by
using

C+ioo

g(t)=% j exp(pt)g(p)dp, (24)

—100

where C° is an arbitrary real number greater than all the real parts of the
singularities g(p). For p=C?+iy we have

0 o0
g0 =20 [ explionz (O +in)dy. (5)

4. RESULTS

This paper discusses the vibrations of a microfoil with a periodic distribution
of the auxetic material (Fig. 1b). This foil pays the role of a micropaddle resonator.
The geometry of the paddle is displayed in Fig. 3. The regular honeycomb core is
made of Nomex (Young’s modulus £ = 1.55 GPa, density p = 37 kg/m? and

Poisson’s ratio v = 0.25). The auxetic core has a negative Poisson’s ratio
v=-0.35.
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The following dimensions are taken: /=2.5um, a=2pum, b=3.5um,

d=200um, ¢=175um, and an asymmetry of about d,; =40pum. The force per

asim

unit on the paddle was assumed to be f =200 N-m 2.

Fig. 3 — The geometry of the paddle resonator (microfoil).

The motion of the paddle is very complex [28, 29]. It combines the
translational, bending and torsional motions. These types of motions are treated
together in a unitary manner. The first four natural frequency of the paddle
(translational-bending-torsional modes) are given by 15.81 MHz, 45.33 MHz,
71.77 MHz and 129.14 MHz. Fig. 4 displays the first two coupled modes of the
paddle.

5 31
4 2.5
= o
2 3
2 3 = 3
E E
y- 15
1 1
0 ! 1 I I 1 I 0.5 1 I I 1 I I
12 15 15 21 24 27 20 40 ol ol 100 120
frecventa [MHz) frecventa [MHz]

Fig. 4 — First and second coupled modes.
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Fig. 5 — Stress distribution for the first four coupled modes.

The stress distribution in the paddle is represented in Fig. 5, for the first four
coupled modes. Honeycomb core materials of different geometry placed
periodically along the structure introduce the impedance mismatch necessary to
obstruct the vibrations over specific frequency bands (stop bands). The impedance
mismatch can be easily tuned through the choice of the appropriate material
properties and geometry of the materials composing the core. The impedance
mismatch can be easily tuned through the choice of the appropriate material
properties and geometry of the materials composing the core. The vibration pattern
is displayed in Fig. 6.

Fig. 6 shows that the paddle exhibits full band-gaps in the range (12.8—
15.3 MHz), where the vibration is not allowed to propagate due to complete
reflections. The band-gaps or the well-known Bragg reflections occur at different
frequencies inverse proportional to the central distance between two honeycomb
cells (the lattice constant). If the band-gaps are not wide enough, their frequency
ranges do not overlap. These band-gaps can overlap due to reflections on the cells,
as well as due to vibration propagation inside the cells. Then, the vibration is
reflected completely from this periodic array of acoustic scatterers in the frequency
range where all the band-gaps for the different periodical directions overlap.
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Fig. 6 — The vibration pattern.

This is the fundamental mechanism for the formation of a full band-gap
which is required for photonic and sonic crystals [5]. The complete reflection on
the boundaries of scatterers (cells) is due to the full band-gap property itself, and it
occurs independent of the incident angle [5, 31]. The transmission of vibrations
over specified frequency bands can be significantly for the active control devices
without compromising the size and the weight of the structure [32].

5. CONCLUSIONS

The mechanical analysis across two levels of complexity enables the
understanding of the auxetic composites properties and behavior. The major levels
of complexity are structural and respectively, the computing complexity. The
auxetic material is modeled with Cosserat elasticity which admits degrees of
freedom not present in classical elasticity, i.e., the rotation of points in the material,
and a couple per unit area or the couple stress.

The description of a particular auxetic system’s behavior provides a
framework of the interaction between these two adjoining levels of complexity.
This interaction is exemplified by considering the vibrations of a composite foil
with periodic auxetic core, which pays the role of a micropaddle resonator. The
auxetic role on the attenuation of vibrations over selected frequency ‘pass’ and
‘stop’ bands is discussed. The required impedance mismatch is obtained by
alternating periodically in the core regular and auxetic honeycombs.
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The results explain why the transmission of vibrations over specified
frequency bands can be significantly reduced without additional passive or active
control devices and without compromising the size and the weight of the structure.

The core geometry can be easily optimized in order to obtain attenuation over
desired frequency bands. The characteristic behavior of auxetic composites in
particular provides great flexibility for proper tuning of the stop bands.
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